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PRESERVING POSITIVE DEFINITENESS IN HIERARCHICALLY
SEMISEPARABLE MATRIX APPROXIMATIONS*

XIN XINGT AND EDMOND CHOWT

Abstract. Given a symmetric positive definite (s.p.d.) matrix, two methods are proposed for
directly constructing hierarchically semiseparable (HSS) matrix approximations that are guaranteed
to be positive definite. The methods are based on a new, recursive description of the HSS approxima-
tion process where projection is used to compress the off-diagonal blocks. The recursive description
also leads to a new error analysis of HSS approximations. By constructing an s.p.d. HSS approxima-
tion directly, rather than in a factored form, the approximation errors can be better understood. As
could be expected, larger approximation errors are introduced in the new s.p.d. methods compared
to those in existing HSS approximation methods where positive definiteness is not guaranteed. How-
ever, numerical tests using the approximations as preconditioners show that methods that preserve
positive definiteness may be better than other methods even when those methods happen to generate
a positive definite preconditioner. Like existing HSS construction algorithms, the new methods have
quadratic computational complexity and can be implemented in parallel.
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1. Introduction. Using the low-rank nature of off-diagonal blocks, hierarchical
matrix representations enable scalable computations for certain types of dense matri-
ces arising in applications. Among established hierarchical matrix representations, H
[15, 18] and H? [17, 16, 8] are the most flexible, allowing high-rank off-diagonal blocks
and adaptive matrix partitionings, and can be highly accurate. Conversely, hierar-
chically semiseparable (HSS) [10] and hierarchically off-diagonal low-rank (HODLR)
[1] representations only allow low-rank off-diagonal blocks and rigid matrix partition-
ings, but these features lead to particularly fast decomposition and solve algorithms
[2, 3, 28, 25]. As many matrices do not exactly have HSS or HODLR forms, these
representations are often used as approximations to a matrix. To take advantage
of hierarchical structures for solving linear systems, it is natural to use highly accu-
rate H or H? approximations to accelerate matrix-vector multiplications or to use
less accurate HSS or HODLR approximations as preconditioners in Krylov subspace
methods.

Given a symmetric positive definite (s.p.d.) matrix A, it is desirable to compute
an approximate hierarchical representation that is also positive definite. However,
positive definiteness is not guaranteed as the hierarchical representations focus on
compressing off-diagonal blocks into low-rank representations. Preserving positive
definiteness is essential for hierarchical approximations to be used efficiently in various
algorithms and applications, e.g., using the hierarchical representation to accelerate
matrix-vector products in the conjugate gradient algorithm. The goal of this paper
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is to propose two methods for constructing HSS approximations to an s.p.d. matrix
that preserve positive definiteness.

Instead of directly producing an s.p.d. hierarchical representation of A, there
currently exist methods that construct approximate Cholesky factors of A in HSS
form [29, 20]. These algorithms are sequential in the sense that they all involve
sequential updates to Schur complements. Our algorithms are different in that they
construct s.p.d. HSS matrices directly and are much more parallel.

Another approach to avoid the loss of positive definiteness is diagonal compen-
sation. Bebendorf and Hackbusch [4] build an s.p.d. H approximation by adding
corrections to the diagonal blocks based on the approximation of each off-diagonal
block. Xia [27] adds diagonal shifts to the intermediate blocks in the symmetric ULV
decomposition [28] of HSS approximations when breakdowns occur. In comparison,
our algorithms construct an s.p.d. HSS approximation only through the compression
of off-diagonal blocks.

Of our two methods, the second (called Method 2) is related to the recently
developed “structured incomplete factorization” (SIF) from Xia’s group [31], which
also targets s.p.d. matrices. Both Method 2 and SIF use scalings by diagonal blocks,
which for us is one way to preserve positive definiteness. SIF produces a ULV-type
factorization [10], which can be constructed with much more parallelism than Cholesky
factorizations. Although SIF is likely but not guaranteed to be positive definite when
more than one level is used, our paper provides a framework for establishing STF
variants that are positive definite by construction.

For constructing an HSS approximation using projection to compress the off-
diagonal blocks into low-rank form (e.g., using a truncated form of QR factorization)
[10, 28, 25], we give a new recursive description of the process that says the HSS
approximation Apgs can be constructed recursively from the leaf level to the root level
of the partition tree as

A=A0 = AW o 4@ o~ ... o 4D = Ansss

where A®) is an approximant constructed from A®*—1,

Based on this new description, two positive-definite-preserving methods are de-
signed by making sure that every stage of the construction, A*~1 = A®) maintains
positive definiteness. Both methods are efficient in that they can be implemented in
parallel at each level and their computational complexities are of the same order as
existing HSS construction methods [28, 25]. Furthermore, the two methods are also
flexible in that they can be combined with existing HSS approximation methods and
techniques to help reduce computational complexity.

This paper also gives a new way of estimating the HSS approximation error, based
on the recursive description above. In fact, it can be proved that the errors at each
stage are orthogonal, giving

14 = Anss 3 = AQ = AV 4 [ AD = ADE 4 4 ACD - AD,

which is also closely related to the error analysis of H? approximations in [16]. By
working with ||A®) — A*=1 |2 "hoth lower and upper bounds of ||A — Apel|% are
obtained. It turns out that [|A*) — A*=1)||2  at each stage can be bounded above and
below within a factor of 2. These bounds are directly related to the corresponding low-
rank approximation errors in the HSS construction process. Thus this error analysis
justifies existing methods (e.g., [28, 25]) in that they minimize the square of the
approximation error at each stage within a factor of 2.
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By directly constructing an s.p.d. HSS approximation rather than an approxi-
mation in factored form, the errors incurred by the approximation process are better
understood, especially by using the orthogonality of the errors at each stage, as shown
above. Once an s.p.d. HSS approximation is constructed, an exact symmetric ULV
decomposition [28] can be computed, if needed, to be applied in various applications.

2. Symmetric HSS definition and notation. Any matrix A € R™*™ can be
associated with an index set I = {1,2,...,n}. A block of A can be represented as
Arq,x1;, where I; and I; are two subsets of I. Hierarchical matrix structures partition
matrices into blocks which may be nested inside other blocks. Thus we need a notation
for a hierarchy of index sets. This is naturally provided by a tree structure called a
“partition tree.” HSS representations use binary partitions and thus binary trees. For
simplicity, we assume the binary trees are perfect (all levels are completely filled).

A perfect binary tree T with m leaves is a set of nodes, T = {1,2,...,2m — 1}. To
use this tree to describe the partitioning of an HSS matrix, each node i is associated
with an index set I;. If i is a nonleaf node, then I; = I., |JI.,, where ¢; and ¢y are
children of node 4, and I, [ ., = @. The index set associated with the root node is
I, containing all the indices. Figure 1 shows an example of a 2-level binary partition
tree using a postorder numbering of the nodes [28] and the associated hierarchical
partitioning of a matrix.

The level structure of the binary tree is important in this paper. Nodes at the
leaf level are in level 1; their parents are in level 2, etc. The last level is the level
just below the root, called level L. This numbering of the levels is the reverse of
what is generally used in the HSS literature but is more natural in this paper, as the
construction of HSS representations is conceptually from the leaves toward the root.

We now define a symmetric HSS matrix, following the definition of general HSS
matrices from [26].

DEFINITION 2.1. Given a symmetric matriz A € R™*™ a binary partition tree T,
and hierarchical index sets {I;},.r, the matriz A is a symmetric HSS matrix if there
are generators Dy, U;, R; associated with each nonroot node i € T and generators
B;; associated with each pair of siblings 1,5 € T that can be defined recursively from
the leaf level to the root level as follows. For each leaf node i, we define the generator
D; = Aq,x1,. For each nonleaf node i with children ¢1 and ca, the generator D; =
Ap, x1, has the structure

o D, Ue, Bey ey UcT
Di = (UCZBT ur D,

cic2

with the nested basis property

» = () (52)
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Fic. 1. Ezample partition tree and associated partitioning of a matriz. Following most HSS

literature, this is called a 2-level tree. In this paper, the levels are numbered upward from the leaf
level.
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As an example, the HSS matrix structure corresponding to the tree in Figure 1 is

Dy UiB1UY¥

UsBsgUT
U.BLUT D, 32366

Dy UsBasUT

UsBL,UT
6-36~3 UsBLUI  Ds

If we assume a fixed off-diagonal block rank of r, then at each level, generator U; has
dimensions |I;| x r, generator B;; has dimensions r x 7, and in the expressions

. Uy Ry o U, Ry
(M) () e o= (M) ()

the generators R;, Rs, R4, and R5 have dimensions r x r. For simplicity, we construct
HSS approximations using a fixed rank r for off-diagonal blocks and using perfect
binary partition trees, but these simplifications are easily lifted.

We further use the following notation:

e The dimension of matrix A is denoted by n, and the number of elements in
I; is denoted by n;.

e For all i,j € T, denote Ay, s, as A;; when there is no ambiguity.

e Denote Ivl(k) as the set of tree nodes at the kth level, e.g., Ivl(1) = {1,2,4,5}
for the tree in Figure 1.

e For all i € vl(k), i€ is the complement set Iv1(k) \ {¢}.

e The block Ay, (s, (Which is not a contiguous block of A in general) is
called the HSS block row of index set I;, which we abbreviate as A;;c. It has
dimensions n; X (n —n;). (An HSS block column can be defined similarly, but
due to symmetry of A, this concept will not be needed in this paper.) The
HSS representation exploits the low-rank nature of these blocks and existing
HSS construction techniques choose U; to compress these blocks into low-rank
form. As an example, Agqe for the above example is (A1, Ay, Aos).

e For any nonleaf node i € lvl(k), denote its left and right children as l;,r; €
Wvl(k —1).

e Denote R; = (RZ,RE)T for every nonleaf node i € T so that the nested

basis property can be written as U; = (Uli U, ) R;.

3. Recursive description of HSS construction. Constructing the HSS rep-
resentation of a matrix A means constructing the generators D;, U;, R;, and By,,,,
some of which are stored implicitly or are not needed at each level. If an approxi-
mate representation is desired, then approximations are made in the choice of the U;
generators when compressing the HSS block rows and columns.

Construction of the generators for two sibling nodes generally precedes the con-
struction of the generators for their parent (however, see [21]). Although this affects
the choice of approximations (when an approximate HSS representation is desired),
this is a practical ordering of the computation since the construction cost for the parent
can be reduced by using the nested basis property and the compressed representations
at the children. Thus, construction may proceed, for example, by visiting the tree
nodes in postorder fashion [28, 26], which promotes data locality, or in bottom-up
level-by-level fashion [22, 25, 23, 14], which promotes parallelism.

Different HSS methods use different methods of compressing off-diagonal blocks.
When a matrix exactly fits the HSS form (for a given rank r), then the methods
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Compress /lE(]” ‘ Compress AS) .. Compress Aﬁf.)
e — _—
for ,j € IvI(1) for i,j € Iv1(2) . for i,j € IvI(3) .

A A A AB)

F1G. 2. Recursive construction of a 3-level HSS approximation. Yellow, green, and blue denote
blocks that have been compressed at each level. In general, we say that A=1) g compressed at the

kth level to obtain A®) for k = 1,...,L. To illustrate our notation, if k = 2 and i # j € Wi(k),

then AE;.C) is a green block in A2 while AEI?_I) is the corresponding four yellow blocks in AD to

be compressed to form the green block.

mathematically produce the same result. Results may be different when an approxi-
mation in HSS form is sought. We focus on compressing off-diagonal blocks A;; into
the form U;U Ay;U;U], where the columns of U; are orthonormal and U;U] is a
projector usually designed to minimize the projection error ||A;;e — U;UF Ajic|| of the
HSS block row Aje (similarly for U; and U;U jT ). We refer to this as the “projection
method” for compressing off-diagonal blocks and it is equivalent to existing meth-
ods, e.g., [16, 10, 28, 25]. SVD, rank revealing QR factorization, or QR factorization
with pivoting may be used to construct U;. Alternative compression methods include
interpolative decomposition [22, 30, 23, 14, 9] and adaptive cross approximation [5, 6].

We now introduce a recursive description of HSS construction using the projection
method that will simplify our derivation of s.p.d. HSS approximations. The process
uses the projection method just mentioned and is described using the bottom-up
level-by-level construction order, but our methods can also be implemented using
other construction orderings.

Figure 2 gives an overview of the recursive description. Denote the original matrix
A as A The blocks of A©) partitioned at the first level are denoted as AE;?), where
i and j refer to index sets I; and I;, where 4, j € 1vl(1). These nondiagonal blocks are
B
diagonal blocks untouched) is called AWM as shown in Figure 2. The process is then
repeated using the index sets at levels 2 and 3, etc., corresponding to partitioning the
matrix by coarser and coarser blocks, until A is obtained as the HSS approximation.

Formally, for levels k from 1 to L,

Ak — diag({AEffl)}ielvl(k))
(2)  + ding({UUT Yierag) (A% — ding({AS ™ }icnag))diag (U] L)

where the notation diag({M;};civi(r)) denotes the block diagonal matrix composed
of all the blocks {M;};civi(r) in order. For example, for the 2-level HSS matrix in
Figure 1,

compressed into the form U;UT A U;U JT and the overall compressed matrix (with its

A1 A
diag({Aii tieir)) = * A .
Ass

This notation will be abusively simplified as diag(M;) with ¢ € lvl(k) implied for a
given level k.
We note that by the nested basis property, it can be proved that

UUT AN VU UT = viuT ADUUT i # e W(k),
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which says that it did not matter that, for example, blocks at level 2 were compressed
using compressed blocks at level 1; the result of the compression at level 2 is the same
as if we compressed the blocks of the original matrix directly. Practically, this means
that for each pair of siblings i and j belonging to 1vl(k), the generator B;; satisfies

k—1 0
By =Ur Al Yy, =uf AU,

4. New HSS approximations that preserve positive definiteness. Given
an s.p.d. matrix A, our goal is to find an s.p.d. HSS approximation. The recursive
description of HSS approximation presented in the last section allows us to simplify
this task. The recursive description can be written abstractly as

A=A0 Yo g0 Yuog@ .0 Yo 40— g
i€lvi(1) i€lvI(2) ievi(L) s

To construct an s.p.d. HSS approximation Ay, it suffices to make sure that each
stage, A#~1) = A% computed by update formula (2) maintains positive definiteness.
Following this approach, two methods are now presented.

4.1. Method 1. First, rewrite the update formula (2) for level k as
3)  A® = diag(U,UT) A* Ddiag(U;UT) + diag(ALF ™V —v,uT A Vu,uly,

where we remind the reader that ¢ € 1vl(k) within each diag(-) is implied. The first
term on the right-hand side is positive semidefinite as we assume A%*~1 to be positive
definite. Meanwhile, the second term is a block diagonal matrix and thus it suffices
to make sure that each block in that matrix is positive definite.

As shown by Proposition 4.1 below, the only possible choice of U; that makes
ALY _g,uT AR VU, UT positive semidefinite is the one where col(U;) is an invariant
subspace of Agf Y In this paper, we focus on the simplest invariant subspaces, those
spanned by any set of eigenvectors. The columns of U; are chosen to be orthonormal
eigenvectors of Agf_l). In addition, Proposition 4.2 shows that this choice of U; can
guarantee A*) to be positive definite even though Agf_l) — UiUiTAgf_l)UiUiT can
only be guaranteed to be positive semidefinite. It is worth noting that a more general
method might exist by exploiting different invariant subspaces of AF=D

i .

PROPOSITION 4.1. Given an s.p.d. matrix A € R™*™ and a tall and skinny matriz
U € R™ " with orthonormal columns, A — UUT AUUT is positive semidefinite if and
only if col(U) is an invariant subspace of A.

Proof. Define U € R™("~") with columns forming an orthonormal basis of
col(U)*+. Then,

A-vUTAUUT = (WUt + 00T AWUT +00T) —vUuT AUUT
(4) =UUTAUUT + UUTAUUT + UUTAUUT™.

For any vector z = Uz 4+ Uy with € R", y € R"™", the quadratic form is written
as 21 (A—-UUTAUUT)z = yTUT AUy + 22TUT AUy. As long as UT AUy is not zero,
there exists € R” such that the quadratic form is negative. Thus, A — UUTAUUT
is positive semidefinite if and only if UT AU = 0. According to the definition of U,
(AU)TU = 0 holds true if and only if col(AU) C col(U) which is equivalent to col(U)
being an invariant subspace of A. 0
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PROPOSITION 4.2. The choice of U; being composed of orthonormal eigenvectors
of Agf_l) for any i € Wi(k) guarantees that A®) constructed by formula (3) is always

positive definite.

Proof. Based on (4), if the columns of U; are orthonormal eigenvectors of Aff -,

then Agf_l) — UZ-UZ-TAEf_l)UZ-UiT = UZUlTAEf_l)a(N]lT, where the columns of U; form
an orthonormal basis of col(U;)* as before. Formula (3) for level & becomes

A®) = diag(U;UT)A*Ddiag(U;UT) + diag(T;UF ) diag(AF ™) diag(T,07).

Note that both A*~1) and diag(AZ(-ffl)) are positive definite. In addition, diag(U;U})
and diag(U;U]) are exactly the projection matrices that correspond to a pair of
complementary subspaces in R™. As a result, for any nonzero x € R", at least one
of its projections z; = diag(U;UT )z and 2z = diag(U;U])z is nonzero and hence
the quadratic form 27 A® g written as 27 AWz = 2T A®=D 2 4 2T diag(ALF )z, is
always positive. Thus, A®) is positive definite. 0

In summary, Method 1 is to choose each U; to be composed of r orthonormal
eigenvectors of Al(f ~Y. How to do this while minimizing the projection error and to
also satisfy the nested basis property at nonleaf levels will be discussed in section 5.

Pseudocode for Method 1 thus far using the bottom-up level-by-level construction
order is shown in Algorithm 4.1.

Algorithm 4.1. Method 1 (abstract version).
Input: Original s.p.d. matrix A
Output: S.p.d. HSS approximation A(X)
set A =4
for k=1,2,...,L do
compute U; Vi € lvl(k) satisfying

e columns of U; are orthonormal eigenvectors of Aif -1
e U; should minimize the projection error ||A(-I-€71) - UiUl-TA(-kfl) IlF

e if £ > 1, the nested basis property must also be satisfied
compress A*~1) by formula (2) to obtain A®*)

end for

4.2. Method 2. From (3) and (4), the update formula (2) for level k can be
written as

A®) = diag(U;UT)A®=Ddiag(U,UT) + diag(T;UF AL VT,07)
(5) + diag(U;UF AL VT,07 + 0,07 AL VUul), i e k),

where the columns of U; form an orthonormal basis of col(U;)* as before. The sum of
the first and second terms can be proved to be positive definite by an argument similar
to that in Proposition 4.2. Thus, the block diagonal matrix diag(U; UiTA,Ef_l)UiUiT +
UiUiTAEf_l)UiUiT) is the term that might make A*) indefinite.

In fact, the constraint that the columns of U; are orthonormal eigenvectors of
Agffl) in Method 1 makes UiUiTAZ(-ffl)ﬁiUZT + UiUZ-TAEffl)UiUiT exactly zero. From
this point of view, the key is to try to get rid of this term. Thus, Method 2 can be
designed as follows.
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Notice that if Az(f_l) is an identity matrix, then UiUiTAZ(-f_l)UiUiT will be zero
and A®) will be positive definite. Identity diagonal blocks remind us of scaling by
diagonal blocks. Ignoring for now the nested basis property and focusing on one
update, A*~D = A®) the idea is to symmetrically scale A®~1D by its diagonal
blocks and then to compress the scaled off-diagonal blocks using formula (2).

Formally, first calculate the symmetric factorization of Az(f e S.ST for each
node i € Ivl(k), and scale the matrix A®=1 as C*F~1) = diag(S; ') A*~Ddiag(S; 7).
Then, compress the off-diagonal blocks of C'*~1) using formula (2) to obtain

6) €W =diag(C{f ™) + diag(V;V;T)(CHD — diag(CF ™)) diag(ViV;T)

with ¢ € Ivl(k), where V; € R™*" has orthonormal columns. Intuitively, V; should

be chosen to minimize the projection error \\C(k_l) — ViViTO(k_l) ||7. Finally, define

93¢ i1¢

A®) = diag(S;)C*®) diag(S]), which can be generated recursively as

(7)

AW =diag(AT™) + diag(S:ViVi" ;) (A% — diag(A[f ™)) diag(S; T ViV ST,
where each off-diagonal block is compressed as Al(?) = SV, VIS, 1A§571)SJ7TVJ»V}.TS]T.
Denote U; = S;V; and W' = VIS ! Unlike before, this newly defined U; does not
have orthonormal columns and U; W is not a projection matrix. However, the matrix
S;V;VT'S; ! can be proved to be the projection onto the subspace col(S;V;) with inner
product defined as (z,y) = xTSi_TSi_ly.

The update formula (7) gives a positive definite matrix and the only requirement
so far has been that the columns of V; are orthonormal. However, we still must
guarantee that the nested basis property is satisfied, which will place an additional
condition on V.

Based on the definition of the nested basis property in (1), there should exist

R, = (RE, RE)T such that
p— : al
Vi=8"! (le Uﬁ) R,

which is equivalent to col(V;) C col (S;l (Ul" . )) By the definition of C*~1) and

the update of A%*=2) to A®=1 through (7), it can be noted that

k—1 1 (k=1 Ly (UL WE AT -1 (U
col(C-( )) C col(5; LAl )) C col (S- ! ( B C col (Si ! ( K u., )) .

1€ (A 7 U WTA(k'—z)
T )

Previously, V; was chosen to compress C’gfl) as ViViTC'i(ffl). Thus the sufficient
condition col(V;) C col(C’Z-(fcfl)) to satisfy the nested basis property can be enforced
naturally.

Pseudocode for Method 2 thus far using the bottom-up level-by-level construction
order is shown in Algorithm 4.2.

5. Implementation of Method 1. The previous section gave the description
of two s.p.d. HSS construction methods without implementation details. Here, an
efficient implementation of Method 1 is presented. The implementation is related to
building an HSS representation using projection, which we explain first. This method,
which does not try to preserve positive definiteness, will be called the standard HSS
method in this paper and it is exactly the symmetric version of [25].
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Algorithm 4.2. Method 2 (abstract version).

Input: Original s.p.d. matrix A
Output: S.p.d. HSS approximation A%
set A =4
for k=1,2,...,L do
construct a symmetmc factorization A(k D=g, ST vi e vl(k)

calculate the scaled off-diagonal block C(k D= =5 1A§;€ 1)Sj Tvi £ § € Wl(k)
compute V; Vi € lvl(k) satisfying

e columns of V; are orthonormal and col(V;) C col(Cl(zkfl))
e V; should minimize the projection error ||C”]f, b_ VTCSCc 1)||
compress A*~1) by formula (7) to obtain A®*)
end for

5.1. Standard HSS construction using projection. For level k£ from 1 to
L, define the r x r matrix Mi(f) = UiTAEf_l)Uj Vi # j € Ivl(k) which satisfies
Agf) = UiMi(f)UjT by the update formula (2). Here, i, j for Mi(f) are used as partition
tree node indices like those in U; and B;; and do not refer to I; x I; like in AE;.C). Notice
that for each pair of siblings ¢, j € Ivl(k), generator B;; = UiTAz(-f_l)Uj = Mi(f).

We also define Mi(f*l) where ¢ and j (with ¢ # j) belong to lvl(k) rather than
lvl(k — 1) as the 2r x 2r matrix that satisfies

) Al(kl 1) A(k 1) 0, M(k 1) M(k 1) ur
Ay = Ak 1) Agkrl = U, M(k 1) Mﬁkr 1) ! ur )

At the leaf level, the generators U; for ¢ € 1vl(1) are computed to minimize the
projection error when compressing A9 At level k> 1, U; for i € Wvl(k) are defined

i8¢
implicitly by Rl and R,, which are computed to minimize the projection error when

1
compressing A”L ),

By exploiting the nested basis property and the above relation between Al(f*l)

and Mi(ffl) for ¢, € vl(k), the projection error is

I . I I Y

14 14 4 it¢

where MZ(ZC Vs naturally defined as (Migi71)7Migi71) ..), with {j1,72,...} = i
In addition, by the nested basis property, the columns of U; being orthonormal is
equivalent to the columns of R; being orthonormal. Thus the thin matrix Ml(llf D oof

size 2r x 2r(|Ivl(k)| — 1) is the target matrix to compress to obtain R;. After that,
k k—
{Mi(j )}i,jelvl(k) can be calculated from {M;(;q 1)}p,qelvl(k—1) as

(k) _ AT A r(k—1) 5
M;;” = R; M;; R;.
To summarize, the standard HSS approximation is given in Algorithm 5.1 and it
has O(rn?) computational complexity with fixed rank 7.
5.2. Method 1: Constrained optimization problem. In Method 1, at level

k, we seek U; that minimizes the projection error ||A§fc_1) -U; UTA(k 1)||F, for i €

14
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Algorithm 5.1. Standard bottom-up level-by-level HSS construction.

Input: HSS rank r, original matrix A
Output: HSS approximation with generators {D;}, {B;;},{U;},{R:}
At the leaf level
set D; = A;; Vi € ].Vl(l)
compute U; € R™"*" Vi € lvl(1) satisfying
e columns of U; are orthonormal
e U; should minimize ||A;;c — U; UL Ajic||r
compute Mi(jl) = UL A;;U; Vi # j € vl(1)
set By; = Mi(jl) for every pair of siblings i, j € 1vl(1)
for k=2,3,...,L do
compute R; = (R{,RT)T € R*™" Vi e IVI(k) satisfying
e columns of f%i are orthonormal
e R; should minimize ||Mi(ili_1) - RiR?Mi(ﬁ_l)HF
compute Mi(f) = I%?Mi(f_l)f%j Vi # j € (k)
set B;j = Mi(f) for every pair of siblings i, j € Ivl(k)
end for

Ivl(k), while U; is also constrained to be exactly r orthonormal eigenvectors of the

diagonal block Agf -0, Ignoring for now the nested basis property that must also be
satisfied at nonleaf levels, this leads to the following constrained optimization problem.

PROBLEM 5.1. Given an orthogonal matriz V- € R™*™ and a target matriz B €
R™*L find r columns of V, which we call U € R™ ", such that U minimizes the
projection error |B — UUT B||p.

The solution is as follows. Any 7 columns of V' can be represented as U =
VP(I, O)T7 where P is a permutation matrix. Substituting this U into the projection
error expression, the problem becomes finding the permutation P that minimizes

IB=UU"Bllr = |B-VP(§5)P"VIB|,=|P'G-(§0) P G|,
where G = VT B € R™*!. Thus we only need to choose a permutation of the rows of
G such that the first r rows of PTG have the largest norms.

As |PTG||r = ||B||r, we have ||B —UUTB||r < (1 - %)%HBHF, where equality

holds only when all the rows of G have the same norm.

5.3. Method 1: Full implementation. At level 1, the diagonal blocks AE?) €
R™>*™ for ¢ € lvl(1), are typically small, and their eigendecompositions are readily
computed. The U; that are sought can be computed by solving Problem 5.1, where
V' is the matrix of eigenvectors and the target matrix B is the HSS block row A

43¢
At nonleaf levels k, we need U; to satisfy the nested basis property in addition

to minimizing the projection error and the columns of U; being constrained to be

(k—1)

i

For ¢ € Ivl(k), the diagonal block Agf_l) can be written as

selected orthonormal eigenvectors of the diagonal block A

ALY AL purAR A, Ut
i U, UZAE'fle) U, Uf Agfr—iz) .



SYMMETRIC POSITIVE DEFINITE HSS APPROXIMATIONS 839

The columns of U; € R™*" being eigenvectors of Agf_l)

an r X r diagonal matrix ¥; such that

is equivalent to there being

AR Yy — Uy,

Az(‘f_l) (Uli U )]{’1 = (Uli U )Rizz’,

k—2 k—2
U,
(k

(k—2) (k—2)
UTiUZAmi U, Avir Uy,
By induction, Aliljz)Uli = U,,%;,, and Ai’j;f)Uri = U,,X,,. Thus the calculation
continues as

DI ) TA(k_Q) Ti D i >
( Ui, 2, Uleli liri Uri R; = (Ull U. > R,

U, Ur A2y, Uy, s,
Y urA*2y \ . .
9 ’ i Ty T Rl = RiZi.
©) (USA%I:?)U% X,

The term Ulff AZ(ZZQ)U” is exactly By,,, or Ml(fr:l) and has been calculated at the

i, By, )
T .
Bli” 27‘1‘,

Every step above is invertible. Thus, the columns of U, being orthonormal
eigenvectors of Agf g equivalent to the columns of R; being orthonormal eigenvec-
tors of the small 27 x 2r symmetric matrix F;.

previous level. Denote the leading matrix in (9) as E; = (

Z(-ffl). From (8),

minimizing HA(k*l) - Ut A(-kfl)” r under the nested basis constraint is equivalent

14 14

Now, consider computing U; to minimize the projection error of A

to minimizing HMi(ffl) - RiEiTMi(ZZ*l)H r. By the analysis above, with eigendecom-
position E; = V;A;V;T, the optimal R; can be obtained by solving Problem 5.1 with

orthogonal matrix V;, target matrix Mi(i’i_l), and desired rank 7.
The efficient implementation of Method 1 can now be given in Algorithm 5.2.

With fixed rank r, the complexity of the algorithm is O(rn?).

6. Implementation of Method 2. The main difference between Method 2 and
the standard HSS method is the symmetric scaling by diagonal blocks at each level.
At first glance, the decomposition Agf_l) = 5;ST and the application of S[l do not
appear to be practical due to the large size of these blocks at higher levels. However,
as shown below, the storage cost and computational complexity to obtain S; and to
apply S, ! at each level can be reduced and are only related to the off-diagonal block
rank r. The complexity of Method 2 is still of the same order as that of the standard
HSS method.

Similar to the standard HSS construction procedure, for level k from 1 to L,
define MY = VISTTANTVSTTY, € RYT for i # j € Ivl(k) which satisfies A{Y =
UiMi(f)UjT. If ¢ and j are siblings, also define B;; = Mi(f) by the update formula (7).

At the leaf level, all calculations can be performed directly because the matrices
are small. For compressions at nonleaf level k, i.e., to obtain A®) from A%~V the
following quantities need to be calculated:

e For ¢ € lvl(k), the symmetric decomposition Agf_l) =S,ST.

e For ¢ # j € Ivl(k), the scaled off-diagonal block Ci(jk_l) = Si_lAEf_l)Sj_T.
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Algorithm 5.2. Method 1 with bottom-up level-by-level construction.

Input: HSS rank r, original s.p.d. matrix A
Output: S.p.d. HSS approximation with generators {D;}, {B;;},{U;}, {R:}
At the leaf level
set D; = A;; Vi € ].Vl(l)
compute eigendecomposition A; = V;A; VT Vi € Ivl(1)
compute U; by solving Problem 5.1 with V;, A, and r Vi € 1vl(1)
store diagonal matrix ¥; = UL A;;U; Vi € Ivl(1)
compute Mi(jl) = UL A;;U; Vi # j € vl(1)
set Bi; = M, for each pair of siblings i, j € lvl(1)
for k=2,3,...,L do

. . X By
compute eigendecomposition E; = (

pr s ) =VihViT Vi € l(k)

compute R; by solving Problem 5.1 with V;, Mi(i]ifl), and r Vi € vl(k)
store diagonal matrix X; = RZTEZRZ Vi € Wvl(k)
compute M, = RT MV R; Vi # j € Wl(k)
set By; = Mz-(f) for each pair of siblings ¢, j € lvl(k)

end for

7

o Fori#jeWl(k), M) =V s Al Vs Ty, = vTcl ;.
e For i € lvl(k),

X T —1
(10) = () (B g ) s

T

to satisfy the nested basis property for U; = S;V;.
We now show how each of these four quantities can be computed efficiently.
Symmetric decomposition Agffl) = 5;ST. At the leaf level, the Cholesky decom-

position Ag?) = S;ST can be directly calculated. At nonleaf levels k, using compression

(k-1)

e
UTi Bl:,;n Ulj; Ari Ti

at the previous level, A for ¢ € lvl(k) can be written as

with U, = Sy, Vi,, Uy, = Sy, Vi, and By, = V'S PAR 2 S TV, . Knowing that

7

Al(:cl:z) = 5,5 and AS’:TZQ) = 5,,SF, diagonal block Agf_l) can be decomposed as

(k—1) _ Slq‘, I VYlLBlLTszrZ; Sl:,:

Lir;

Hence, only a symmetric decomposition of the middle matrix is needed. For this, we
will use the following proposition.

. . In, M
PROPOSITION 6.1. Consider a matriz H = (M% s ) € Rmtn2)x(m+n2) yppere
n2

subblock M € R™*"2 js rank r with SVD M = UXVT, U € Rm*", ¥ € R™*",
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V € R"2*". The eigendecomposition of this matriz is

T
U U g\ (h+5 U U gy
Vi V2 T V2 V2
vV -V Iny—r vV -v |
— 0V — o0V
V2 V2 Ior ) \ V2 V2

where the columns of U and V form orthonormal bases of col(U)*+ and col(V)*,
respectively. Furthermore, based on this eigendecomposition, if H is s.p.d., singular
values of M must be less than one and hence the eigenvalues of H are within (0,2).

The proposition can be verified by direct calculation. Now, By, is a small r x r
matrix and its full SVD can be readily calculated as By,,, = Q1,X,r, QZ: As Az(f_l) is

s.p.d., the matrix in the middle of (11) is also s.p.d. and can be decomposed as S;S7,
where

(e WO § N (U 1
(12) Sl - Vi, Qr, —Vir,Qr; ‘7 (IT - Elrﬂ'i)i
\/5 \/5 i In1+n,2—2r

based on Proposition 6.1 and the columns of f/l and V,«i form orthonormal bases of
col(V;,)* and col(V,, )+, respectively. Thus, a recursive definition of S; by (11) is

obtained as

_ Sli Q.
(13) 5= (% g )5

where S; only requires V;,, V;,, and By,,, at the previous level.
Scaled off-diagonal block Ci(f_l) = Si_lAEf_l)S;T, First consider the one-sided
multiplication S’;lAl(?*l) for i # j € lvl(k). Using compression at the previous level,

Ag?il) can be written as

_ T
A0 _ (SRS A-2) (S VLV S
“ Sy Ve, VIS

Ty try T

— S Vi, Vvl?ﬂsljl A(k—Q)
Sri V;%VESEI ij )

where Ag;iz) denotes the multiplication of the last two matrices in the first line above.
Combining this expression with (12) and (13), we obtain

—1 4(k=1)
S; A

L (VvvTe ! ~(k—2
= 5; 1( LV P, W.VTS‘?) A'Ej )
QLvr QhLvE
_1 2 2
(Ir+zli7‘7i) 2 N Q,{[\/’? 7Q\£VT7; ‘/lq‘/lTSl_l ~(k—2)
= (I, —%,r,) 2 V2 V2 R 7 VT A
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Qf @y
=! i V2
(Ir‘f'zlim) 2 . qu; _Qz; WTSfl ~(k—2)
= (IT_Elin) 2 V2 V2 co VTsfl Aij
I 0 0 T
0 0
Qf QF B
_ I, (IT+El'iTi)_% \/% \/EL Vl?Sli A(k 2)
0 (I?” - Zlih‘)ié Q?; 7Qzﬂi VTS
) V2 V2
Denote
1 Qlﬂ; in
7 - (et Br) 72 Nz ~
' (IT - Elﬂ“i)ii y 9 |7
V2 V2

which is a 2r x 2r matrix. Multiplying the equation above by S; T on the right and
unraveling A( 2 , we obtain

1 g (k=1) g—T _ I, VqT,S'Zl (k—2) SI:TVE T
Si Ay 5 ( 0 >E( S VISt Ajj JS—TV‘ T; ([2T 0)
i 2 T Tj

I, _
- = (%) mag Vs (1 0).

0
(k-1 k—1
M(k 1) Ml lj . Ml( )
i M(k 1) M»,(kr 1)
From this equation, each scaled off-diagonal block C’ (k=1) only has the top-left 2r x 2r

subblock being nonzero. This structure of C’Zu arises from the ordering of the
eigenvalues in the eigendecomposition in Proposition 6.1. Evidently, the calculation
f Cz(jk only requires multiplications of matrices with dimensions 2r x 2r.

Let us also briefly consider the cost of choosing V; to minimize the projection
error ||C’i(ikfl) VVTC'Z(ZkC 2 |l7. With the constraint col(V;) C col(C’Z(Zkc 2 ), only the
first 27 rows of V; are nonzero. Thus both the storage and computational complexity
of choosing V; are similar to that of choosing R; in the standard HSS construction
procedure.

Calculation of MZ-(;C). After finding V; to compress the scaled off-diagonal blocks

C’ff_l), matrix Mi(f) at the kth level can be efficiently obtained by

(15) M =vT <I(2)’°) LM VTT (I 0) V.

Calculation of R;. By the definition of S; in (13) and (12), the calculation of R;
through (10) can be simplified as

A T —

Vi.Qi, Vi.Qi. <1 1
VlT lz/Qill l\l/Qill Vi, ([T-}Zli”)z .
- ' VT Vi, Qry —Vi, Qry x (IT Elﬂ’i) 2 Vi
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Q, Q I, +%,)%
00 (Lr + X0;r,)
(16) - C\Qé —\/i (IT - Eliri)% Vi.
\/é \/ﬁl 00 I

Due to the zeros in the leading matrix above, the calculation of R; only requires the
multiplication of a 2r x 2r matrix by a 2r X r matrix.

The efficient implementation of Method 2 is now given in Algorithm 6.1. With
fixed rank r, the complexity of the algorithm is also O(rn?). We remark that for the
general case where HSS off-diagonal blocks have different ranks, the above procedures
can be easily adapted.

Algorithm 6.1. Method 2 with bottom-up level-by-level construction.
Input: HSS rank r, original s.p.d. matrix A
Output: S.p.d. HSS approximation with generators {D;}, {B;;},{U;}, {R:}
At the leaf level
set D; = A;; Vi € 1V1(1)
compute the Cholesky decomposition A4;; = S;S] Vi € vl(1)
compute the scaled off-diagonal block C’i(](.)) = Si_lAiij_T Vi #£ 5 € lvl(1)
compute V; € R™*" Vi € Ivl(1) satisfying
e columns of V; are orthonormal and col(V;) C col(Ci(iOc))
e V; should minimize HC’Z-(Z-OC) - ViViTCZ-(?C)HF
set U; = S;V; Vi € lvl(l)
compute M} = VIOV, Vi # j € Wi(1)
set B;j = Mi(jl) for every pair of siblings 7, j € 1vl(1)
for k=2,3,...,L do
compute SVD By, = QliZlmQZ; Vi € Wl(k)
construct T; in (14) by %,.,, @i, and Q,, Vi € vl(k)
compute the top-left 2r x 2r nonzero subblock of Ci(f_l) as 65;_1)
by (14) Vi # j € Wvl(k)
compute the first 2r rows V; of V; Vi € lvl(k) satisfying
—(k—1)

e columns of V; are orthonormal and col(V;) C col(Cy;c )

o V: should minimize 4" — V.V Tl

compute R; by (16) using %,,.,, Q1,, Qr,, and V; Vi € vl(k)
compute Mi(f) = VTég?_l)Vj Vi # j € Wi(k)

set B;j = Mi(f) for every pair of siblings i, j € Ivl(k)
end for

_ pagk=Dpr
=TM; —T;

i

7. HSS approximation error analysis. For all the construction methods dis-
cussed above, the HSS approximation is constructed level-by-level as A = A©) =
AW = ... = AL = Ay using update formula (2) or (7). The approximation error
|[A© — AL can be bounded as

~

(17) 1A — AB) | < S JAFY — AW,
k=1

which can be found by computing [|A%*~1) — A®)|| at each level.
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7.1. Error estimation for the standard HSS method. For update formula
(2), we now provide an exact expression for ||A(®) — A2, demonstrating that the
errors at each level are orthogonal to each other in a specific sense.

PROPOSITION 7.1. For the recursive construction formula (2) with the columns
of U; being orthonormal,

L
(18) 1A® — AP 7 =3 7 A%D — AW,
k=1
Proof. With a matrix partitioning by index subsets at the kth level, 0 < k < L,
the approximation error can be written as

0 k k
[A® — AP = 3 4D — 4D 4 AP AP

ijelvi(k)
We will first show that each term in the summation above can be split as
0 k k L 0 k L
(19)  JAG - AP + AP — AP = AT - AP 1A - AP
which then implies that
(20) IA® — AR5 = A — AW|3 4 AW — AP, 0 <k < L.

Consider any i,j € Ivl(k). If i = j or if ¢ and j are siblings, then Ag? will not be
modified by the update formula at any of the subsequent levels. Thus, Ag—c) = AEJ-L)

and (19) holds true in this case. If ¢ and j are not siblings, block Ag‘) is obtained
by the compression of some larger block with indices I, x I, where p, g are siblings

and I; C Ip, I; C I;. By the equation A,E,ﬁ) = UTAp%)U UT and the nested basis
property for U,, it can be proved that col(A( )) C col(U;). Symmetrically, the row
space of Agj) satisfies col((Al(-jL)) ) C col(Uj).
From the construction process, AZ(.;?) = U,Uf Al(.f_l)UjUjT =UUF AES)Uj Ul and
thus Al(.?) — A%-C) can be written as
(0) (k) _ 4(0) 7T 40) 1T 40 _ 4 )y T
A = A = A = UUS Ay + UU (A — Ay UUS ).
Notice that the columns of AZ(?) — UiUiTAZ(.;]) are orthogonal to col(U;) and the rows
of Ag?) A(O)U U; I are orthogonal to col(U;). Meanwhile, the columns and rows of
Agf) - A(L) are within col(U;) and col(U;), respectively. By the Pythagorean theorem
and propertles mentioned above, the splitting in (19) can be proved as
(0) (k) (k) (L) 2
[As" — Ay + Aiy” — A Il
= A — UT AQ|} + [T (A - ADUUT) + AL - A |3
0 0 0 L
= A5 ~ UUT AR I3 + |UUT (A ~ A§j>UjUjT>||F + 145 = Al
0 k k L
= A5 — AP 1145 - AP,
from which (20) follows.
Now, it can be observed that in the level-by-level construction process, AZ) can
also be regarded as an HSS approximation to AY) for any 0 < I < L. Thus, (20) also

holds true when replacing index 0 by [, allowing us to recursively apply (20) for [ from
0 to (L — 2) with k =14 1 to prove the proposition. 0
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It is worth mentioning that this proposition is closely related to the error analysis
of H? approximations in [7, 16].

For the HSS approximation with update formula (2), an upper bound for the
square of the approximation error for one stage can be obtained as

|ASD—a®)f = 37 4G - UL AU U I
i#jelvi(k)
= > 1AGTV-UUT ARV Ul (AT - AR U U I
i#jEvI(k)
< Y AGTY - UUPAGT VR 114G - AT VU T I
i#jelvi(k)
(21) =2 > ARV —vuT AL VIR
ielvl(k)

Meanwhile, from the second line above, [|[A®~1) — A®)|2 can be bounded from

below as
AT — AW > 3 AT - UUT AT
iclvl(k)

With these lower and upper bounds, the strategy of choosing each U; to minimize the
projection error of HSS block rows A“L D g justified in that the strategy minimizes
the square of the approximation error at each stage within a factor of 2.

Instead of a fixed rank r for U, the compression may be performed with a thresh-
old ¢ such that ||Agfc Yy UTAEfC D2 |2 < €2. In terms of ¢, the upper bound on the
square of the approximation error for one stage is

|AF=D — A2 < 2)Ivi(k)|e? = 28—F+2e2

giving a bound on the error for the entire approximation as

1
L 2
1 1
”A_A(L)”F < (Z 2(L—k+2)52> _ E(2L+2 _4)2 ~ (n/n0)§
k=1

where ng is the average size of the index subsets {Ii}ielvl(l) at the leaf level. Mean-

while, we have the approximate lower bound ||A A(L)HF > 2e(n/ng)? if the
compression satisfies ||A (=0 _ 1, UTA(k 1)H2 ~ g2

44 14
7.2. Error estimation for Method 1. In the standard HSS method, U; is
chosen at each level to minimize the projection error ||A5ff ) _gyuTAkY ||F such

1€

that the columns of U; are orthonormal and, for nonleaf levels, U; satisfies the nested
basis property. In Method 1, we have the additional requirement that the columns
of U; are eigenvectors of Agf ~U_ It is clear that the achievable minimum of Method
1 will not be better than that of the standard HSS method. From the error analysis
of the constrained optimization problem in subsection 5.2, the minimum projection
error can be as large as (1 — )’ ||A§fr 1 |- This worst-case projection error can be
much worse than the bounds on the projection error for the standard HSS method.

However, for the Gram matrix of many s.p.d. smooth kernel functions, Method 1
may sometimes give good approximations as measured by ||A%Y — UU TASCC Yl|p

A plausible explanation of when this might happen is as follows.
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Based on the Mercer’s theorem, any s.p.d. smooth kernel K (x,y) on a compact
domain 2 has an eigenfunction expansion as

K(z,y) =Y Mdr(@)ou(y) Yo,y €,
k=1

where {¢x(x)} are orthonormal in Lo(£2) and {A\;} decreases monotonically to zero.
Denote the sum of the first r terms as K (") (z, %) and the remainder term as R (z, ).
Their Ly-norms in Q x Q are [|[K( |2 =37 A2 and |R™|2 =377 A%

Consider two point sets I = {z;};_; and J = {y;}{_; in domains Q; and Qp,
respectively. Define 2 = ;U for the above eigenfunction decomposition. Choose r
such that |[R(™)||, /|| K™ 1, is relatively small, say, 10~2. We can write the diagonal
block A;; and off-diagonal block Aj; as

Arr = (K(25,20))a, mer = K17 + R

Agi(z1) - Argr(21) #1(w1) ... pr(21)

)\1¢1($2) e )\r¢r(1'2) (bl (:332) . qbr(:xQ) + (R(T)(‘rj7xl))l’j,ﬂ?l€I7

M6 (Ty) - M) ) \or(my) . bnay)
Arg = (K(zj,1))e;el,yeg = K}i}) + RSZ)

A1g1(z1) - Argr(21) ¢1(y1) - Pr(y1)

A Moy o,
1¢1.(a:2) ¢.(x2) ¢1(:y2) o (:yz) (RO @ 0))e,crmes.

M6 () - M) ) \d1(va) - - 6r(uy)

T

|% can be roughly estimated as

From the viewpoint of numerical integration, HR%)

G i [ X Q]| o o IP . 2
”RII 7= Q1 x Q4 Z FE |R( )(l’j,fl)| ~m”R( )|legl||L2'

Thus, similar to the other matrices above, it is likely to hold that
IR |1+ ~ O(IIIIR™ |y o ) 1K e ~ O(IIIIED | g llzs)
17 \F Q1 xQq L2/ 7 l\F QxQq1L2/>
IRl ~ OG/ITINRD | o, llza)s 1K e ~ OGTIE |, o).

Call ® the matrix that is common in the above expressions for A;; and Ajy.
If we assume that both ||K"|q, x0,llz, and [|[K|q,xq,|r, are of the same scale
as ||[KM)L,, ||RYI)||F will be relatively small compared to ||K§;)HF Thus, based
on Ajr = K}? + Ry}) and KYI') being rank r, it is likely that the rank-r principal

eigenvector space of Ay is close to col(K}?

) = col(®). Similarly, the rank-r principal
left-singular vector space of Ay is also likely close to col(K }?) = col(®). As a result,
it is possible that the rank-r principal eigenvector space of A;; and the rank-r principal
left-singular vector space of Aj; are close. If the spaces are close, then choosing U
as some principal orthonormal eigenvectors of A;; may give a small projection error
|Ar; —UUT Apsl|Fp.

The above assumption about ||[K™|q, x0, ||z, and | K™ |q, xq,| z, may not hold

in general. A common example is for K(z,y) = e~ ll2=vl” with two domains, 2; and
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Qy, that are far apart. As a good approximation of K (x,y), K (z,y) on @ x Qs
should have much smaller Ly norm than on €21 x €. However, it is worth noting
that, in this case, a highly accurate approximation to A;; may not be necessary for
preconditioning. Numerical tests are now presented to illustrate the above argument.

Consider two clusters I and J where each contains 100 uniformly randomly dis-
tributed points within a unit cube. The centers of the two cubes lie at (0,0,0) and
(L,0,0). For K (z,y) = e~ l#=vI* the diagonal block A;; and off-diagonal block A;,
are defined as above. The relative projection error ||A;; — UUT Ars||r/||Ars|F ver-
sus rank r is shown in Figure 3 with two different cluster locations (L, 0, 0) for cluster
J. The columns of U are chosen as follows:

e 1 left-singular vectors of A;; associated with the largest singular values,

optimal r orthonormal eigenvectors of A;; chosen by solving Problem 5.1,
r orthonormal eigenvectors of Aj; associated with the largest eigenvalues,
optimal 7 columns chosen by solving Problem 5.1 using a random orthogonal
matrix generated by the QR decomposition of a Gaussian random matrix.
The mean value from 10 tests is plotted in the figure.
In addition, the curve (1— %)% for the worst-case error is also plotted for comparison.

Figure 3 shows that using eigenvectors of Aj; gives good approximation errors
especially when compared to using columns of a random orthogonal matrix. In addi-
tion, the closeness between using optimal and principal eigenvectors of Ay, as well
as the difference between results for nearby and distant clusters, both support the
argument above.

0 &
R D
& B
= 10" \ <
=10 = OOSSG6dddy
= = IIEOEEY
g 5107
& 107 4
2 210°¢
£ £
fsl b
‘=107 5
& & 10
-E % principal singular vectors of Aj; E % principal singular vectors of Ajy
= 10 H©optimal eigenvectors of A 5 5|/©optimal eigenvectors of Arg
& principal cigenvectors of Ay & 10 H<t principal cigenvectors of Ay
erandom Ferandom
Ettheoretical worst ¢ Ettheoretical worst ¥
10'5 T T T L L 10'6 T T T L L
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Rank r for projection Rank r for projection
Argllr [ArsllF
a) (L,0,0) = (1,0,0), L =0.53 b) (L,0,0) = (3,0,0 = 2.2e-3
() (L,0,0) = (1,0,0), {HLAE (b) (£,0,0) = (3,0,0), Jzy 75

F1G. 3. Relative projection error with K(z,y) = e~ llz—yll” for the cases of (a) nearby clusters
and (b) distant clusters.

7.3. Error estimation for Method 2. Due to the scaling of the off-diagonal
blocks, Proposition 7.1 does not work for Method 2. Here, we directly estimate the
HSS approximation error of Method 2 using the inequality (17). The square of the
error at each stage k can be bounded as

_ o —1 g (k=1) g—
JASD —A®R = 3T AGTY - ST A US TV VST I
i#jelvi(k)
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S siCy Y —vivEelOvv ST

i#jEvi(k)
k—1 k—1
< ST ISR IS B e —viviTe v vz
i#jEvI(k)
k—1 k—1
< max (1S3 D0 O - vivTeR Vv
i#jEvI(k)
<2 max [ASTVIE N oY —viviTelT V3.
i€lvi(k) ielvi(k)

The last inequality above is obtained by the same method used in (21).

Assume Vj is chosen to satisfy ||Cz(lk( 2 VVTC’Z(ZkF b |2 < &2 with error threshold
e. The remaining part is to estimate max;ejyi(x ||A (k=1) |l2 at each level. For any node
i € lvl(k), (11) gives the diagonal block as

A(kfl) _ Su, I Vi, Bi,r, er,z: Slj;

As Agf D s positive definite, the matrix in the middle is also s.p.d. and its largest
eigenvalue should be less than 2 based on Proposition 6.1. Thus, ||A2571)H2 can be

bounded as
(k—1) St I VziBszE
< (5 )] Gt ™%

2

2

(k—
< 2max([|Af} 2>H2,||A£’:ﬁ 2 >
<2 max AN << 2P max A | < 2571 All.
jewl(k—1) 77 jelvi(1)

The square of the approximation error can then be bounded as
JAFD — AW E <22 A SvI(R)[€* = 25F || A]5€>.

Finally, the HSS approximation error of Method 2 satisfies

L
2 V2 n
A— AP | p <2872 Allge S 292 = || Al|ge V2 202y Y2 | Al e,
[ IF 1Al kE:l Al o ) \@—1”0” 2

oL
1(

where ng is the average size of the index subsets {I; }Zelv1 (1) at the leaf level.
Note that the compression in Method 2 is applied to the scaled off-diagonal block
Ci(ikc_l) i.e., finding V; € R™*" that minimizes ||C(k 2 VVTCl(fC 1)||F. Assuming

that the original HSS block row Al

sic D has fast-decaying singular values, the scaled
block row C’i(fc_l) may not necessarily have this property. Hence, the rank of the
approximation for a given € may be large. Heuristically, choosing V; to minimize the
approximation error |A®) — A(=1)|12  at each stage might be a better method, but

an efficient way to do this is currently unclear.

8. Numerical results. As example applications, we are concerned with the
preconditioning of s.p.d. matrices by HSS approximations in two general problems:
solving linear systems Ax = b using the preconditioned conjugate gradient (PCG)
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method and sampling correlated random vectors y ~ N (0, A) using a preconditioned
Lanczos process [11]. To apply the preconditioners, we use the symmetric ULV fac-
torization [28]. The following settings are shared for all experiments:

e Hierarchical partitioning of points. A full binary partition tree is constructed
by recursively partitioning a set of points using the principal components
analysis algorithm such that leaf nodes have no more than 100 points.

e Rank of HSS off-diagonal blocks. There are two settings: (1) The rank of

U; is fixed as a constant, . (2) The rank of U; is adaptively chosen using a
(k-1)

3¢

constant relative error threshold 7 in the associated compression of A or

clEy,

o Algorithm for the projection method. The randomized algorithms in [19] are
used to estimate the principal column space of the compression target matrix
with fixed rank or relative error threshold in all the HSS approximations.

e Stopping criteria. A threshold ¢ = 108 is applied for all the experiments.
PCG stops at iteration ¢ when the relative reduction of the residual satisfies
[l7:]l/lroll < e and the Lanczos method stops when the relative difference
between two consecutive iterates satisfies ||y;+1 — vill/|lvil| < e.

e Methods. Four methods are tested: block Jacobi, standard HSS with the
projection method, Method 1, and Method 2, denoted as BJ, HSS, SPDHSS1,
and SPDHSS2, respectively. The block Jacobi preconditioner is composed of
the diagonal blocks associated with the leaf nodes of the partition tree. All
methods are implemented in MATLAB.

8.1. Inverse multiquadric kernel. The inverse multiquadric kernel is a non-
compact radial basis function whose Gram matrix is dense. The kernel is

1
K(z,y) = ———m—= x,yeRd,

VIt cllz =yl

where ¢ is a parameter that controls the flatness of the kernel function.

To maintain constant point density, N points are randomly and uniformly dis-
tributed in a cube with edge length /N in three dimensions. We use parameters
¢ = 0.5 with fixed rank r = 50 or relative error threshold 7= le-2. A test with 7 =
8e-2 only for SPDHSS2 is included. Results are shown for different values of N in
Table 1. No preconditioning results can be shown for standard HSS as these approx-
imations are not positive definite in any of our settings. Also, BiCGStab with the
standard HSS approximation as a preconditioner usually does not converge within 2N
steps for most of the test settings.

With fixed rank r, the approximation errors for both SPDHSS1 and SPDHSS2 are
always larger than for standard HSS, as expected. The iteration counts for SPDHSS1
and SPDHSS2 both increase with IV, as the compression of larger blocks with fixed
rank gives less accurate HSS approximations. In addition, SPDHSS1 requires less
construction time than standard HSS, which could also have been expected.

With 7=1e-2, the iteration count using SPDHSS2 is scalable for both solving and
sampling. This is at the price of much larger ranks for off-diagonal blocks as reflected
by the storage cost. The results suggest that, in this example, the scaled HSS block

rows C*™ in Method 2 have slower-decaying singular values than HSS block rows

%€

A% 4 standard HSS. Meanwhile, SPDHSS2 with 7=8e-2 obtains a better balance

14

between construction cost and preconditioner effectiveness.
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TABLE 1
Numerical results for the inverse multiquadric kernel with ¢ = 0.5. The iteration count and
consumed time for solving and sampling, relative approzimation error ||Aappre — Allr/||AllF, con-
struction time of preconditioners (including HSS approzimation and symmetric ULV decomposition),

and storage cost of the ULV factors of the HSS approximations are presented.

| N 4000 8000 12000 16000 20000
Solving Unprecond. 5970/20.8 11542/144.8 15708/372.2 15973/741.3 22240/1533.6
iter/time BJ 757/3.1 1299/17.9 1248/34.8 1400/66.8 1540/111.9
(sec.) |r=50 SPDHSS1| 253/3.9  375/15.0  475/28.0  463/38.6 483/51.9
SPDHSS2| 195/2.9 305/10.1 373/20.9 348/29.7 430/46.8
T=1e-2 SPDHSS1| 184/2.5 294/10.0 329/19.2 308/29.4 348/43.0
SPDHSS2 11/0.3 11/0.8 15/2.0 11/2.5 13/3.8
7=8e-2 SPDHSS2| 48/1.0 58/3.4 99/8.7 64/9.3 78/15.7
Sampling Unprecond. 567/12.1  670/36.2 962/107.1  912/129.9 989/185.8
iter/time BJ 269/2.7 374/12.7 283/15.9 308/23.1 352/41.0
(sec.) |r=50 SPDHSS1| 136/3.3  163/8.2 181/11.9  164/16.9 183/26.0
SPDHSS2| 113/2.3 126/5.9 156/11.3 155/15.6 145/20.0
T=1e-2 SPDHSS1| 104/1.7 146/5.8 138/9.5 129/14.0 126/17.2
SPDHSS2 9/0.3 9/0.8 11/1.7 8/2.1 10/3.3
T7=8e-2 SPDHSS2| 33/0.8 37/2.4 53/5.1 35/5.5 41/8.8
Relative |r=50 SPDHSS1 6.3e-2 7.7e-2 8.7e-2 9.1e-2 9.6e-2
error SPDHSS2 6.9e-2 8.3e-2 1.1e-1 1.1le-1 1.1e-1
HSS 1.1e-2 1.6e-2 2.1e-2 2.4e-2 2.7e-2
T=1e-2 SPDHSS1 2.7e-2 3.0e-2 3.1e-2 3.2-e2 3.2e-2
SPDHSS2 1.3e-3 1.2e-3 1.2e-3 1.2e-3 1.2e-3
HSS 2.4e-2 2.6e-2 2.8e-2 3.0e-2 3.0e-2
T7=8e-2 SPDHSS2 1.6e-2 1.4e-2 1.6e-2 1.5-e2 1.8e-2
Construct.|r=50 SPDHSS1| 0.7/0.1 3.5/0.2 8.0/0.3 17.4/0.5 22.1/0.5
time (sec.) SPDHSS2| 2.3/0.1  10.4/0.3 16.4/0.4 34.8/0.5 51.4/0.4
apprx/ulv HSS 1.7/- 7.4/- 13.4/- 20.4/- 34.6/-
T=1e-2 SPDHSS1| 0.5/0.1 2.1/0.3 4.6/0.5 8.8/0.6 13.1/0.7
SPDHSS2| 11.9/0.4 50.8/1.2 130.9/2.5 257.4/4.3 421.1/6.4
HSS 3.0/- 11.1/- 23.3/- 48.5/- 61.5/-
r=8e-2 SPDHSS2| 5.1/0.2  24.2/0.7 46.9/1.1 98.9/1.8 157.3/2.7
Storage Dense matrix 122 488 1098 1953 3051
(MB) r = 50* 14 28 41 58 68
T=1e-2 SPDHSS1 20 45 75 101 134
SPDHSS2 87 248 485 744 1062
7=8e-2 SPDHSS2 44 119 214 334 479

*With a fixed rank, ULV factors of all the HSS approximations have the same storage cost.

To compare with standard HSS, we increase the rank r for the cases with N =
8000, 12000, 16000 such that standard HSS approximations are also positive definite.
Results are shown in Table 2. An interesting phenomenon, which also appears with
larger r and with other kernels, is that although standard HSS has a smaller approx-
imation error, it has worse preconditioning performance compared to SPDHSS2.

The HSS approximation time and storage cost versus N are shown in Figure 4.
With fixed rank, SPDHSS1 and SPDHSS2 both have quadratic computational com-
plexities. With fixed 7, these superlinear storage results indicate that ranks of the
off-diagonal blocks in both methods are related to V.

8.2. Rotne-Prager-Yamakawa kernel. The Rotne-Prager—Yamakawa (RPY)
kernel D(z,y) : R? x R® — R3*3 is a positive definite tensor function that describes
the hydrodynamic interactions between particles in a viscous fluid. We previously
used this kernel in coarse-grained macromolecular simulations [12; 13], and the need
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TABLE 2
Comparison among different preconditioning methods for the inverse multiquadric kernel for
three problem sizes when the standard HSS approximation is positive definite. The relative error
(relerr), iteration count for solving (iterSO), and sampling (iterSA) are shown. The relative error
does not appear to be always correlated with iteration count.

r =518, N = 8000 r = 665, N = 12000 r =730, N = 16000
relerr  iterSO  iterSA | relerr iterSO  iterSA | relerr iterSO  iterSA
HSS 3.0e-5 12 10 5.3e-5 19 13 7.4e-5 22 16
SPDHSS1 | 1.2e-2 147 81 1.2e-2 174 85 1.3e-2 143 66
SPDHSS2 | 8.8e-4 7 6 2.1e-3 7 6 4.2e-3 10 8
10° ; 10*
OSPDHSS1 7 = 50 (OSPDHSSI 7 = 50
%SPDHSS2 1 = 50 4% ¥SPDHSS2 r = 50
3 CSPDHSS1 7=1¢-2) < OSPDHSST 7=1e-2
£ ,|KISPDHSS2 r=le-2 < | 5| [<ISPDHSS2 r=1e-2 P
o 107 fl/ SPDHSS2 7=8¢-2 smpcg%,KI __ 107 ¢/ SPDHSS2 7=8¢-2 Slope:1.50 _, <4 <
A - ¥ g g
< < . < <
2 P ¥ QOQ B, - gen:]
? 10 Slopﬁ.%.?Z,» * ;ODD \5 107 Slope:1.57 . < - g‘_g—@éb
é , g "g/"n Slope:1.9. éf o ggﬁ%iopcl()l
& 100‘ " Slope:1.94 e 101‘ _“_,.::::::'_::g”"'ﬂ
] é Slope:1.21
jas}
-1 a 0 1
0 10 10 10°
Number of Points N Number of Points N
(a) HSS approximation time (b) ULV factor storage

Fic. 4. HSS approximation time and ULV factor storage cost versus N for the inverse multi-
quadric kernel with ¢ = 0.5. Linear fittings are drawn with dashed lines.

to construct positive definite preconditioners for sampling in this application was the
original motivation for this work. The RPY kernel is defined as

2 if z =y,
T 2 T .
D(a,y) = { 22T, [(13 + ‘T;P) 2 (17, - ‘T:P)} it |z — y|| > 2a,
k T .
B (1-g)p+ 3] i —yl <2,

with r = ¢ — y, where kp, T, n are fixed physical quantities and a is the radius of the
particles. In this test, a = 1 and constant é“fj; = 1. We place N nonoverlapping
particles randomly inside a cube with a width chosen such that the volume fraction
is 0.3. Note that the RPY kernel matrix with N particles is of size 3N x 3N.
Results are presented in Table 3. The standard HSS approximations with » = 50
or 7=1e-2 are not positive definite for any tested N. This is a challenging problem,
as none of the methods give scalable preconditioning performance. Although the
construction cost is high in some cases, it can be amortized over the many sample

vectors that must be computed for the same matrix in real applications.

8.3. Boundary integral equation. Consider the three-dimensional Laplace
equation in a bounded Lipschitz domain Q with Dirichlet condition v = up on 9f.
The indirect boundary integral equation [7] for this problem leads to a linear system
V= b with
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TABLE 3
Numerical results for RPY kernel with particle volume fraction 0.3.

| N | 4000 6000 8000 10000 12000
Sampling Unprecond. 105/4.4 116/10.2  123/15.3  131/24.9 136/36.4
iter/time BJ 113/5.2  127/12.0 128/16.9 136/27.4  143/40.0
(sec.) |r=50 SPDHSS1| 68/4.3 75/9.6 81/13.3 89/21.4 98/33.5
SPDHSS2| 65/4.0 80/10.6 86/14.3 95/22.8 103/35.3
T7=2e-2 SPDHSS1| 24/3.2 26/5.7 28/8.8 29/12.3 30/16.4
r=8e-2 SPDHSS2| 19/2.4  22/4.7 24/7.7  24/11.0  26/17.0
Relative |r=50 SPDHSS1| 2.2e-1 2.3e-1 2.4e-1 2.4e-1 2.5e-1
error SPDHSS2| 1.9e-1 1.9e-1 2.0e-1 2.1e-1 2.2e-1
T=2e-2 SPDHSS1 5.2e-2 5.4e-2 5.8e-2 5.8e-2 6.0e-2
T7=8e-2 SPDHSS2| 2.7e-2 2.9e-2 2.8e-2 2.6e-2 2.9e-2
Construct. |[r=50 SPDHSS1| 3.1/0.19 6.6/0.36  12.0/0.39 16.9/0.50 24.6/0.77
time (sec.) SPDHSS2| 6.7/0.19 16.0/0.37 25.8/0.39 37.3/0.51 54.5/0.65
apprx/ulv |[7=2e-2 SPDHSS1| 9.9/2.11 20.4/3.44 35.8/4.59 50.4/6.14  72.7/7.52
T=8e-2 SPDHSS2| 87.8/1.89 178.5/3.22 349.6/5.23 581.3/7.71 866.0/12.96
Storage Dense matrix 1099 2472 4395 6867 9888
(MB) r =50 45 76 92 129 155
T=2e-2 SPDHSS1 461 731 955 1251 1509
T7=8e-2 SPDHSS2 380 645 1008 1455 1837

1
22 Vi»:// ————dady, bi:/ up(z)dz,
22) 1= T o)

where {7;} is a partitioning of 9Q and matrix V is known to be always s.p.d.

In this test, 02 is the unit sphere and we solve the linear system above with uni-
form triangulations with different numbers of triangles, V. Entries of b are randomly
selected from [—1,1]. Results are shown in Table 4.

In contrast to the previous problems, the standard HSS approximations using our
chosen rank r and thresholds 7 are found to be positive definite for these integral
equation problems. Here, standard HSS should be the preconditioner of choice but
there is no guarantee that the standard HSS approximations for these problems are
always positive definite. Thus, it is still of interest to see how SPDHSS1 and SPDHSS2
perform.

Similar to what was observed in Table 2, the preconditioning performance of
SPDHSS?2 is close to that of standard HSS, even though standard HSS gives more
accurate approximations. A disadvantage of SPDHSS1 here is also evident: for the
small relative error threshold 7=1e-2, SPDHSS1 needs much larger ranks than stan-
dard HSS to compress the off-diagonal blocks as reflected by the enormous storage
cost. This is corroborated by Figure 3 shown earlier, where the decay of relative errors
in Method 1 is much slower than that of the truncated SVD. This disadvantage sug-
gests that SPDHSS1 should only be used for low-accuracy preconditioning operations
by controlling its off-diagonal block rank r.

To summarize, based on the three tests above, SPDHSS2 is more effective than
SPDHSSI1 for preconditioning but requires greater construction time and storage.
SPDHSSI is faster to construct but cannot provide highly accurate approximations
with low-rank compression. A careful rank selection for HSS off-diagonal blocks in
both methods is needed to balance the trade-off between preconditioner quality and
construction cost. Like the standard HSS construction, both methods have O(rn?)
computational complexity. We remark that our implementations are sequential and
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TABLE 4
Numerical results for the boundary integral equation over the unit sphere with different N. The
meshes and matrices are constructed by the package BEM++ [24].

| N | 3206 6500 9008 12600 34184

Solving Unprecond. 80/0.32 92/0.96 104/1.92 106/3.56 140/34.32
iter /time BJ 35/0.16 37/0.40 39/0.79  44/1.58  51/11.14
(sec.) |r=50 SPDHSS1| 20/0.23 21/0.67 22/0.91  23/1.52 25/7.36
SPDHSS2| 11/0.14 13/0.43 13/0.54  15/1.06 18/5.34

HSS 11/0.14 13/0.35 14/0.58  15/1.14 17/5.55

r=1le-2 SPDHSS1| 9/0.36 10/1.28 10/1.74  10/3.00  11/17.26
SPDHSS2| 10/0.13 11/0.35 5/0.33  11/1.00 10/3.82

HSS 9/0.10 10/0.27 10/0.44 10/0.71 11/3.77

T=>be-2 SPDHSS1| 16/0.19 18/0.53 18/0.84 20/1.50 22/8.9

Relative |r=50 SPDHSS1| 1.3e-1 1.4e-1 1.4e-1 1.4e-1 1.6e-1

error SPDHSS2| 6.0e-2 9.0e-2 9.5e-2 1.0e-1 1.3e-1

HSS 2.0e-2 2.8e-2 3.3e-2 3.7e-2 4.7e-2

7=1e-2 SPDHSS1| 1.7e-2 2.0e-2 2.0e-2 2.1e-2 2.4e-2

SPDHSS2| 1.7e-2 2.0e-2 4.0e-3 1.7e-2 7.0e-3

HSS 1.4e-2 1.7e-2 1.5e-2 1.8e-2 2.1e-2

7=>be-2 SPDHSS1| 8.7¢-2 9.8e-2 1.0e-1 1.1e-1 1.2e-1
Construct.|r=50 SPDHSS1| 0.4/0.07 1.8/0.23 2.8/0.28  6.9/0.45 52.2/1.17
time (sec.) SPDHSS2| 1.1/0.08 4.6/0.17 7.6/0.28 23.9/0.32  125.5/0.82
apprx/ulv HSS 0.8/0.08 3.4/0.17 5.6/0.23 16.6/0.32 91.2/0.82

T=1e-2 SPDHSS1| 1.7/0.82 8.1/3.19 15.8/6.14 33.0/11.41 410.2/127.95
SPDHSS2| 1.4/0.10 5.4/0.23 12.8/0.37 22.1/0.62 164.1/1.68

HSS 0.7/7e-2 2.7/0.16 6.1/0.23 10.6/0.32  67.5/0.91

T=5e-2 SPDHSS1| 0.4/0.10 1.4/0.20 2.6/0.27 5.16/0.41 37.3/1.10
Storage Dense matrix 78 322 619 1211 8915
(MB) r=50 11 23 30 46 128
T7=1e-2 SPDHSS1 157 552 941 1588 8237
SPDHSS2 15 35 58 81 275
HSS 10 21 32 46 143
7=>b5e-2 SPDHSS1 16 32 43 59 151

runtimes can be improved by taking advantage of parallelism. In addition, if the
original matrix can be represented in H or H? matrix form that is accurate enough
to be s.p.d., it is then possible to reduce the construction cost of both methods by
taking advantage of the low-rank structures in these forms.

9. Conclusion. In this paper, we designed two positive-definite-preserving HSS
approximation algorithms based on a recursive description of constructing HSS rep-
resentations. Method 1 is different from all existing methods in that the U; used to
compress the off-diagonal blocks are based on the diagonal blocks and do not require
factoring HSS block rows. That this cheaper alternative can provide good approxi-
mations in some cases, as well as its generalization to different choices of invariant
subspaces for U;, is worthy of further study. Method 2 chooses V; to compress off-
diagonal blocks after scaling. It is also worthwhile to explore how to choose V; to
directly minimize the approximation error ||A®) — A®=1|| (before scaling) at each
stage, while also preserving positive definiteness.

This paper also provided a method of understanding the errors incurred at each
stage of an HSS approximation when projection is used to compress off-diagonal
blocks. This use of projection led to the elegant result that the errors at each stage are
orthogonal to each other. Experimentally, we observed that smaller approximation
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error is not always correlated with better preconditioned convergence rate. Better
control of the preconditioned convergence behavior via the approximations chosen in
hierarchical representations is a long-term goal of this research.
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