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Objective function
S(y, x) =
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φi(yi, x) +
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ψij(yi, yj , x)

max
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S(y, x)
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Probabilistic 
interpretation

y

P(y|x)

P (y|x) ∝ eS(y,x)
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Bayesian view

y

MAP: Infer single y*
N (diverse) best: Infer a discrete set {y1*,y2*,...y3*,...}

Bayes: Work with posterior P(y|x)

P (y|x) ∝ eS(y,x)

“Right way” to handle ambiguity, but difficult to represent

Turns out, in some cases we can!
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Approximate strategy

Generate high-scoring-ish and diverse-ish solutions by sampling

xxx x xxx
y

P(y|x)

P (y|x) ∝ eS(y,x)

Represent posterior with samples
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Let’s simplify notation
S(y, x) =

�

i∈V

φi(yi, x) +
�

ij∈E

ψij(yi, yj , x)

max
y

S(y, x)

For notational simplicity, let’s not write out 
evidence “x” and implicitly condition on it

S(y) =
�

i∈V

φi(yi) +
�

ij∈E

ψij(yi, yj)
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Temperature parameter
S(y) =

�

i∈V

φi(yi) +
�

ij∈E

ψij(yi, yj)

t is optimal temperature parameter
t→0  Sample uniformly (more diverse)
t→∞ Sample MAP (more high-scoring)

P (y) ∝ etS(y)
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Gibbs sampling
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Algorithm (wikipedia)

P (yi|y¬i) = P (yi|yN(i))Iterate over variables “i” and sample:
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MCMC 
(markov-chain monte carlo)

Markov chain Monte Carlo

Construct a biased random walk that explores target dist P �(x)

Markov steps, xt ∼ T (xt←xt−1)

MCMC gives approximate, correlated samples from P �(x)

(Key issue) mixing time: Amount of time until samples reach stationary distribution
 (i.e.,“amount of time until sampler forgets its initialization”)

Approach: design a markov chain who’s stationary 
distribution = model posterior
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Sampling from any directed 
graphical modelSampling from a Bayes net

Ancestral pass for directed graphical models:

— sample each top level variable from its marginal

— sample each other node from its conditional
once its parents have been sampled

A B

C

D

E

Sample:

A ∼ P (A)
B ∼ P (B)
C ∼ P (C |A, B)
D ∼ P (D |B,C)
E ∼ P (D |C, D)

P (A, B,C, D, E) = P (A) P (B) P (C |A, B) P (D |B, C) P (E |C, D)
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Problem

Application to large problems
We often can’t decompose P (X) into low-dimensional conditionals

Undirected graphical models: P (x) = 1
Z

�
i fi(x)

A B

C

D

E

Posterior of a directed graphical model

P (A, B,C, D |E) =
P (A, B,C, D, E)

P (E)

We often don’t know Z or P (E)

Computing P(E) is just as hard as computing 
normalizer of MRF (partition function)
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Special case

We can compute P(E) (or normalizer) for these graphs
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Recall: dynamic 
programming on chains
Example: assume a “chain” part model

Pixel
locations

eye nose mouth

Pictorial structures

Part-based representation:

• Each part models local visual properties.

• “Springs” model spatial relationships.

• Joint estimation of part locations.

– No hard detection of parts or features.

– No initialization parameters.

1

-Initialize nodes with match cost
-Initalize edges with spring cost
-Find lowest-cost path from left to right 
with dynamic progamming

If we have n parts and k pixel
locations, what is the complexity? 

What is complexity when we truncate spring cost 
(eg, there are only v valid eye offsets for each 
nose)?

“Secret”: In practice, truncation can reduce 
computation so that local match cost dominates

Pixel
locations

head torso leg

4
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Fig. 1. Detections obtained with a single component person model. The model is defined by a coarse root filter (a), several

higher resolution part filters (b) and a spatial model for the location of each part relative to the root (c). The filters specify

weights for histogram of oriented gradients features. Their visualization show the positive weights at different orientations. The

visualization of the spatial models reflects the “cost” of placing the center of a part at different locations relative to the root.

To train models using partially labeled data we use a latent variable formulation of MI-SVM

[3] that we call latent SVM (LSVM). In a latent SVM each example x is scored by a function

of the following form,

fβ(x) = max
z∈Z(x)

β · Φ(x, z). (1)

Here β is a vector of model parameters, z are latent values, and Φ(x, z) is a feature vector.

In the case of one of our star models β is the concatenation of the root filter, the part filters,

and deformation cost weights, z is a specification of the object configuration, and Φ(x, z) is a

concatenation of subwindows from a feature pyramid and part deformation features.

We note that (1) can handle very general forms of latent information. For example, z could

specify a derivation under a rich visual grammar.

Our second class of models represents each object category by a mixture of star models.

The score of one of our mixture models at a given position and scale is the maximum over

components, of the score of that component model at the given location. In this case the latent

information, z, specifies a component label and a configuration for that component. Figure 2

shows a mixture model for the bicycle category.

To obtain high performance using discriminative training it is often important to use large

training sets. In the case of object detection the training problem is highly unbalanced because

there is vastly more background than objects. This motivates a process of searching through

the background to find a relatively small number of potential false positives. A methodology of
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Message passing
S(y) =

�

i∈V
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Sum-product messages
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Sum-product messages

mj(yi) ∝
�

yj

eψij(yi,yj)bj(yj)bj(yj) ∝ eφj(yj)
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Cached (and normalized) pairwise matrices are conditional probabilities! 
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(Conditional) sum-product messages
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“Forward” pass

At root (j=0), b0(y0) = P(y0)

Root marginal

bj(yj) ∝ eφj(yj ,x)
�

k∈kids(j)

�

yk

P (yk|yj , x)
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Message passing as 
reparameterization

P (y|x) ∝ eS(x,y) P (y|x) = P (y1|x)
�

ij∈E

P (yi|yj , x)

Wainwright et al, IEEE Trans. Info Theory 03

Undirected tree Directed tree
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“Backward” pass

At root (j=0), b0(y0) = P(y0)

Sample and walk back down tree: P(y0) => P(y1|y0) =>... 

Each sample requires a table look-up per part
Zero mix-in time!

Root marginal Pairwise CPTs

Sample from reparameterized directed tree
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Figure 12: Input image, binary image, random samples from the posterior distribution

of configurations, and best result selected using the Chamfer distance.
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An approximate strategy
Sample from max-product messages

Beuler, Everingham, Huttenlocher, & Zisserman IJCV 11188 Int J Comput Vis (2011) 95:180–197

Fig. 7 (Color online) Influence of centre-surround filters on colour
likelihood. For each pixel in image (a), the probability under the torso
colour model is evaluated (b). The response of the right lower arm
part assuming known orientation and foreshortening is computed us-
ing (c) a solid rectangle filter, or (d) a centre-surround filter. The filters
are displayed in the upper left corner of (c) and (d), with the colours
black, grey, and white corresponding to the values ‘!1’, ‘0’, and ‘1’ re-
spectively. Red areas in the heat plots indicate a high likelihood of the
lower arm being at a certain position, while blue indicates a low likeli-
hood. Note that the filter response around the true location of the right
lower arm (indicated by a blue cross) is high only for the solid rect-
angle feature. This is due to the sleeves and the torso being of similar
colour

(Felzenszwalb and Huttenlocher 2005). That is, the location
of an arbitrary root node lr can be sampled first by comput-
ing the marginal distribution p(lr |I). Given lr , the location
of all child parts can then be sampled recursively until all
parts are instantiated. The marginal distribution for the root
location is given as

p(lr |I) "
!

l1

. . .
!

lr!1

!

lr+1

. . .
!

ln

"

p(L)

n#

i=1

p(Ci |li )
$

(3)

Computing this marginal directly as written above would
take exponential time. By exploiting independence in the
appearance terms p(Ci |li ) and independence between parts
embodied in the tree-structured prior p(L) a configura-
tion can be sampled in time linear in the number and
configurations of parts (Felzenszwalb and Huttenlocher
2005).

Samples can be drawn from (2) using the marginal dis-
tributions given in (3). However, we argue below that the
use of max-marginals is better suited for this task, where the

Fig. 8 (Color online) Sampling from max-marginal vs. marginal dis-
tribution. This example illustrates that drawing samples of the upper
arm from the max-marginal distribution can be superior to using the
marginal. Figures (a) and (b) show two cases where the upper arm
rectangle is either placed on the true location (red dotted line) or on a
background area with arm-like colour (turquoise). The likelihood of the
upper arm in isolation is equal in both positions. However, the marginal
over the lower arm poses in (a) is low since only very few configura-
tions exist which place the lower arm rectangle on the expected colour.
This is in contrast to (b) where the marginal over the lower arm poses is
high due to a large area with arm-like colour in the background. Hence,
when sampling arm configurations using the marginal the upper arm
will most frequently be sampled from the wrong image area (b). By
contrast, the max-marginal for (c) and (d) is equal, since in both cases
there is at least one lower arm position with high likelihood. Hence, by
using the max-marginal for the upper-arm, samples will be generated
more often in the true arm location than using the marginal

summation operation of standard marginalisation is replaced
by maximisation:

p#(lr |I) " max
l1

. . .max
lr!1

max
lr+1

. . .max
ln

"

p(L)

n#

i=1

p(Ci |li )
$

(4)

As demonstrated in Fig. 8, the intuition here is that a max-
marginal sample of a “parent” part (e.g. the upper arm) is
likely to be good if there is any configuration of the child
(e.g. the lower arm) which has high probability in terms of
prior and appearance. This is in contrast to a parent sam-
ple drawn from the marginal distribution which requires all
compatible configurations of the child to be probable on av-
erage. As the figure shows, when using appearance terms
which do not give a very sharp localised response, as in the
case of filters with no centre-surround response, use of the
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p(lk|l!k) is large if lk and l!k are similar and close to zero for
physically unrealistic cases, e.g. if the arm position changes
dramatically within only one frame. We automatically learn
a histogram representation of p(lk|l!k) " p(lk # l!k) for each
part, using a signing sequence where the background is static
and the sleeves and the torso are of a different colour—for
such a setting our approach gives very reliable results with-
out the temporal term. Note that the motion model uses only
first order (velocity) information; in contrast to specific ac-
tions such as walking or golf swings studied in previous
work on pose estimation, the arm motion in sign language is
much less predictable hence more complex models are not
applicable.

Tracking the arms from frame to frame is greedy in the
sense that we maintain only a point estimate of the pose
rather than the full distribution over pose. This can poten-
tially result in losing track by propagating incorrect poses.
However, in practise this is not a problem since two distinc-
tive frames are seldom more than a few seconds apart. The
sustained human tracking method of Sheikh et al. (2008)
also demonstrates the success, and gives a fuller Kalman fil-
ter treatment, of combining first order motion models with a
distribution over pose detection.

5 Results

In this section we evaluate our method against ground truth,
and compare it to a method which employs detection and
tracking of the hands alone.

5.1 Datasets

All evaluations were performed using a continuous sequence
of 6,000 frames taken from BBC footage1 with challenging
image conditions and a changing background (see Fig. 1).
The corner of the image containing the signer was cropped
and down-sampled to 100 $ 100 pixels. We concentrate on
the more difficult case where the signer has sleeves with
a similar colour to the torso—when the signer wears short
sleeves identification of the hand shape is difficult, but esti-
mating the pose of the arms is considerably simplified.

Ground truth was manually labelled for 296 randomly
chosen frames from this sequence. As shown in Fig. 14,
each image was manually segmented to give masks for torso,
head, upper and lower arms, and hands.

5.2 Overlap Measure

Quantitative evaluation was performed using an overlap
measure defined as o(T ,M) = T %M

T &M , where T is the ground

1Images and ground truth available at: http://www.robots.ox.ac.uk/~
vgg/data/sign_language/index.html.

Fig. 12 Overlap evaluation measure. The estimated pose is shown
in (a); (b)–(d) illustrate the overlap measure for the left upper arm. The
overlap between ground truth (b) and estimated segmentation (c) is de-
fined as the ratio of the intersection over the union (d). In this example,
the overlap is 0.63

Fig. 13 Qualitative accuracy as a function of overlap measure.
(a)–(d) show estimated poses for a range of overlap measures o. An
overlap of o = 1 implies perfect segmentation of the image into the left
arm, right arm and the hands. Note that the pose is qualitatively correct
for overlap measures exceeding around 0.2

truth segmentation and M the mask generated from an esti-
mated pose (see Fig. 12). We evaluate the overlap separately
for the left arm, the right arm and the hands. The overall
overlap is then defined as the mean over the overlap for each
body part. Note that this measure takes occlusions into ac-
count i.e. the overlap is high only if the model and the true
(not just the visible) area overlap.

We consider an overlap to be correct if it is ' 0.5, which
corresponds to a very good agreement with ground truth;
overlaps between 0.2 and 0.5 are considered to be partially
correct; and overlaps below 0.2 are considered incorrect.
Furthermore, we define the true arm configuration as the one
with highest overlap score, and consider an arm configura-
tion as close to the true configuration if their difference in
overlap is less than 0.1 (see Fig. 13 for examples).

5.3 Evaluation of the Complete Cost Function

As noted in Sect. 2 our approach uses a “complete” cost
function which explains all pixels of the image (both signer
and background). We first evaluate the effectiveness of the
cost function i.e. the correspondence between an accurate
estimated pose and low cost. Ideally, we would like to eval-
uate this by exhaustive evaluation over the parameter space
of both arms. Since this is computationally infeasible we il-
lustrate the correlation between cost and overall overlap by
fixing the right arm at the optimal position and evaluating
over the left arm. Figure 14 demonstrates the relationship
between cost and overlap with ground truth. Note the good

Argument: probabilistic sampling can’t distinguish between 1 high scoring pose and lots of low-scoring poses
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Superimpose samples
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Find modes in samples

Figure 1: Mean Shift Mode Finding

• starting on the data points, run mean shift procedure to find the stationary points of the
density function,

• prune these points by retaining only the local maxima.

The set of all locations that converge to the same mode defines the basin of attraction of that mode.
The points which are in the same basin of attraction is associated with the same cluster. Figure 2
shows two examples of mean shift clustering on three dimensional data.

More details on mean shift clustering on Lie Groups can be found in [1].

References

[1] D. Comaniciu and P. Meer. Mean shift: A robust approach toward feature space
analysis. IEEE Trans. Pattern Anal. Machine Intell., 24:603–619, 2002. Available at
http://www.caip.rutgers.edu/riul/research/papers/pdf/mnshft.pdf.

2

Meanshift modefinding

1. Start at random sample
2. Find all “closeby” samples within a distance of ‘b’
3. Move to center of closeby samples and repeat (2)

2 leg 
modes

1 arm 
mode
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Closed-form mode-finding

Figure 1: Mean Shift Mode Finding

• starting on the data points, run mean shift procedure to find the stationary points of the
density function,

• prune these points by retaining only the local maxima.

The set of all locations that converge to the same mode defines the basin of attraction of that mode.
The points which are in the same basin of attraction is associated with the same cluster. Figure 2
shows two examples of mean shift clustering on three dimensional data.

More details on mean shift clustering on Lie Groups can be found in [1].

References

[1] D. Comaniciu and P. Meer. Mean shift: A robust approach toward feature space
analysis. IEEE Trans. Pattern Anal. Machine Intell., 24:603–619, 2002. Available at
http://www.caip.rutgers.edu/riul/research/papers/pdf/mnshft.pdf.
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With limit of infinite samples, its straight forward to show mean computation is an “truncated” expectation
 (which can be computed exactly with marginal posterior for certain kernels)

(Never tried, but seems quite slow)

ynew =

�

y∈Near(yold)

P (y|x)dy

P (y|x) = P (y1|x)
�

ij∈E

P (yi|yj , x)
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Directly work with posterior
P (y|x) = P (y1|x)

�

ij∈E

P (yi|yj , x)

Pass conditional tables to higher-level system (?)
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Linear-parameterized MRFs

Assume scoring function is linearly parameterized

MAP: easy for some functions (e.g., graphcuts)

Sampling: can be hard

Sw(y) =
�

i∈V

wi · φi(yi) +
�

ij∈E

wij · ψij(yi, yj)

Sw(y) = w · Φ(y)

max
y

Sw(y)

y ∼ 1

Z
eSw(y)
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Perturb and MAP

Sw(y) = w · Φ(y)

Papandreou and Yuille

Approach:
1) Randomly perturb weights , � ∼ p(�)

2) Solve perturbed model max
y

Sw̃(y)

w̃ = w∗ + �
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But we are not sampling from P(y)
well, what are we sampling from?

Let’s define the set of weights who’s MAP solution is a particular state “y”

Cy = {w̃ : w̃ · (Φ(y)− Φ(y�)) ≥ 0, ∀y�}

Convex set in space of   

A state “y” will be generated if sampled weights       fall inside w̃

w̃

Cy
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But we are not sampling from P(y)
well, what are we sampling from?

Let’s define the set of weights who’s MAP solution is a particular state “y”

Cy = {w̃ : w̃ · (Φ(y)− Φ(y�)) ≥ 0, ∀y�}

Convex set in space of   

A state “y” will be generated if sampled weights       fall inside w̃

w̃

Cy

P (w̃)

We are sampling from P (y) ∝
�

w̃∈Cy

P (w̃)dw̃

w*
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Interactive segmentation
Interactive Image Segmentation Results

Image GrabCut Perturb-and-MAP

15 / 19

(A particular sample)

Papandreou and Yuille
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Interactive segmentationInteractive Image Segmentation Results (Detail)

GrabCut mask Perturb-and-MAP mask
16 / 19
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A look back

1. Use samples as a ad-hoc method of generating multiple solutions

2. Exploit rich literature on sampling

-Control samples by pre-processing (temperature) or post-processing (mode-finding)

-MCMC
-“No-mixing” required on trees
- Sample with MAP

0. Bayesian perspective: represent entire posterior rather than point estimates
-Can compute in some situations (trees)

Monday, July 1, 2013


