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Abstract. In many important applications a signal consists of a sum of exponential terms. The signal is measured
at a discrete set of points in time, with possible errors in the measurements. The Signal Identification (SI) problem
is to recover the correct exponents and amplitudes from the noisy data. An algorithm (SNTLN) has been developed
which can be used to solve the Sl problem by minimizing the residual error ibtherm. In this paper the
convergence of the SNTLN algorithm is shown, and computational results for two different types of signal are
presented, one of which is the sum of complex exponentials with complex amplitudes. For comparison, the test
problems were also solved by VarPro, which is based on minimizind-theorm of the residual error. It is

shown that the SNTLN algorithm is very robust in recovering correct values, in spite of some large errors in the
measured data and the initial estimates of the exponents. For the test problems solved, the errors in the exponents
and amplitudes obtained by SNTLN1 were essentially independent of the largest errors in the measured data,
while the corresponding errors in the VarPro solutions were proportional to these largest data errors.

Keywords: parameter estimation, signal processing, signal identification, data fitting, least squares, outliers,
total least norm

1. Introduction

Many important applications in parameter estimation, signal processing, signal identifica-
tion (Sorenson, 1980; Mendel, 1995; Kay, 1993; Scharf, 1991, Ljung, 1987), and structured
approximation can be represented in the form:

A(e)x ~ b. (1)
The matrix A(e) is m x n, with m > n, and each of its elements is a differentiable
function of the parameter vectare RS. Typically, the matrixA(«) has a special structure
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(such as Toeplitz or Vandermonde), or is sparse. The data yeetd®™, is often subject
to noise or errors. This may consist of small random errors in every element, and possibly
larger errors in a few elements.

Itis assumed that there are correct valuag@ndx., and a corresponding error free data
vectorb, such thatA(ac)x; = b.. Some a priori information about the parameter veator
is usually available. A common situation is that realistic lower and upper bounds on the
individual parameters; are known. Itis desired to recover good approximationg tand
Xc given the noisy data vectér= b, + ¢, wheree represents error ih.

Essentially all methods proposed for solving this problem are based on minimizing the
norm of the residual error:

r(a, X) = Al@)Xx — b. 2

Most of these methods (Bjck, 1996; Sorenson, 1980) use the two norm, so that mini-
mizing the residual norm becomes a nonlinear least squares problem:

min||r (e, X)[13 = minr 'r. )
a,X o, X

The special structure afis used to advantage in “Separable Nonlinear Least Squares”
(Golub and Pereyra, 1973; @ick, 1996). This approach has been implemented in the
“Variable Projection” (VarPro) method (Kaufman, 1975pRBjk, 1996; Codes for Variable
Projection method dnsg.f and nlsr.f, available in NetLib), and this software is available for
computational testing and comparison. The new Structured Nonlinear Total Least Norm
(SNTLN) algorithm for solving this problem in any of the noring L, or L., has recently
been proposed (Rosen etal., 1997, 1998). SNTLN is a generalization to nonlinear problems
of the earlier structured Total Least Norm (STLN) algorithm (Rosen et al., 1996, Van Huffel
etal., 1996). If the total number of variables and parameters is no greater than the number
of equationsn + s < m, then minimizing the residual(«, x) will usually give unique
values ofe andx. However, in certain types of problem (for example, whéxe) has
Toeplitz or Hankel structure), it may be that- s > m. In that case we need to solve the
augmented problem:

Ale)x —b

a,X

P
whereD is a positive diagonal weighting matrix addis an initial estimate for.. For
details, see Rosen et al. (1996, 1998). When) is affine ina, =0, andD is prop-

erly chosen, the SNTLN algorithm with thie, norm gives the same solution as To-

tal Least Squares (Van Huffel and Vandewalle, 1991). It has also been shown (Rosen
etal., 1998) that the SNTLN algorithm using thenorm is equivalent to the Gauss-Newton
method.

In this paper, we give a convergence proof for the SNTLN algorithm which is valid for
all three norms. For the purposes of this proof a slight modification of the original SNTLN
algorithm is required. Specifically, a simple line search is added at each major iteration
in order to insure a strict decrease in the function value. However, our computational
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experience with the SNTLN algorithm shows that in practice the convergence is usually
not adversely affected by using the algorithm without a line search. Convergence of a
“generalized Gauss-Newton” method has been investigated in Jittorntrum and Osborne
(1980). This method is similar to the Least Norm algorithm described in the next section,
but does not include a line search. It is shown in Jittorntrum and Osborne (1980) that with
additional assumptions on the nature of the stationary point, a second order convergence
rate to the stationary point is obtained. In the next section we give a simple constructive
convergence proof of the Least Norm algorithm (valid for the L, andL ., norms) to

a stationary point, without any additional assumptions about its nature. The proof shows
convergence from any initial point, to some stationary point.

In the next section we formulate the Least Norm (LN) problem, which includes (4) as a
special case. We give the LN algorithm, including the line search, and then prove that with
appropriate assumptions, the LN algorithm converges to a stationary point. In Section 3, we
formulated the Signal Identification (SI) problem in a form most useful for computational
testing and comparison. We also give the formulation and linear programming method for
the L1 solution of SI problems where the signal consists of a sum of complex exponentials.
In Section 4, we present the computational results for two different SI problems:

1. Signals represented by a sum of Gaussians,
2. Signals represented by a sum of complex exponentials.

We summarize and compare results obtained using the SNTLN algorithm with;the
norm (SNTLN1), and using VarPro, for the same set of test problems. These computational
results show clearly the benefit of using the norm, and its robust performance when
data includes some larger errors. Specifically, the errors in the approximation obtained by
the SNTLN1 algorithm are independent of the set of largest errors in the data fector
and depend primarily on the set of smallest errorb.iThis is in contrast to any method
which minimizes the residual in thie; norm (such as VarPro), where the errors in the
approximation are proportional to the set of largest errots iRor a complete theoretical

and computational analysis of the performanced gfnorm minimization of the residual
error for the overdetermined linear systefw ~ b, see (Rosen et al., 2000). It is shown
there that if no more thakirows of [A b] contain errors (which may be large), and the other
rows are error-free, then the correct solution is guarante@d if n)/n > 2k/o, where

o > 0, is a lower bound of singular values related&o It is also shown there that if in
addition, the other rows contain small errors bounded ithen the error in the solution

will be O(§).

2. Convergence of SNTLN algorithm
We will now show the convergence of the SNTLN algorithm to a stationary point of the

function being minimized. We consider a somewhat more general problem, which includes
(4) as a special case. Specifically we consider the following Least Norm (LN) problem:

min || f (y) |l ®)



54 ROSEN, PARK AND GLICK

wheref : %" — %™ m > n, and
I-1=1-lp. P=2120rc0.

Also yp is a known initial estimate, and the level $2t= {y € R": [ f (W)l < I f (yo)lI}

is bounded. We assume that fere , the function f (y) has bounded second patrtial
derivatives. We denote by(y) them x n Jacobian matrix off (y). For certain results we
require thatd (y) be full rank, fory € €. The LN problem (5) includes (4) by setting

[« ; _ A(@)Xx —b 5
y‘(x)’ “”‘(D(a—&))‘ ©

A stationary pointy* of || f (y)| is defined by:

min|l f(y") + IOHAYI = 1] )

For the 2-norm, this is equivalent ' (y*) f (y*) = 0. The algorithm for solving LN
problem is summarized in Algorithm LN.
Starting withyp, Algorithm LN will generate a sequence of points

Vel = Yk +0kAY, k=0,1,...,

and correspondingy given by Step (2b), witly.1 € Q. We now show that for anl > 0
andyy not a stationary pointsx > tol), there is a strict decrease|jrf (y)||. That is:

1
I VDIl = TN — 5%k (8)

Algorithm LN
Input — f (y), Jacobian matrixJ (y), initial estimateyy, tol
Output —y, f(y), [ f(WI.$
1. Sety .=y
2. repeat
(@) minAi;niZGH f(y) + I(y) Ayl
(b) Sets = [ fWI — 1 f(y) + Iy Ay
(c) minimize| f (y + 6 Ay)||
(d) Sety_:= y+60Ay
(e) Computef (y), I(y), I f (Wl
until § < tol

for somed, > 0.
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First we note that the functiofb + Ax|| is a convex function ok, since for anyxy, X,

X X: 1 1
HA< L 2) +bH _ H§<Axl+b>+§(Ax2+b>”

IA

1 1
EII(AX1+b)II+§|I(AX2+b)II-

Using the assumption thdt(y) has bounded second partial derivatives, there is a positive
constaniu, such that

I (Y + AY)I < 1 F (0 + IMAYI + mllAy)2. 9)

Define the function:
o @) =Ty +0I(W)AYKI, 0<6 <1 (10)

Since|| f (yk) + J(Yk) Ay|| is a convex function of\y, ¢, (9) is convex ind. Therefore, for
0<6 <1,

k() < ok(0) — O[ek(0) — ek (D)]
= ¢k(0) — 6. (11)

From (9), withAy = 6 Ay, we have

If (Y +0AYON < @k(0) + nb?(| Ayl
< ok(0) — 08k + uO?|| Ayl (12)

Choosed = min{1, &/ (2|l Aykl?)} > 0. Thenyk 1 = Yk + Ok Ayk, and

I YDl < 1Ol — Okdi + %ekék,

which gives (8). The actual decreasd ify)||, as given by Step (2c), will always be at least
as much as the decrease in (8) if an accurate line search is done. However, the Algorithm
LN will still converge with an approximate line search, provided only that the valég of
satisfies O< 6 < min{1, &/(2u||Aykl®}. In the applications (Section 4) it was found
that the convergence rate was not very sensitive to the accuracy of the approximate line
search used.

The convergence of the sequeiigg to a stationary point df f (y)|| is shown by applying
a standard convergence theorem (Bazaraa and Shetty, 1979). The theorem applies since the
sequencdyg} is contained in the compact subset and the mappindM : Yk — VYii1 is
closed on this subset. Furthermore, as shown above, we have a decent fiirficiion,
with a strict decrease in its value, ¥k is not a stationary point. With these conditions
satisfied, Theorem 7.2.3 (Bazaraa and Shetty, 1979) appliesygnd> y*, a stationary
point of | f (y)lI.
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The LN algorithm using theL, norm can also be shown to be equivalent to the
Gauss-Newton method with a line search. Fdry*)||, small, andJ(y) full rank, the
convergence rate will be superlinear (Fletcher, 1987). As shown by the computational re-
sults in Section 4, the convergence rate usinglth@orm also appears to be superlinear
when| f (y*)||1 is small, andJ(y) is full rank.

3. Construction of test problems andL; norm solution

In this section we describe the construction of realistic computational test problems for
which the correct parameter vectqrand amplitude vector; are known. This information
is of course not used in the test of the algorithm, but allows us to investigate the ability of
the algorithms to recover the correctindx in spite of errors in the data and in the initial
vectoro.

A signal z(t) is assumed to be given as a weighted sum kilown functionsy; («, t),
so that:

n
2(t) = Y _Xjgj(a,t), tel0, tmad (13)
j=1
The correct signat.(t), with no error, is given by (13) witkk = X, anda = a;. We
also define a vector, € C™, ZI = (z(t1), ..., z(tm)), which represents the correct
signal at them data points. The measured data vedtds the correct signal ah points
t,i=1...,m0<t <t <tmax Plus a possible erras at each;:
b =z0)+¢, i=1....m>n+s. (14)

It is also assumed that lower and upper bounds are known for each parameter:
o = aj = ayj, j=1,...,S, (15)
which are satisfied by the parameter vectar
Letb; denote the true signal vector, with = z.(t;), and define then x n matrix A(x),
with
Aij (@) = ¢j(a, ). (16)
Then
A(ac)Xc = bc. (17)
Given the data vectds, with error, and the bounds (15), the Sl problem is to attempt to
recover the correct vectoeg andx., that is, to recover the correct signal with minimum

error. Letap andxp be the approximate values obtained by the Sl solution,zaxid the
corresponding approximation given by (13). We again define a vegterC™, representing
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the computed approximation to the measured signal at the data points. We measure the
performance of an algorithm on a test problem in terms of the relative errors:

REx = IIXa — Xcll /1%l
RE, = lloa — acll/llacll, (18)
RE; = [1za — Z|l/11Z|l.

As summarized in Section 1, we attempt to minimize these errors by solving

mixn I (e, X) || (19)

wherer (a, X) is given by (2). When thé; normis used the SNTLN1 algorithm consists of
solving a linear program at each major iteration, as given by Step 2a of the LN algorithm.
The bounds on the; are easily enforced in each of these linear program solutions, so that
they are satisfied by the final parameter veatgr

Two types of test problem in the form (13) were used to study the performance of SNTLN1
and VarPro. These are given by a sum of Gaussians:

pj (e, t) = e -/’ (20)
and a sum of complex exponentials:
QD] ((X, t) — e(fdj +2ﬂﬂfj)t (21)

where thed; are damping factors and thig are frequencies. For this case the parameter
vectora € R® is given by

al = (dy, f1,da, f2,..., dn, fr) (22)
with s = 2n. Also for this case the amplitudegsare complex, so that:
Xj =Xrj +v~1xj, j=1,...,n (23)
It follows that the true signal, as given by (13), is a complex function of
2(t) = zr(t) + V=12 (V). (24)
The measured data vectmras given by (14), is also now complex:

b =br++/—1b eCm
bri = Zr(ti) + € (25)
bi =z )+ €
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Finally, the real and complex parts of the residual error are given by:

rr(o, XR, X1) = Ar(@)Xr — A (@)X — br (26)
r(o, Xg, X1) = A (@)Xr + Ar(@)X| + b

We note that the., norm of the complex residual=rr + +/—1r, is given by:

2
R
2 TF T T
Irifs=r"Ff=rgre+rr = H(r )
|

2
In order to preserve the linearity of Step 2a in the LN algorithm when usind; theorm
with a complex vector, we define the correspondinghorm:

e )

This, of course, doubles the number of rows in the corresponding linear program. Thus the
problem

(27)

1

min Ir (o, Xr, X)l1 (28)
S XR, XI

o

requires, at each major iteration, the solution of the following linear program:

m
M ;(ym + i)
subjectto —yr < Ar(@)AXr — A (@) AX (29)
+ [Jr(e, XR) — Jy (@, X)] Aar + rR(er, XR, X1)
<yYr—V = Al(@)AXR + Ar(a)AX
+[Jr(@, X)) — Ji (@, XR)] A + 1 (@, XR, X1)

<yia) o+ Aa < ay

where Jr(e, X) and J; («, xX) are Jacobians with respect 49 of Ar(x)x and A, (@)X,
respectively. This linear program hasn2+ 4n variables(A«, AXgr, AX;, yr, ¥1) and

4(m + n) inequality constraints. For efficiency of solution, this problem is considered the
dual problem (with more inequality constraints than variables), and the equivalent primal
problem is solved.

4. Computational results

In this section we summarize the results for two types of test problems. These results were
obtained as described in the previous section, using both the SNTLN1 algorithm and a
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version of VarPro available in NetLib (Codes for Variable Projection method dnsg.f and
nisr.f, available in NetLib).

For each type of test problem, lower and upper bounds (15) were specified. For each
individual problem a random vectat with ¢y < ¢ < oy, was generated. A random value
for each amplitude;, with —10 < X;; < 10 was then generated. Using these in (13),
the true signak(t) was then computed at pointst;,i = 1,..., m. The data vectob,
with elementdy, as given by (14) was then computed for this test problem. Thus each
individual test problem is different, with different values @f andx.. The initial esti-
mate for the parameter vector was always chosemgs = %(oq + ay). This method
of constructing test problems corresponds to a typical application when only bounds on
the parameter vector are known, and the (unknown) correct vaduesid x; are to be
determined. Note that the lower and upper bound information is used by both VarPro and
SNTLN1. For SNTLN1 the bounds are explicity imposed, and they are used to determine
good initial values for the parameter vector. For VarPro the bounds are used only to deter-
mine good initial values, since VarPro does not impose explicit bounds on the parameter
values.

4.1. Sum of Gaussian test problem

We first summarize the computational results obtained when the true signal is a sum of
6 Gaussian functions. That is the true sigr@) is given by

6
2(t) =Y xj e Yt ef0,1.2]. (30)
j=1

The signal is measured at 60 uniformly spaced time poifts;i At, At=.02,i =
1,...,60. The value o was assumed known, with? = 0.05, and the bounds

(0.09,0.27,0.45,0.78,0.91, 0.95) < ' < (0.11, 0.33, 0.55, 0.90, 0.94, 1.05)

were imposed. A plot of(t), as given by (30) is shown in figure 1.
For this plot, the following values af andx were used:

ac = (0.1,0.3,0.5, 0.87, 0.92, 0.96),
% = (0.1, 3.0, 2.0, 0.25, —0.5, 0.5).

For each test problem, a specified number of large errors were introduced at randomly
selected pointg, with ¢; < 0.1|z(t;)|. The remaining; were all kept at zero. The number
of large errors ranged from 0 to 25. For each specified number of large errors, 20 different
cases were computed. A total of 140 test problems were run using SNTLN1. The results
are summarized in Table 1. This table gives the Final Relative Error (FRE), defined by
FRE = 0.5[FRE, + FRE], where FRE = [|fa — Bcll/||Bcll, andB = « or x.

The first column gives the number of large errors introduced. The next two columns give
the percentage of cases for which the FREO 1, for SNTLN1 and VarPro. The size of
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Table 1 Effect of large errors in data vectbron parameter estimate accuracy. Sum of gaussians test problem.

Percentage FRE 1010 Percentage FRE 0.01 Average # itns
# of Large
errors SNTLN1 VP SNTLN1 VP SNTLN1 VP
0 100 28 0 72 7.1 27
1 100 0 0 100 6.8 -
2 100 0 100 7.4 -
5 95 - 5 - 6.9 -
10 95 - 5 - 6.9 -
20 60 - 40 - 6.9 -
25 30 - 70 - 7.2 -

Figure L Sum of Gaussians test problem. True sigrtal.

the errors FRE and FRE were approximately the same. The 4th and 5th columns give
the percentage of cases for which FRB.01, and the last two columns give the average
number of iterations each algorithm required.

The remarkable ability of SNTLN1 to obtain the correct parameter and amplitude vectors
in spite of large errors in the data and initial estimates, is clearly shown. This is due both
to the use of th&.; norm and the imposed bounds. Itis seen in Table 1 that even with large
errors in the data at 10 of the 60 data points, the correct vectors were obtained in 95% of
the cases tested.
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In contrast, the VarPro algorithm was only able to recover correct vectors in 28% of the
cases, even with no errors in the data. For these cases, the only errors were in the initial
parameter estimates. It was observed that the cause of difficulty with VarPro was that two
of the ; would tend toward the same value (since there are no bounds to prevent this).
This leads to a very ill-conditioned matri&(«), and a corresponding very large vector
x. Furthermore, as soon as even one large data error was present, VarPro produced er-
rors equal, or greater than, the data error. These results clearly show the great advantage
of SNTLN1 when only some of the data points are in error. We will now describe re-
sults for a more realistic situation, where there may be at least small error in every data
point.

4.2. Complex exponential test problem

In this section, we present test results for a difficult complex signal identification problem
which represents realistic data obtained in typical applications. The measured data at each
time point consists of the true signal plus some error. That onsists of a small random

error for each, and much larger errors at some specified number of randomly selected
values ofi. The results presented again compare SNTLN1 and VarPro. The true signal used
is given by:

z(t) = zr(t) + V—1z ()

7
=) (xgj + /—1x;j) €742Vt € [0,0.0512] (31)
j=1

The correct signal is therefore specified by 14 parameters, and 14 amptijudesxg;,
Xij, J =1,...,7. The measured data is given by:

b =z(t) +sri ++—1lgj, 1=1,...,128 (32)

The values of; chosen were with afixed interval size, so that i At, with At = 0.0004,
although a nonuniform set df could equally well have been used. The complex signal
identification problem is to determine the correct valued;off;, xgj andx;;, given theb
and some initial estimates of tidg and f;.

For the purpose of the test problems we used the following valoes; 128,n = 7,

At = 0.0004, andmax = 0.0512. For SNTLN1, bounds were imposeddand f:

d <d; <d,

L S R [ &
fi < fj < fy;

where

d = (40,40, 130,100, 160, 190 240),
dy, = (65, 65, 160, 130 190, 220, 280),



62 ROSEN, PARK AND GLICK

fi = (8,18, 32,120,370 530, 790,
fu = (13, 28, 42, 140, 400, 560, 825).

The complex errorg; at each data point consisted of two parts. One was a random
(uniformly distributed) error with magnitude10-8, at every data point. The second part
was an erro8,(t;), added to 25 randomly selected data points. Two valués(6f001 and
0.01) were used, each in different runs.

Each additional problem solved was different. The correct valged. and f. were
generated for each problem by selecting a random value within the bounds. Kgy the
Xrj + v/—1xj, eachxg; andx,; were randomly selected in the rangell0, 10]. These
test problems were chosen so as to be similar to the NMR signal data problem described in
Chen et al. (1996).

Since each problem was different, we used the same initial values:
1
dinit = §[d| + dy]
1
finit = 5”' + ]

for each problem.

An illustration of the correct signak(t) is shown in figures 2 and 3.

A total of 5 different sets of problems were solved using SNTLN1, with 10 different
correct signals for each set. For comparison, VarPro was also used to solve 2 of these sets,
using the same 10 correct signals as for SNTLN1. This was donedwith0.01 and
3 = 0.001.

Typical results for 10 different problems wigh=0.01 are summarized in Table 2. The
initial errors are listed in the first 3 columns, showing the minimum, average, and maximum
for each relative error, over the 10 different correct signals. The next 3 columns show the
same information for the final relative errors obtained by VarPro. The last 3 columns show
the corresponding final relative errors obtained by SNTLN1. The number of iterations
needed by VarPro and SNTLNL1 is also summarized. Results for the other 4 sets, with
8 = 0.01 were essentially the same as given in Table 2. An additional set of 10 problems,
with § =0.001 was run to determine the effect of changing the magnitude of the 25 larger

Table 2 Relative errors irx, f, d, andz. Comparison of SNTLN1 and VarPro. Results for 10 ruhss 0.01

Initial Final: VarPro Final: SNTLN1

Min Avg Max Min Avg Max Min Avg Max

REx 3.74e-1  6.50e-1 1.35 7.84e-3 4.75e-2 1.83e-1 2.73e-6 2.39e-5 1.27e-4
REy 4.14e-2 5.39e-2 7.0e-2 9.67e-4 4.14e-3 9.21e-3 5.94e-7 2.47e-6 7.95e-6
RE¢ 1.44e-2 1.82e-2 252e-2 1.82e-4 4.60e-4 1.18e-3 6.05e-8 1.99e-7 4.39%e-7
RE, 7.44e-2 1.32e-1 3.16e-1 4.24e-4 6.88e-4 8.27e-4 2.06e-7 3.09e-7 4.29e-7
# Iters. - - - 6 8.1 16 5 6.1 7
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25 T T T T T

20(- .

z(t)

0.01 0.02 0.03 0.04 0.05 0.06

Figure 2 Correct signalzc(t) for sum of 7 complex exponentials test problem. Real and imaginary parts.
0 <t <0.06.

25 T T

0.005 0.01 0.015

Figure 3 Correct signalz:(t) for sum of 7 complex exponentials test problem. Real and imaginary parts.
0 <t <0.015.
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errors. The final relative errors for SNTLN1 were essentially unchanged, but those for
VarPro decreased by approximately a factor of 10. Additional tests showed that the final
relative errors for SNTLN1 are essentially independend,oivhile those for VarPro are
approximately proportional td. The maximum number of iterations required by SNTLN1
for any problem was 9. The largest final relative erroeifor any problem was RE=
6.1le-7.

The most significant conclusion is that SNTLN1 is able to identify the correct signal, with
final errors about 1000 times smaller than VarPro, using the identical data. In fact, the final
errors in SNTLN1 are determined by the sm@i10~%) data errors, and are essentially
independent of the 25 larger errors. This is shown clearly by the fact that the SNTLN1
solution is changed only slightly by a changesinin contrast, the VarPro solution final
error is determined primarily by the largest data errors, and will increase in proportipn to
assé is increased. This will also be true for any approximation method baség olerm
minimization.

Itis also significant that SNTLNL1 is able to reduce the relative error from an initial value
of about 10% to about 3e-7, in an average of 6.1 iterations. This demonstrates the rapid
convergence rate of the SNTLN1 algorithm for this class of problems. The robustness of
the algorithm is also shown by the relatively small range for final errors (from min to max)
in Table 2, for the 10 different problems solved. This robust performance was observed in
all test problems solved.
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