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Administrivia

- Problem set 2:
- What is the issue with finding the PDF??7?
http://www.cc.gatech.edu/~afb/classes/CS4495-Fall2013/

or

http://www.cc.gatech.edu/~afb/classes/CS4495-Fall2013/ProblemSets/PS2/ps2-
descr.pdf

- Today: Really using homogeneous systems to
represent projection. And how to do calibration.

- Forsyth and Ponce, 1.2 and 1.3


http://www.cc.gatech.edu/~afb/classes/CS4495-Fall2013/
http://www.cc.gatech.edu/~afb/classes/CS4495-Fall2013/ProblemSets/PS2/ps2-descr.pdf
http://www.cc.gatech.edu/~afb/classes/CS4495-Fall2013/ProblemSets/PS2/ps2-descr.pdf
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Last time...
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What is an image”?

= Last time: a function —a 2D pattern of intensity values

= This time: a 2D projection of 3D points

[ 55

Figure from US Navy Manual of Basic Optics and Optical
Instruments, prepared by Bureau of Naval Personnel. Reprinted
by Dover Publications, Inc., 1969.
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Modeling projection

4 PP

I S (x, y, -d)

/I (xs .Vs Z)

- The coordinate system
- We will use the pin-hole model as an approximation
- Put the optical center (Center Of Projection) at the origin
- Put the image plane (Projection Plane) in front of the COP
- Why?
- The camera looks down the negative z axis
- we need this if we want right-handed-coordinates
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Modeling projection

- Projection equations

- Compute intersection with PP of
ray from (x,y,z) to COP

- Derived using similar triangles

(az,y,z) — (_dga _dg7 _d)

» We get the projection by
throwing out the last
coordinate:

L Y

(ZU, y7Z) — (_d_7 _d_)

z z

Calibration and Projective Geometry 1

Distant objects
are smaller

(x.y' -d)

/I (XJ .V? 2)

COP
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Or...

- Assuming a positive focal length, and keeping z the
distance:

>
1
c
|
o )
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Homogeneous coordinates

- Is this a linear transformation?
- No — division by Z is non-linear
Trick: add one more coordinate:

. Y
(z,y) = | ¥y (z,y,2) = | 7
L 1 A I 1 ]
homogeneous image (2D) homogeneous scene (3D)
coordinates coordinates

Converting from homogeneous coordinates

y | = (@/w,y/w) V| = @fwy)w, 2/ w)

Homogenous coordinates invariant under scale
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Perspective Projection

- Projection is a matrix multiply using homogeneous
coordinates:

o -+~ O
— O O

o O O

f
0
0

R N < X
||
<
TN
—y
| >
_—h
|<
N

L = (u,v)

This Is known as perspective projection

 The matrix is the projection matrix
e The matrix is only defined up to a scale

S. Seitz
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Geometric Camera calibration

Use the camera to tell you things about the world:

- Relationship between coordinates in the world and coordinates in
the image: geometric camera calibration, see Forsyth and Ponce,
1.2 and 1.3. Also, Szeliski section 5.2, 5.3 for references

- Made up of 2 transformations:

- From some (arbitrary) world coordinate system to the camera’s 3D
coordinate system. Extrinisic parameters (camera pose)

- From the 3D coordinates in the camera frame to the 2D image
plane via projection. Intrinisic paramters
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Camera Pose

In order to apply the camera model, objects in the scene
must be expressed in camera coordinates.

y
/ X
z Camera
Z Coordinates
World
Coordinates y

Calibration target looks tilted from camera
X viewpoint. This can be explained as a
difference in coordinate systems.
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Rigid Body Transformations

- Need a way to specify the six degrees-of-freedom of a
rigid body.
- Why are their 6 DOF?

: / /

Arigid body is a

collection of points ![:hlx org(;)::)mt, flx secondD[g)llznt, Third pom[t)ngds

whose positions ree wo Tore_ i :c)ne mto:_e ’

relative to each (r_nus maintain or rotation
distance constraint) around line

other can’t change

3 +2 +1
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Notations (from F&P)

- Superscript references coordinate frame
- AP is coordinates of P in frame A
- BPis coordinates of P in frame B

K, AP = Ay @@:(Axoa)+(Ay0E)+(AZOE)
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Translation Only

"P="P+°(0,)
or
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Translation

- Using homogeneous coordinates, translation can be
expressed as a matrix multiplication.

5P| |1 PO, || P
1 0 1 ||1

- Translation Is commutative
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Rotation
Ax By
@:(IA Ja kA) Ay :(ls Js kB) By
°P = PR*P

5. means describing frame A in
AR The coordinate system of
frame B
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Rotation
N
AR =1 iadg
i, K,

Ja-lg
Jn-Je
JaKg

Orthogonal matrix!

K-Je

Calibration and Projective Geometry 1

'p

The columns of the
rotation matrix are the
axes of frame A

expressed in frame B.
Why?
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Example: Rotation about z axis

(cos(@) —sin(@) O]
R,(0)=|sin(f) cos(d) O
0 0 1

What is the
rotation matrix?
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Combine 3 to get arbitrary rotation

-Euler angles: Z, X', Z”
-Heading, pitch roll: world Z, new X, new Y

-Three basic matrices: order matters, but we’ll not focus on
that

cos(d) —sin(@) O] 1 0 0
R,(@)=|sin(f) cos(d) O] R,(#)=|0 cos(p) -—sin(¢p)
0 0 1 0 sin(¢) cos(g) |

cos(x) 0 —sin(x)]
R/ (x)=| O 1 0
sin(x) 0 cos(x) |
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Rotation In homogeneous coordinates

- Using homogeneous coordinates, rotation can be
expressed as a matrix multiplication.

°p = BRAP

ST

- Rotation is not commutative
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Rigid transformations
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Rigid transformations (con't)

- Unified treatment using homogeneous coordinates.

[ BR PO, [ *P Invertible!

o 1 1 - l )
BP . AP

N =57
_1_ _1_
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Translation and rotation

From frame A to B:
Non-homogeneous (“regular) coordinates

BﬁZiRiE+Ef 3%3

rotation
Homogeneous coordinates | matrix
) ‘ A _x_ Homogenous
o - coordinates allows us
B A R ALY to write coordinate
P= transforms as a
\ y | /4 single matrix!
. 000 1)1
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From World to Camera

Rotation from world Translation from
to camera frame / world to camera frame
C >CR W = N t Non-

o P = w Pt w pointin  omogeneous
Point m/' Id f coordinates
camera frame world frame

( \ (= — — i A\ \
C= C Cy W >
P|_|— wR = |wt|] P Homogeneous
- = 1] coordinates

. /L0000 1)U

From world to camera is the

extrinsic parameter matrix (4x4)
(sometimes 3x4 if using for next step in projection — not worrying about inversion)
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Now from Camera 3D to Image...
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Camera 3D (X,y,z) to 2D (u,v) or (X,Y')
|deal Intrinsic parameters

op

i, T~ X
[ Pinhole
;f ,,,,,,
/ o=
Mo @
T
‘&/‘ Physical
retina

c
1
)

Ideal Perspective projection

<
|
*
N < N | X
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Real intrinsic parameters (1)

op

Pinhole

o/

X

But “pixels” arein U=0 —
some arbitrary Z
spatial units Yy
V=o —

VA
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Real intrinsic parameters (2)

op

Pinhole

J Physical

retina

X
Maybe pixels are U=o —
not square /4

v:ﬂl
Z
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Real intrinsic parameters (3)

aop
/! Pinhole
[ e
Ny ©
c L
\\u._“_
SV
X
We don’t know the U=a —+U,
origin of our L

camera pixel oY
coordinates V—,B;+VO
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Really ugly intrinsic parameters (4)

opf

Pinhole

ﬁ\\-h—-h u—>
u I ~f
Phvsical v'sin(@) =v
J retllﬁaca /

u’=u-cos(@)v' =u—cot(@)v

May be skew
between camera X y
pixel axes U= 05 ——qacot(f)=+u,
/
ﬂ y
V= Vo

sin(@) z
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Intrinsic parameters, homogeneous coordinates

\ l Notice division
po //1.2’/'0\\L o / by z
Pinhole /

u :ozi—occot(éi)l+u0

<
Physical
"‘/‘ retina V ﬂ X _|_ VO

" sin(0) z
Using homogenous coordinates we can write this as:

(o —acot(6) U, 0)( x)

(z2*u)
z*v |=| 0 _’B v, O Y
sin(@) Z
\ Z J 0 0 1 O)\l) In camera-based
In homog \ 3D coords

pixels \p»u . K Cp» /
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Kinder, gentler intrinsics

- Can use simpler notation for intrinsics — last column is

ZEero: _ _
f s ¢
K=|0 af C, s — skew
0 0 1 a — aspect ratio

: _ (5 DOF)

- If square pixels, no skew, and optical center is in the
center (assume origin in the middle):

In this case only one

- f
K=|0 DOF, focal length f
0

o -+~ O
_ O O
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Combining extrinsic and intrinsic calibration
parameters, in homogeneous coordinates

Ixel q, _, Intrinsic
P \ p _ K C
World 3D
Camera 3D ( == =11Y \/000rdinates
/

coordinates | €p |r SR - St Yp Extrinsic
- - -]
. L 000 1J0
p' = K(4R JT) “p
PN
p' = M Wﬁ (If K is 3x4)
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Other ways to write the same equation

pixel coordinates

S

Calibration and Projective Geometry 1

world coordinates

w/
P
A
\
(m A w
m, .
:
. m .
\ 3 J
\

projectively similar

Conversion back from

homogeneous

coordinates leads to:

y : :ml.
Z < m3
m .
/ V=2
- M

w

Uil O O O
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Finally: Camera parameters

A camera (and its matrix) M (or Il) is described by several parameters
e Translation T of the optical center from the origin of world coords

e Rotation R of the image plane
 focal length f, principle point (x’,, v’ ), pixel size (s,, s,)
e blue parameters are called “extrinsics,” red are “intrinsics”

Projection equation e Y /
SX * * * *
* * * * Y — / X
X=|sy|= , |[=MX y[ (1)
S * * * *
_1_ —»x/

e The projection matrix models the cumulative effect of all parameters

e Useful to decompose into a series of operations . . _
identity matrix

M=(0o af y |0 1 00 313
c +0+3+3 =
0 0 10001 0 Ops 1 o+0+3+3
11

intrinsics projection rotation translation

f S X'C 1 0 0 O I:R 03X1:||:| A€:| DOFS

le3 1

e The definitions of these parameters are not completely standardized
— especially intrinsics—varies from one book to another
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Calibration

- How to determine M (or II)?
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Calibration using a reference object

- Place a known object in the scene
- identify correspondence between image and scene
- compute mapping from scene to image

Issues
 must know geometry very accurately
 must know 3D->2D correspondence
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Estimating the projection matrix

- Place a known object in the scene
- identify correspondence between image and scene
- compute mapping from scene to image

mio Mmi1 M1z M13
m2g mm21 Mm22 M23

1

& 8

I — |
1K

|:mOO mop1 Mmp2 MmME3
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Resectioning — estimating the camera

maitrix from known 3D points

- Projective Camera
Matrix:

p=K[R t]P=MP

X
u m, m, My My y
Z
1

3

V=1 My My, My
w m;, My Mg,

3

24

3

34 |

- Only up to a scale, so
11 DOFs.
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Direct linear calibration - homogeneous
X,
Uy N moo MMo1 Mo2 MQo3 v
v; | = | m1g Mmi11 Mi2 M13 Z"‘.
1 Mmoo M21 M2 M23 11
w = mooX; + mo1Y; + mooaZ; + mos3
Z mooX; + mo1Y; + mooZ; + mo3
T m10X; +m11Y; + mi12Z; —|—m13

mooX; + mo1Y; + mooZ; + mo3

wi(mooX; + mo1Y; + mosZ; + mo3z) = mooX; + mo1Y; + mop2Z; + mo3
vi(mooX; + mo1Y; + mooZ; + mo3z) = migX; + m11Y; + mi2Z; + my3

[ oo |
mgo1
moo

One pair of i

- X, Y; 0 —u;X; —wY, —uw, 72, —u; mi1 | _ | O
equations for [o 0 71 ] —[ ]
each point m3o

moq
moo
mos3
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Direct linear calibration - homogeneous

mOO
mlO
X;{ Yy Z4 1 0 0 0 0 —u1 Xy —u1Yy —u1Zq —uq m, 0
0 0 0 0 X7 Yy 27 1 —vXq —vY7 —v1Z7 —vq m,_, 0
; m, |=
Xn Yo Zn 1 0 0 0 0 —unXn —unYn —unZn —un m,, 0
O O 0 O Xn Yn Z'n 1 _'Uan _vnYn _ann —Un m O
i | L LY
m13
m20
m
21
A m  m_| O
2n x 12 12 2n
_mzs_

This Is a homogenous set of equations.

When over constrained, defines a least squares problem
— minimize |Am|
e Since m is only defined up to scale, solve for unit vector m*
e Solution: m* = eigenvector of ATA with smallest eigenvalue
* Works with 6 or more points
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The SVD (singular value decomposition) trick...

Find the x that minimizes ||Ax|| subject to ||x|| = 1.

Let A=UDVT (singular value decomposition, D diagonal,
U and V orthogonal)
Therefor minimizing ||[UDVTX||
But, [UDV'X|| = [[DV'x|[ and [[X]| = [[VTX]|
Thus minimize ||DV'X|| subject to ||[VTX|| = 1
Let y = V'x: Minimize ||Dy]|| subject to ||y||=1.
But D is diagonal, with decreasing values. So ||Dy|| min is when
y =(0,0,0...,0,1)T
Thus x = Wy is the last column in V. [ ortho: VT= V1 ]

And, the singular values of A are square roots of the eigenvalues
of ATA and the columns of V are the eigenvectors. (Show this?)
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Direct linear calibration - inhomogeneous

- Another approach: 1 in lower r.h. corner for 11 d.o.f

o | X
U My Moy My, Mg, Y
=My My M, My v

i 1 1 [My My My, 1 1

- Now “regular” least squares since there is a non-variable
term in the equations:

@ __ mpoX; T mo1Y; + mp24; + mo3
m20X; T m21Y; + m22Z; "@ Dangerous if

@ _ mioX; T mi1Y; +mioZ; +maz M B rela”y
ZEI0:
m20X; + m21Y; + mooZ; +(1)




CS 4495 Computer Vision — A. Bobick Calibration and Projective Geometry 1

Direct linear calibration (transformation)
- Advantage:

- Very simple to formulate and solve. Can be done, say, on a
problem set

- These methods are referred to as “algebraic error’” minimization.

- Disadvantages:

- Doesn't directly tell you the camera parameters (more in a bit)
- Doesn’'t model radial distortion

- Hard to impose constraints (e.g., known focal length)

- Doesn’t minimize the right error function

For these reasons, nonlinear methods are preferred

» Define error function E between projected 3D points and image positions
— E is nonlinear function of intrinsics, extrinsics, radial distortion
* Minimize E using nonlinear optimization techniques

— e.g., variants of Newton’s method (e.g., Levenberg Marquatrt)
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Geometric Error

X
 /

Predicted

Image
/ locations

minimize E = Zd(x,’, X'

min Zd(xi’, MX.)
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“Gold Standard” algorithm (Hartley and Zisserman)

Objective

Given n>6 3D to 2D point correspondences {X;<X;’},
determine the “Maximum Likelihood Estimation” of M

Algorithm
(i) Linear solution:
(a) (Optional) Normalization: X; =UX, X; = TX

(b) Direct Linear Transformation Minimization of geometric
error: using the linear estimate as a starting point minimize
the geometric error:

min Zd(x{, MX.)

(i1) Denormalization: pp = TTMU
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Finding the 3D Camera Center from P-matrix

- Slight change in notation. Let M =[Q | b] (3x4) — b Is last
column of M

- Null-space camera of projection matrix. Find C such that:
MC=0
- Proof: Let X be somewhere between any point P and C

X =M +(1-2)C
X = MX = AMP + (1-)MC

- For all P, all points on PC projects on image of P,
- Therefore C the camera center has to be in null space

- Can also be found by:

(5
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Alternative: multi-plane calibration

Images courtesy Jean-Yves Bouguet, Intel Corp.

Advantage
e Only requires a plane
 Don’t have to know positions/orientations

 Good code available online!
— Intel's OpenCV library: http://www.intel.com/research/mrl/research/opencv/

— Matlab version by Jean-Yves Bouget:
http://www.vision.caltech.edu/bouguetj/calib doc/index.html

— Zhengyou Zhang'’s web site: http://research.microsoft.com/~zhang/Calib/



http://www.vision.caltech.edu/bouguetj/calib_doc/htmls/example.html
http://www.intel.com/research/mrl/research/opencv/
http://www.vision.caltech.edu/bouguetj/calib_doc/index.html
http://research.microsoft.com/~zhang/Calib/
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