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Abstract. The importance of unsupervised clustering and topic modeling is well recognized
with ever-increasing volumes of text data available from numerous sources. Nonnegative matrix
factorization (NMF) has proven to be a successful method for cluster and topic discovery in unlabeled
data sets. In this paper, we propose a fast algorithm for computing NMF using a divide-and-conquer
strategy, called DC-NMF. Given an input matrix where the columns represent data items, we build
a binary tree structure of the data items using a recently-proposed efficient algorithm for computing
rank-2 NMF, and then gather information from the tree to initialize the rank-k NMF, which needs
only a few iterations to reach a desired solution. We also investigate various criteria for selecting the
node to split when growing the tree.

We demonstrate the scalability of our algorithm for computing general rank-k NMF as well as
its effectiveness in clustering and topic modeling for large-scale text data sets, by comparing it to
other frequently utilized state-of-the-art algorithms. The value of the proposed approach lies in the
highly efficient and accurate method for initializing rank-k NMF and the scalability achieved from
the divide-and-conquer approach of the algorithm and properties of rank-2 NMF. In summary, we
present efficient tools for analyzing large-scale data sets, and techniques that can be generalized
to many other data analytics problem domains along with an open-source software library called
SmallK.
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1. Introduction. 1 Matrix low rank approximations [17] have played a crucial
role as one of the most fundamental tools in machine learning, data mining, image
processing, information retrieval, computer vision, signal processing, and other areas
of computational science and engineering. Low rank approximations based on the
singular value decomposition (SVD) or Principal Component Analysis (PCA) provide
a compact representation of a large matrix. This compact representation not only
enables data compression and dimension reduction, but also allows for the discovery
of latent structures in high-dimensional, large volumes of data. Throughout this paper,
we will assume that a data set is represented in a matrix A ∈ R

m×n where m is the
number of features and the columns of A represent the n data items. Assuming that
rank(A) = r and k is a positive integer k ≤ r, a lower rank matrix Â with rank(Â) = k,
which is closest to A in matrix L2 norm or Frobenius norm, can be obtained from the
SVD of A [17]. A general objective function for a low rank approximation problem
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can be expressed as

min
W,H
‖A−WH‖F . (1.1)

Although the above objective function is not convex, the SVD gives us a global optimal
solution W ∈ R

m×k and H ∈ R
k×n when there is no constraint on the factors W and

H . The columns of W form a basis for the space spanned by the columns of A and the
ith column of H can be viewed as a k-dimensional representation of the ith column
of A in the space spanned by W . With k ≤ rank(A), the columns of W (and the rows
of H) are expected to be linearly independent as the solution for Eqn. (1.1) should
provide the best approximation for A.

Many key problems in data analytics can be formulated by adding constraints
to (1.1). With constraints on W and H , the approximation error ‖A −WH‖F will
increase from that given by the SVD. However, the ability to formulate a specific
data analytics problem using the additional constraints makes the low rank approxi-
mation result more useful in practice in spite of possibly larger approximation error.
One of the best known examples of constrained matrix low rank approximation is the
nonnegative matrix factorization (NMF). Compared to the SVD solution, by impos-
ing nonnegativity constraints on the low rank factors W and H , interpretability is
achieved when the data originate from the nonnegative domain. Examples of this are
images, chemical concentrations, and, more recently, large volumes of text data. Al-
though NMF can be defined for any matrix, we assume that a data set is represented
in a nonnegative matrix A ∈ R

m×n
+ , where R+ is the set of nonnegative real numbers.

The research on NMF since its introduction [44, 34] has continued to explode
and NMF has established its importance in numerous domains in spite of its much
shorter history compared to the SVD [17]. For a review of NMF, please see [27, 19].
Numerous algorithms have been designed for NMF, and NMF has been successfully
applied to clustering, topic modeling, and other real-life applications such as cancer
subtype detection [21], blind source separation for audio [43], and many others. How-
ever, algorithms for computing NMF are more expensive than those for the SVD. In
particular, assuming the size of the input matrix A is fixed, the computational time
tends to increase superlinearly for typical NMF algorithms as we discover finer struc-
tures with larger values for k in a data set. Our proposed NMF algorithm based on
divide-and-conquer addresses this issue.

The contributions of this paper are as follows. First, we present a highly scal-
able fast algorithm called DC-NMF (Divide-and-Conquer NMF) for computing the
standard NMF. In [31], we introduced an algorithm called HierNMF2, for hierarchical
topic modeling via a fast rank-2 NMF and a binary tree splitting rule for text data.
For DC-NMF, we utilize the leaf nodes of the cluster tree computed from HierNMF2
to obtain a highly informed initial guess for the matrix W in Eqn. (2.1) and, with
a few subsequent NLS (Nonnegativity-constrained Least Squares) iterations, obtain
the standard NMF very fast. We also introduce new methods to recursively increase
the reduced rank. These methods do not depend on the data type while the method
introduced in [31] was specifically designed for topic modeling of document data. Sec-
ond, we illustrate that DC-NMF provides a very fast, scalable, and accurate method
for clustering and topic modeling of all data sizes. Some of the key advantages of
the NMF-based formulation are that, unlike many other algorithms based on statisti-
cal foundations such as LDA [6], we can analyze the behavior of the algorithm more
readily, utilize highly optimized existing matrix computation routines for solving the
subproblems efficiently, and accordingly produce scalable and effective algorithms for
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large-scale problems. Some of the recent work on NMF algorithms assume separa-
bility constraints [1, 4, 33], but our experiments show that these constraints are too
restrictive in high noise, real-world problems as discussed and illustrated in Section
5. Lastly, we present substantial experimental comparisons on real text data sets
that validate the efficiency and the quality of DC-NMF results. We also provide case
studies and meaningful and easily explorable data graphs that DC-NMF generates on
a real text corpus. DC-NMF is implemented in both Matlab and an open source C++
package called SmallK [7].

The rest of the paper is organized as follows. In Section 2, we describe a uni-
fied framework for clustering and topic modeling (document clustering) using NMF.
In Section 3, we discuss the computational advantages of rank-2 NMF over rank-k
NMF and review our efficient algorithm for rank-2 NMF. In Section 4, we introduce
our divide-and-conquer strategy and several node splitting criteria. In Section 5, we
empirically compare our method with existing state-of-the-art methods. In Section 6,
we conclude our paper and discuss its implication on other work.

2. NMF for Clustering and Topic Modeling. The characteristics that dis-
tinguish NMF from other matrix approximation methods such as the SVD are the
nonnegativity constraints on W and H . We can interpret these lower rank matri-
ces more easily within the context of many application domains. In fact, one can
view clustering as a special case of dimension reduction: in a clustered data set, the
cluster representatives can be viewed as the basis vectors, and each data item can
be represented as a linear combination of these cluster representative vectors. Clus-
tering has been an essential tool in the analysis of large scale data sets. Clustering
appear under various names in different contexts such as hard clustering, soft cluster-
ing, [46, 8, 25, 32], and topic modeling for text data [6, 5, 20, 31], and they refer to
fundamental tools with a similar goal: to organize the data sets into coherent groups
where between-group relationships are remote and the data items within a group are
closely related. We will sometimes refer to all these methods as “clustering” in a very
broad sense. Topic modeling is an unsupervised method that discovers topics in a
text collection along with the keywords. For soft clustering of text data, the cluster
representative vectors reveal the topics. Accordingly, for text data sets, we may view
soft clustering and topic modeling as equivalent.

Consider a factorization of a matrix A = [a1, · · · , an] ∈ R
m×n
+ , A = WH , where

W ∈ R
m×k
+ and H ∈ R

k×n
+ , and k ≤ min(m,n). Suppose ‖ai‖1 = 1 (1 ≤ i ≤ n).

If ‖wi‖1 = 1, we can interpret the columns of W as probability distributions over
features. In the case of text data, a column of W with this sum-to-one constraint
can be viewed as a topic, which is a probability distribution over keywords. Hard
clustering can be interpreted as: the ith data item belongs to the jth cluster when j
is the index of the largest entry in the ith column ofH . With this view, hard clustering,
soft clustering, and topic modeling can be unified in the same model where W reveals
the cluster representatives or topics and H contains the cluster membership weights.
In reality, especially when k is small, the equality A = WH will not hold and we
need to consider an approximation [2, 1, 33]. Many problems in data analytics can
be formulated using NMF with various difference measures such as matrix norms or
Bregman divergences. In this paper, we will focus on the most commonly utilized
NMF formulation based on the Frobenius norm

min
W≥0,H≥0

‖A−WH‖F . (2.1)

Main advantages of the Frobenius norm based NMF are its flexibility for design-
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ing efficient and scalable algorithms for large-scale problems and its ability to pro-
duce more accurate solutions in a variety of noisy real-life applications even when
other measures such as KL-divergence can model the problems better theoretially
[25, 28, 31, 32, 15, 37]. NMF as a topic modeling method has several advantages
over LDA (Latent Dirichlet Allocation), a probabilistic and generative model-based
method. First, we can provide a term-document matrix with tf-idf weighting as an
input to NMF instead of raw frequencies of word occurrences, as in most text classifi-
cation methods [40]. Tf-idf weighting has been widely shown to improve classification
and clustering accuracy. Second, numerous matrix computation and optimization
routines that have been studied and implemented with high computational efficiency
and rigorous analysis can provide a basis for efficiently computing the solutions of
NMF [39, 26, 30, 10], making NMF-based methods highly scalable for web-scale topic
modeling.

A considerable number of papers on clustering have been devoted to K-means, and
K-means remains as one of the most popular clustering methods [24]. The K-means
objective function can be expressed as

min
H∈{0,1}k×n,1T

k
H=1T

n ,W
‖A−WH‖F , (2.2)

where 1k ∈ Rk×1,1n ∈ Rn×1 are vectors with “1”’s at all the entries. Although
K-means and NMF are related, due to the difference in the constraints they may
produce very different clustering results [32, 25, 28],

3. Low Rank Approximation with Reduced Rank 2. The NMF algorithm,
DC-NMF, that we propose in this paper relies on certain properties of NMF when k =
2, which makes applying divide-and-conquer possible. In this section, we offer some
theoretical and algorithmic justifications for DC-NMF. We discuss the relationships
between SVD and NMF, the quality of approximation by NMF and by SVD when
k = 2, and review a very fast algorithm for rank-2 NMF introduced in [31].

3.1. Rank-2 Approximation by SVD and NMF. Although the SVD and
NMF differ only by the nonnegativity constraints as shown in Eqns. (1.1) and (2.1),
there is still much to study regarding the relationships between SVD and NMF. The
rank and nonnegative rank of a matrix can be defined using a single framework: For
a A ∈ R

m×n, rank(A) is the smallest integer p for which there exist U ∈ R
m×p and

V ∈ R
p×n such that A = UV . The nonnegative rank, rank+(A), is the smallest

integer p for which there exist U ∈ R+
m×p and V ∈ R+

p×n such that A = UV . One
notable result is that for a nonnegative matrix A, NMF is the same as SVD when
k = 1 due to the well known Perron-Frobenius Theorem [22]. It follows from the
theorem that there are nonnegative left and right singular vectors associated with the
leading singular value of A ∈ R

m×n
+ .

When k > 1, the low rank approximations by NMF and SVD are not the same
in general. Clearly, the approximation error by NMF cannot be smaller than that
of the SVD since NMF imposes more constraints. The nonnegative rank of a matrix
A ∈ R

m×n
+ is the same as the smallest possible number of vertices of a convex hull

that contain all columns of A when projected onto the (m − 1)-dimensional simplex
[9]. This relationship has an important implication for rank-2 NMF, as illustrated
below. Cohen and Rothblum [11] showed an interesting relationship between SVD
and NMF: given A ∈ R

m×n
+ , if rank(A) = 2, then rank+(A) = 2. They also provided

a constructive method to generate rank-2 NMF when rank(A) = 2. Without loss
of generality, we can assume that ‖A(:, i)‖1 = 1 for every column of A. Under this
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(a)

(b)
Fig. 3.1. Illustration of NMF of rank-2 and rank-3 matrices. (a) When a nonnegative matrix

has rank 2, its columns can be projected onto a one-dimensional subspace, and we can find two
extreme endpoints (the red dots in this figure) which define a convex hull that encloses all the points.
(b) The columns of a matrix A ∈ R

4×4

+
with rank 3 (four solid dots in the figure) are projected onto

a two-dimensional subspace. The depicted region is the intersection of the 3-dimensional simplex
with this two-dimensional subspace, with four sides on the boundary. There are no three vertexes
that define a convex hull that encloses all the four points, and thus rank+(A) > 3.

Table 3.1

Relative difference in the approximation errors produced by SVD and NMF for sparse matrices
of various sizes with 1% non-zero entries uniformly distributed in the interval (0, 1). For each pair
of (m, n), the results were the average over 100 random matrices A ∈ R

m×n
+

. The approximation
error of NMF was computed by taking the minimum of 20 random runs for each matrix.

k = 2
n m 300 500 1000 3000
250 0.7704× 10−4 1.3296× 10−4 1.8039× 10−4 1.6177× 10−4

300 1.0103× 10−4 1.4303× 10−4 1.7583× 10−4 1.6051× 10−4

k = 3
n m 300 500 1000 3000
250 2.0238× 10−4 2.9706× 10−4 3.5395× 10−4 3.4395× 10−4

300 2.4668× 10−4 3.0484× 10−4 3.6593× 10−4 3.3824× 10−4

assumption, when k = 2, all columns of A lie on a one-dimensional simplex; therefore,
there must exist two columns of A that define two extreme rays of a 2-d nonnegative
cone which encloses all the columns (Fig. 3.1(a)). When rank(A) > 2, this property
does not hold in general. For example, when rank(A) = 3, under the sum-to-one
constraint, the columns of A lie on a two-dimensional subspace, and there is not
always a convex hull with three vertices that encloses all columns of A (Fig. 3.1(b)).

Although the solution of rank-2 NMF can be computed based on the constructive
proof for a theorem provided in [11], its usage is limited to the case with a nonnegative
matrix A with rank(A) = 2. When rank(A) > 2, one may consider computing its
rank-2 approximation by SVD Â = U2Σ2×2V

T
2 first. One difficulty is that Â will not

necessarily be nonnegative although rank(Â) = 2. On the other hand, simply setting
the negative elements in Â to zero will change its rank.

We have observed empirically that when the reduced rank k = 2, the relative dif-
ference between the approximation errors by SVD and NMF were very small. The dif-
ference was measured by |(errornmf −errorsvd)/errorsvd| (Table 3.1), where errornmf

and errorsvd are the approximation errors by NMF and SVD, respectively. We also
noticed that this relative difference becomes larger as k increases.

3.2. A Fast Algorithm for Rank-2 NMF. In [27], it was shown that many of
the promising NMF algorithms can be explained using the block coordinate descent
(BCD) framework [39, 26, 30, 3, 18]. A natural application of the BCD framework to
NMF partitions the unknowns into two blocks, elements in W and H , and iteratively
solves alternating multiple right-hand side NLS (ANLS) problems for each of W and
H until some stopping criterion is satisfied.

The ANLS algorithms for NMF differ in the way the NLS subproblems are solved.
An NLS problem with a single right-hand side vector ming≥0 ‖Bg − y‖F can be
solved by active-set-type algorithms [30]. In active-set-type algorithms, we identify a
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Algorithm 1 Algorithm for solving minG≥0 ‖BG − Y ‖F , where B = [b1,b2] ∈
R

m×2
+ , Y ∈ R

m×n
+

1: Solve unconstrained least squares G∅ = [g∅
1, · · · ,g

∅
n]← min ‖BG− Y ‖

2: β1 ← ‖b1‖, β2 ← ‖b2‖, u← (Y Tb1)/β
2
1 , v← (Y Tb2)/β

2
2

3: for i = 1 to n
4: if g∅

i ≥ 0 then return g∅
i

5: else

6: if uiβ1 ≥ viβ2 then return [ui, 0]
T

7: else return [0, vi]
T

8: end if

9: end if

10: end for

partitioning of variables in g into gA and gP , whose indices are in an active set A and
a passive set P , respectively. The optimal passive set is the one where the solution of
unconstrained least squares is feasible [13], i.e., gP > 0, and ‖Bg− y‖22 is minimized.
Because the number of possible active sets is exponential in k, a well-guided search
of the optimal active sets is important, such as presented by the active-set and block
principle pivoting methods [26, 45].

We now summarize some of the key features of the fast NMF algorithm for k = 2

that we introduced in [31]. When k = 2, J(g)
def

= ‖Bg − y‖22 = ‖b1g1 + b2g2 − y‖22,
where B = [b1,b2] ∈ R

m×2
+ , y ∈ R

m×1
+ , and g = [g1, g2]

T ∈ R
2×1, and the number of

possible active sets is reduced to 22 = 4. Unlike in a standard iterative optimization
algorithm such as the projected gradient descent (PGD) method where the algorithm
strucure is not directly affected by the value of k, in an active-set method, when k = 2,
we can directly and effectively obtain the optimal active set by choosing the one with
the smallest J(g) among all the feasible solutions g ≥ 0 as follows. If the solution
g∅ = argmin‖Bg− y‖2 for the unconstrained problem is nonnegative, then g∅ is the
solution for the nonnegativity constrained problem. Otherwise, between the solutions
for the two unconstrained problems min ‖bigi − y‖2 (i = 1, 2), which are always
feasible since bi ≥ 0 and y ≥ 0, we can efficiently choose the best one. We exclude
g = (0, 0)T since one of the above three is always better. For NLS with multiple
right-hand sides, it is not cache-efficient to compute the solutions for the above three
cases separately. Better computational efficiency emerges in our algorithm when we
solve NLS with n right hand side vectors yi simultaneously, which is summarized in
Algorithm 1. The entire for-loop (lines 3-10, Algorithm 1) is embarrassingly parallel
and can be vectorized. To achieve this, unconstrained solutions for all three possible
passive sets are computed before entering the for-loop. Algorithm 1 represents a non-
random pattern of memory access, and is much faster for Rank-2 NMF than applying
existing active-set-type algorithms directly.

4. Fast NMF based on Divide-and-Counquer. In this section, we propose
a fast algorithm for computing NMF for any given k ≥ 2, which we call DC-NMF
(Divide-and-Conquer NMF). Based on the fast rank-2 NMF algorithm and a divide-
and-conquer method, DC-NMF computes a high quality W for NMF, which we show
in the following subsection. We will also provide and compare several alternative
formulations for DC-NMF.

The value of k represents the number of clusters or number of topics, which is
often larger than 2. In addition, since a larger k value produces a better low rank
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approximation, a fast algorithm that works for k > 2 is needed. Increasing the
reduced rank k in the unconstrained low rank approximation (1.1) strictly improves
the approximation quality until k reaches rank(A) [17]. For NMF, the following similar
result holds.

Theorem 4.1. For A ∈ R
m×n
+ with rank+(A) = k, we have

min
W (p+1)≥0,H(p+1)≥0

‖A−W (p+1)H(p+1)‖F < min
W (p)≥0,H(p)≥0

‖A−W (p)H(p)‖F

for all p < k, where W (p) ∈ R
m×p
+ and H(p) ∈ R

p×n
+ .

Proof. Let (W
(p)
∗ , H

(p)
∗ ) = argminW (p)≥0,H(p)≥0 ‖A −W (p)H(p)‖F , and R(p) =

(rij)m×n = A −W
(p)
∗ H

(p)
∗ . For p < k, we have R(p) 6= 0, and we can prove at least

one element of R(p) is positive. Assume rij > 0 for some i, j. Then we have

‖R(p+1)‖F ≤ ‖A−
[
W

(p)
∗ rije

m
i

] [
H

(p)
∗

(enj )
T

]
‖F < ‖R(p)‖F

where emi (eni ) is the i-th unit vector in R
m (Rn).

Now we prove that R(p) has at least one positive element. Assume R(p) 6= 0
and has no positive element. Then any nonzero column, say jth column, of R(p):

R
(p)
:j = (r1j , . . . , rmj)

T 6= 0 has at least one negative element. Let’s choose the greatest
negative component, say rij < 0. Since ai,j ≥ 0, rij < 0, and

R
(p)
:j = [r1j , . . . , rmj ]

T = [a1j , . . . , amj]
T −

p∑

l=1

[w1l, . . . , wml]
Thlj ≤ 0,

there always exists an index l̂, such that h
l̂j
6= 0 and w

il̂
6= 0. Then we can choose a

small enough ǫ > 0 and replace h
l̂j

by h̃
l̂j
= h

l̂j
− ǫ > 0 such that

∥∥[r̃1j , . . . , r̃mj ]
T
∥∥
F
=

∥∥[r1j , . . . , rmj ]
T + ǫ[w1l̂, . . . , wml̂

]T
∥∥
F
<

∥∥[r1j , . . . , rmj ]
T
∥∥
F
.

However, this contradicts the assumption that R(p) is minimized.
The above theorem shows that in the context of NMF for a nonnegative matrix,

the approximation error is strictly reduced when the reduced rank k is increased, until
k reaches the nonnegative rank.

4.1. Proposed Algorithm: DC-NMF. The NMF problem shown in (2.1) can
be recast as

min
W≥0

min
H≥0
‖A−WH‖2F = min

W≥0

{
min

x1,...,xn∈span+(W )
‖A− [x1, . . . ,xn]‖

2
F

}
def

= min
W≥0

eA(W )

where span+(W )
def

= {Σk
i=1hiwi|hi ∈ R+} is the conical hull of W = [w1, . . . ,wk] ∈

R
m×k
+ . Accordingly, rank-k NMF can be interpreted as finding a nonnegative basis

w1, . . . ,wk such that A can be best approximated by vectors in span+(w1, . . . ,wk).
We will use the notation A ≈ span+(w1, . . . ,wk) to denote that A is approximated
by the conical hull of nonnegative vectors wi’s.

Unlike for the SVD, one cannot use successive rank-1 deflations to go from rank-2
NMF to rank-k NMF for k > 2 [27]. For NMF, all vectors in W ∈ Rm×k typically
change completely when the reduced rank k changes. However, since rank-2 NMF
can be used for binary clustering, the columns of A can be divided into two clusters
based on H from rank-2 NMF, forming two submatrices A1 and A2, as illustrated
in Figure 4.1. Assume we have a rank-2 NMF of A as A ≈ span+(w1,w2). Then
we view wi as a representative vector for Ai, i.e., Ai ≈ span+(wi), for i = 1, 2. If
rank+(A) > 2, then we can obtain a better approximation of A by replacing one
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A W
H

≈ ×w

H1 H2

A1 A2

w1 w2

w1 w2

A11 A12w11 w12

Fig. 4.1. Illustration of how DC-NMF use divide-and-conquer to go from rank-2 NMF to higher
rank NMF. The dark part in H means relative larger values.

of w1 and w2 with two basis vectors obtained by applying rank-2 NMF on A1 or
A2. Our cluster tree traversing rule determines this next submatrix for which we
increase the reduced rank for NMF approximation from 1 to 2, so that the overall
nonnegative approximation error for A is locally reduced the most. For example, in
Figure 4.1, applying rank-2 NMF on A1 gives us two new submatrices A11 and A12

where A11 ≈ span+(w11) and A12 ≈ span+(w12). Then according to Theorem 4.1,
we have eA1([w11,w12]) < eA1(w1). Since the total approximation error for A is
controlled by such local errors (see Theorem 4.2), A is better approximated by vectors
in span+(w11,w12,w2), which gives us a good rank-3 approximation. We repeat the
above divide-and-conquer steps until we reach the desired reduced rank k. The above
procedure consists of the following three key components:

S1. We partition a matrix A into two submatrices A1 and A2 according to the factor
H from the rank-2 NMF of A by the following rule: the j-th column of A belongs
to A1 if H [1, j] > H [2, j]; otherwise it belongs to A2. We then take wi as a rep-
resentative vector for Ai, Ai ≈ span+(wi), i = 1, 2. We denote this procedure as
(A1, A2,w1,w2) = split(A).
S2. Suppose matrix A ≈ span+(w) in step S1. We measure the effect of the reduced
approximation error from the increase of the reduced rank from 1 to 2 for A by the
score eA(w)−(eA1(w1) + eA2(w2)) = minh ‖A−whT‖2F−

∑2
i=1 minhi

‖Ai−wih
T
i ‖

2
F .

We denote this procedure as score = compute score(A,A1, A2,w,w1,w2). Note
that the solutions h and hi will be automatically nonnegative since A, Ai, w, wi are
all nonnegative.

S3. We recursively apply Step S1 (k−1) times, dividing columns of A into k clusters
and obtaining one representative vector for each cluster, resulting in k vectors in total,
which are the column vectors of the desired W ∈ R

m×k
+ . Each time we apply S1, we

choose to further split the submatrix that will result in the largest approximation
error decrease measured by the local score defined in S2. This step is described in
detail in Algorithm DC-W. In Algorithm DC-W, each Ai is represented by wi and
we use W = [w1, . . . ,wk] to represent A.

Theorem 4.2. Suppose A ∈ R
m×n
+ , and the columns of A are partitioned into

[A1, . . . , Ak] with 2 ≤ k ≤ n, and W = [w1, . . . ,wk] ∈ R
m×n
+ . Then eA(W ) ≤∑k

i=1 eAi
(wi) i.e. min

H∈R
k×n
+
‖A−WH‖2F ≤

∑k
i=1 minhi∈R

n×1
+
‖Ai −wih

T
i ‖

2
F .

Proof. Let ĥi = argminh ‖Ai − wih
T ‖2F and Ĥ = [Ĥ1, . . . , Ĥk], where Ĥi =

[0, . . . , 0, ĥi, 0, . . . , 0]
T . Then, min

H
‖A−WH‖2F ≤ ‖A−WĤ‖2F =

k∑

i=1

‖Ai−WĤi‖
2
F =



NONNEGATIVE MATRIX FACTORIZATION BASED ON DIVIDE-AND-CONQUER 9

Algorithm DC-W Algorithm to generate basis vectors W = [w1, . . . ,wk] ∈ R
m×k
+

for an input matrix A ∈ R
m×n
+ and reduced dimension k > 2 based on Rank-2 NMF

and tree-traversing rule.

1: A1 ← A, score(A1)←∞
2: (A11, A12,w11,w12)← split(A1)
3: for l = 2 : k
4: j ← argmax

1≤i<l

score(Ai)

5: Aj ← Aj1, wj ← wj1, Al ← Aj2, wl ← wj2

6: if l < k then

7: (Aj1, Aj2,wj1,wj2)← split(Aj)
8: score(Aj)← compute score(Aj , Aj1, Aj2,wj ,wj1,wj2)
9: (Al1, Al2,wl1,wl2)← split(Al)

10: score(Al)← compute score(Al, Al1, Al2,wl,wl1,wl2)
11: end if

12: end for

k∑

i=1

‖Ai −wiĥ
T
i ‖

2
F =

k∑

i=1

min
hi

‖Ai −wih
T
i ‖

2
F .

The matrix A (after a proper permutation of columns), the partition A1, . . . , Ak

and the representative vectors w1, . . . ,wk from Algorithm DC-W satisfy the con-
ditions in Theorem 4.2. This means that if we use the W collected from Algo-
rithm DC-W and obtain H from one step of NLS minH≥0 ‖WH − A‖F to get W
and H as the NMF solution, the approximation error ‖A−WH‖2F will be bounded

by
∑k

i=1 eAi
(wi), which is what we minimize in each step of Algorithm DC-W. We

can also perform several more NLS iterations for NMF to further reduce the ap-
proximation error using W from Algorithm DC-W as the initial guess for W . The
stopping criteria for flat NMF can be used here, for example the one used in [30] that
checks whether the solution is a stationary point. In practice, we have found that
there is usually a significant drop of approximation error after one full alternating
iteration of computing H and then updating W , and subsequent iterations did not
significantly reduce the approximation error. Therefore, in our proposed DC-NMF,
we perform one iteration to compute H and update W starting with W given by
Algorithm DC-W, in order to obtain a good solution while maintaining the speed
advantage. The approximation error ‖A −WH‖2F can be computed by the formula
‖A−WH‖2F = ‖A‖2F−2·trace(HATW )+trace(WTWHHT ) to avoid directly comput-
ing A−WH , which is computationally expensive and can destroy the sparse structure
of A.

4.2. Other Possibilities for DC-NMF. The priority scores for DC-NMF pro-
posed in [31, 15] need to pre-split a cluster (of columns) in order to compute a priority
score. We can also define heuristic scores that do not need a pre-split. For example,
supposing Ã is a submatrix corresponding to a cluster and w̃ is its representative
vector, we can define a heuristic score as min

h̃
‖Ã − w̃h̃T ‖F to check how well Ã is

represented as rank-1 matrix w̃h̃T i.e., how coherent its columns are, and split (i.e.
approximate by rank 2) the worst represented cluster.

To describe these priority scores in a unified way, we use the notations as shown in
Fig. 4.1, with tilde added to each symbol, such that Ã ≈ span+(w̃), Ãi ≈ span+(w̃i)
(i = 1, 2), where Ã is a submatrix of the original data matrix A, consisting of a cluster
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Table 4.1

Various priority scores for choosing a cluster to split.

Name Formula
Need

Note
Pre-split

Score 0 s = min
h̃

‖Ã− w̃h̃T ‖2F −
2∑

i=1

min
h̃i

‖Ãi − w̃ih̃
T
i ‖2F Y

The score proposed
in this paper

Score 1 s = min
u,v

‖Ã− uvT ‖2F −
2∑

i=1

min
ui,vi

‖Ãi − uiv
T
i ‖2F Y

The score used for hierar-
chical clustering in [15]

Score 2 s = mNDCG(w̃1)×mNDCG(w̃2) Y
The score used for hierar-

chical topic modeling in [31]

Score 3 si = min
h̃

‖Ãi − w̃ih̃
T ‖2F N

Measures how well Ãi

is represented by w̃i.

Score 4 si = min
u,v

‖Ãi − uvT ‖2F N
Measures how close Ãi

is to a rank-1 matrix.

Score 5 si = ‖Ãi − W̃ H̃i‖
2
F N

Measures how well Ãi

is represented by W̃ .

of columns of A. After one step of rank-2 NMF, the matrix Ã is divided into two
submatrices Ã1 and Ã2. For methods that do not need pre-split, we can directly
compute priority score s1, s2 for Ã1 and Ã2, using w̃1 and w̃2, respectively. However,
for methods that need pre-split, we can only compute the priority score s for Ã with
the same information. We summarize some of the priority scores in Table 4.1, where
h̃, u and v are column vectors of proper size.

In our experiments, we found that Score 0 and Score 1 often obtain significantly
lower approximation errors than the other scores. However, Score 1 requires signif-
icantly longer computation time than Score 0 since Score 1 also computes a rank-1
SVD. Our tests show that when we start two DC-NMF computations with Score 0
and Score 1 at the same time, by the time DC-NMF with Score 1 completes computa-
tion of W from Algorithm DC-W, DC-NMF with Score 0 completes computation of
an initial W and runs several alternating NLS iterations for NMF, obtaining better
solutions than DC-NMF with Score 1. Therefore, we recommend Score 0 in practice.

5. Experiments. In this section, we show experimental results for DC-NMF
and compare it with state-of-the-art algorithms for NMF, clustering, and topic mod-
eling. First, we focus on the role of DC-NMF as a generic algorithm for computing
NMF and evaluate its runtime versus approximation error. Then, we apply DC-NMF
to small- to medium-scale data sets with ground-truth to evaluate its effectiveness
for clustering before moving to much larger data sets for the benchmarking of com-
putational efficiency. Our experiments were run on a server with two Intel E5-2620
processors, each having six cores, and 377 GB memory.

Before proceeding to the experimental results, we first describe the data sets and
experimental settings in detail.

5.1. Data Sets. Six text data sets were used in our experiments: 1. Reuters-

215782 contains news articles from the Reuters newswire in 1987. We discarded
documents with multiple class labels, and then selected the 20 largest classes. 2. 20

Newsgroups2 contains articles from Usenet newsgroups and have a defined hierarchy
of 3 levels. Usenet users post messages and reply to posts under various discussion

2http://www.daviddlewis.com/resources/testcollections/reuters21578/ (retrieved in June
2014)

2http://qwone.com/~jason/20Newsgroups/ (retrieved in June 2014)

http://www.daviddlewis.com/resources/testcollections/reuters21578/
http://qwone.com/~jason/20Newsgroups/
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Table 5.1

Data sets used in our experiments. Numbers in parentheses are the numbers of clusters/topics
we requested for unlabeled data sets.

Data sets
Has Has

# terms # docs
# nodes at

label hierarchy each level
Reuters-21578 Y N 12,411 7,984 20
20 Newsgroups Y Y 36,568 18,221 6/18/20

Cora Y N 154,134 29,169 70
NIPS Y N 17,981 447 13
RCV1 N - 149,113 764,751 (60)

Wiki-4.5M N - 2,361,566 4,126,013 (80)

boards, often including a personalized signature at the end of their messages. Un-
like the widely-used indexing of this data set2, we observed that many articles had
duplicate paragraphs due to cross-referencing. We discarded cited paragraphs and
signatures, which increased the difficulty of clustering. 3. Cora [41] is a collection of
research papers in computer science, from which we extracted the title, abstract, and
reference-contexts. Although this data set comes with a predefined topic hierarchy of
3 levels, we observed that some topics, such as “AI – NLP” and “IR – Extraction”,
were closely related but resided in different subtrees. Thus, we ignored the hierarchy
and obtained 70 ground-truth classes as a flat partitioning. 4. NIPS is a collection
of NIPS conference papers. We chose 447 papers from the 2001-2003 period [16],
which were associated with labels indicating the technical area (algorithms, learning
theory, vision science, etc). 5. RCV1 [36] is a much larger collection of news articles
from Reuters, containing about 800,000 articles from the time period of 1996-1997.
We used the entire collection as an unlabeled data set. 6. Wikipedia4 is an online,
user-contributed encyclopedia and provides periodic dumps of the entire website. We
processed the dump of all the English Wikipedia articles from March 2014, and used
the resulting 4.5 million documents as an unlabeled data set Wiki-4.5M, ignoring
user-defined categories.

We summarize these data sets in Table 5.1. The first four medium-scale data sets
have ground-truth labels for the evaluation of cluster quality, while the remaining two
large scale data sets are treated as unlabeled. All the labeled data sets except 20
Newsgroups have very unbalanced sizes of ground-truth classes. We constructed the
normalized-cut weighted version of term-document matrices as in [46].

5.2. Implementation. We implemented DC-NMF both in Matlab and in an
open-source C++ software library called SmallK5 [7]. The existing methods we com-
pared DC-NMF with are grouped into three categories: NMF algorithms, clustering
methods and topic modeling methods. Though clustering and topic modeling can be
unified in the framework of matrix factorization, as explained in Section 1, we label
a method as belonging to one of the two categories according to the task for which it
was originally targeted.

NMF Algorithms. We compared the following algorithms for computing rank-k
NMF:6

• MU: The multiplicative update algorithm for Frobenius-norm based NMF [35]. MU is

4https://dumps.Wikimedia.org/enWiki/
5https://smallk.github.io/
6Besides the listed algorithms, we also experimented with a recent algorithm based on coordinate

descent with a greedy rule to select the variable to improve at each step [23]. However, this algorithm
became increasingly slow when we increased k and kept the size of A the same. Therefore, we did
not include it in our final comparison.

https://dumps.Wikimedia.org/enWiki/
https://smallk.github.io/
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not guaranteed to converge to a stationary point solution although it reduces the
objective function after each iteration.
• ANLS/BPP: The block principal pivoting algorithm that follows the two-block coor-
dinate descent framework [29, 30]. We will often refer to this method as simply
BPP.
• HALS/RRI: The hierarchical alternating least squares algorithm [10, 19], which is a
2k-block coordinate descent method. We will simply refer to this as HALS.

Many schemes that can be used to accelerate the above algorithms have been proposed
in the literature (e.g. [38, 42]) but our comparisons will be on the above baseline
algorithms.

Clustering Methods. The clustering methods we compared include:
• nmf-hier: Hierarchical clustering based on standard NMF with ANLS and an
active-set method for NLS [26]. The active-set method searches through the space
of active-set/passive-set partitionings for the optimal active set, with a strategy
that reduces the objective function at each search step.
• nmf-flat: Flat clustering based on standard NMF with ANLS. The block principal
pivoting (BPP) method [29, 30] is used as an exemplar algorithm to solve the NLS
subproblems. In our experiments, multiplicative update rule algorithms [34] were
always slower and gave similar quality compared to active-set-type algorithms, thus
were not included in our results.
• kmeans-hier: Hierarchical clustering based on standard K-means. We used the
hierarchical clustering workflow described in [31].
• kmeans-flat: Flat clustering based on standard K-means.
• CLUTO: A clustering toolkit7 written in C++. We used the default method in its
vcluster program, namely a repeated bisection algorithm.

Topic Modeling Methods. The topic modeling methods we compared include:
• Mallet-LDA: The software MALLET8 written in Java for flat topic modeling, which
uses the Gibbs sampling algorithm for LDA. 1000 iterations were used by default.
• AnchorRecovery: A recent fast algorithm to solve NMF with separability con-
straints [1]. It selects an “anchor” word for each topic, for example, “Los Angeles
Clippers” rather than “basketball”, which could carry a narrow meaning and not
semantically represent the topic [1]. The software is written in Java9. We used the
default parameters.
• XRAY: Another recent algorithm to solve NMF with separability constraints [33]. It
incrementally selects “extreme rays” to find a cone that contains all the data points.
We used the greedy option as the selection criteria in this algorithm.
• Hottopixx: A recent method that formulates Separable NMF as a linear program
and solves it using incremental gradient descent [4]. We used the default parameters.

5.3. Experimental Settings. To evaluate the cluster and topic quality, we
use the normalized mutual information (NMI). Here we use the computed cluster
membership labels as the input symbol sets [12]. NMI is a measure of the similarity
between two flat partitionings, and is only applicable to data sets for which the ground-
truth labels are known. It is particularly useful when the number of generated clusters
is different from that of ground-truth labels and can be used to determine the optimal
number of clusters. More details can be found in [40]. For data sets with defined

7http://glaros.dtc.umn.edu/gkhome/cluto/cluto/overview
8http://mallet.cs.umass.edu/
9https://github.com/mimno/anchor

http://glaros.dtc.umn.edu/gkhome/cluto/cluto/overview
http://mallet.cs.umass.edu/
https://github.com/mimno/anchor
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Fig. 5.1. Comparison of approximation error between DC-NMF versus other algorithms for
computing NMF. Results are shown for k = 20, 40, 80.160.
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Fig. 5.2. Comparison of projected gradient norm between DC-NMF versus other algorithms
for computing NMF. Results are shown for k = 20, 40, 80.160.
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Fig. 5.3. DC-NMF versus other clustering methods in cluster quality evaluated by normalized
mutual information (NMI).

hierarchy, we compute NMI between a generated partitioning and the ground-truth
classes at each level of the ground-truth tree. In other words, if the ground-truth tree
has depth L, we compute L NMI measures, one for each level. When evaluating the
results given by DC-NMF (Algorithm DC-W), we treat all the outliers as one separate
cluster for fair evaluation.

Hierarchical clusters and flat clusters cannot be compared against each other
directly. When evaluating the hierarchical clusters, we take snapshots of the tree
as leaf nodes are generated, and treat all the leaf nodes in each snapshot as a flat
partitioning which is to be compared against the ground-truth classes. This is possible
since the leaf nodes are non-overlapping. Thus, if the maximum number of leaf nodes
is set to c, we produce c− 1 flat partitionings forming a hierarchy. For each method,
we perform 20 runs with random initializations. Average measurements are reported.
Note that for flat clustering methods, each run consists of c − 1 separate executions
with the number of clusters set to 2, 3, · · · , c.

The maximum number of leaf nodes c is set to be the number of ground-truth
labels at the deepest level for labeled data sets (see Table 5.1); and we set c = 60 for
RCV1 and c = 80 for Wiki-4.5M. The Matlab kmeans function has a batch update
phase and a more time consuming online update phase. We rewrote this function
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using BLAS-3 operations and boosted its efficiency substantially10. We use both
phases for data sets with fewer than 20,000 documents, and only the batch-update
phase for data sets with more than 20,000 documents. For NMF, we use the projected
gradient norm as the stopping criterion [39] with a tolerance parameter ǫ = 10−4. The
projected gradient norm is sensitive to the scaling of the W and H factors: WD and
D−1H yield the same approximation error but different values of projected gradient
norm, where D is a diagonal matrix with positive entries on the diagonal (see details
in [30, 14]). To ensure a fair comparison between different methods, before computing
a projected gradient norm, we make the columns of W have unit 2-norm and scale H
accordingly. All the methods are implemented with multi-threading.

5.4. DC-NMF for Computing Rank-k NMF. Since our focus in this paper
is on large-scale NMF, we compare the algorithms for computing rank-k NMF on
a large-scale text data set, namely RCV1. We report the approximation error and
projected gradient norm achieved by each algorithm in Fig. 5.1 and Fig. 5.2. While the
approximation error measures the effectiveness of an NMF algorithm, the projected
gradient norm determines when to stop the algorithm, and is thus important for the
run-time in actual use of these algorithms. The results show that HALS and DC-NMF
produce the smallest approximation error and DC-NMF has more advantages when
k increases. We observed that DC-NMF achieves much smaller projected gradient
norm than the other methods and is faster. Note that HALS may run into problems
of divide-by-zero and we also found that the results were very sensitive to the way
zeros were treated numerically. DC-NMF algorithm does not have such a problem
nor require any parameters.

5.5. DC-NMF for Clustering and Topic Modeling.

5.5.1. Cluster Quality. Figs. 5.3 and 5.4 show the cluster quality on four la-
beled data sets, comparing DC-NMF with the state-of-the-art clustering methods and
topic modeling methods, respectively. nmf-hier generates the identical results with
DC-NMF (but the former is less efficient) and is not shown in Fig. 5.3.

We can see that DC-NMF gives better cluster and topic quality in many cases,
and improves the performance of HierNMF2 in every case. One possible reason for
the better performance of DC-NMF is that documents that appear to be outliers are
removed when building the hierarchy in HierNMF2, and thus the topics at the leaf
nodes are more meaningful and represent more salient topics than those generated
by a flat topic modeling method that takes every document into account. The algo-
rithms solving NMF with separability constraints yielded the lowest clustering quality.
Among them, AnchorRecovery and Hottopixx both require several parameters pro-
vided by the user, which could be time-consuming to tune and have a large impact
on the performance of their algorithms. We used the default parameters for both of
these methods, which may have negatively affected their NMIs.

5.5.2. Timing Results. Fig. 5.5 shows the run-time of the proposed methods
versus NMF and K-means, all implemented in Matlab. DC-NMF required substan-
tially less run-time compared to the standard flat NMF. These results show that flat
clustering based on standard NMF exhibits a superlinear trend while hierarchical
clustering based on Rank-2 NMF exhibits a linear trend of runtime as k increases.
For example, to generate 70 clusters on the Cora data set, HierNMF2, DC-NMF,
nmf-hier, and nmf-flat took about 2.4, 2.6, 5.6, and 55.3 minutes, respectively. We

10http://math.ucla.edu/~dakuang/software/kmeans3.html

http://math.ucla.edu/~dakuang/software/kmeans3.html
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Fig. 5.4. DC-NMF versus other topic modeling methods in cluster quality evaluated by nor-
malized mutual information (NMI).

note that K-means with only the batch-update phase has similar runtime to DC-NMF;
however, the cluster quality is not as good, which was shown earlier in Fig. 5.3.

Fig. 5.6 compares the run-time of our C++ implementation of DC-NMF available
in the software smallk [7] versus off-the-shelf toolkits (CLUTO, Mallet-LDA) and recent
methods proposed for large-scale topic modeling, namely AnchorRecovery, XRAY, and
Hottopixx. We used 8 threads when possible to set the number of threads manually
(in the cases of smallk, CLUTO, Mallet-LDA, and Hottopixx).

On the RCV1 and Wiki-4.5M data sets, DC-NMF is about 20 times faster than
Mallet-LDA; particularly on the largest Wiki-4.5M data set in our experiments,
DC-NMF found 80 topics in about 50 minutes, greatly enhancing the practicality
of topic modeling algorithms when compared to the other software packages in our
experiments.

The three algorithms AnchorRecovery, XRAY, and Hottopixx that solve NMF
with separability constraints require a large m×m matrix, i.e. word-word similarities.
We reduced the vocabulary of Wiki-4.5M to about 100,000 unique terms in order to
accommodate the m×m matrix in main memory for these algorithms. Among them,
XRAY and Hottopixx build a dense word-word similarity matrix and thus have a large
memory footprint [33, 4]. AnchorRecovery, on the other hand, computes a random
projection of the word-word similarity matrix, greatly reducing the time and space
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Fig. 5.5. Timing results for the Matlab implementation of HierNMF2, DC-NMF, NMF, and
K-means on the smaller data sets.

complexity [1]; however, as we have seen in Fig. 5.4, its cluster quality is not as good
as that of DC-NMF.

Overall, DC-NMF is the best-performing method in our experiments, considering
both cluster quality and efficiency. The relatively recent software package CLUTO is
also competitive.11

5.6. Illustration. To visualize the cluster/topic tree generated by HierNMF2,
we show an illustration of the topic structure for a news article data set containing
100,361 articles in Fig. 5.7. First, we notice that the tree was not restrained to have a
balanced structure, and HierNMF2 was able to determine the semantic organization
on-the-fly. We can see that the articles were first divided into two big categories—
politics/economy and art/entertainment/life. In the next few hierarchical levels, those
topics (politics, economy, art, etc.) were further refined and emerged as more coherent
sub-topics. Finally, at the leaf level, HierNMF2 produced fine-grained topics such as
Iraq war, law and justice, stock market, movies, musics, health, houses and hotels.

11The run-time for CLUTO on Wiki-4.5M is absent: on our smaller system with 24 GB memory,
it ran out of memory; and on our larger server with sufficient memory, the binary could not open a
large data file (> 6 GB). The CLUTO software is not open-source and thus we only have access to the
binary and are not able to build the program on our server.
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Fig. 5.6. Timing results for the C++ implementation of HierNMF2 and DC-NMF available in
our open-source software smallk and other state-of-the-art clustering and topic modeling methods
on large, unlabeled text data sets.
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Fig. 5.7. Hierarchical clustering result generated on a data set consisting of 100,361 New York
Times articles for illustration. The hierarchy is automatically detected and not necessarily a balanced
tree. Each tree node N is associated with a column of W , denoted as wN , generated by Rank-2 NMF
applied on its parent node. We display the five terms with highest importance values in wN . Red
boxes indicate leaf nodes while blue boxes indicate non-leaf nodes. The number in the parentheses at
each node indicates the number of documents associated with that node.

6. Conclusion. Clustering and topic modeling have become increasingly impor-
tant tasks for big data analysis due to the explosion of text data and the need for
extracting latent information from text corpora. Developing scalable methods for



NONNEGATIVE MATRIX FACTORIZATION BASED ON DIVIDE-AND-CONQUER 19

modeling large-scale text resources efficiently has become necessary for studying so-
cial and economic behaviors, significant public health and safety issues, and network
security, to name a few. Timely decisions based on actionable information derived
from text sources is becoming much more critical in numerous domains.

In this paper, we proposed DC-NMF as a general NMF algorithm, with applica-
tions to large-scale clustering and topic modeling. The proposed approach is based on
a divide-and-conquer strategy, exploiting the recent HierNMF2 method for construct-
ing a binary tree using an efficient rank-2 NMF algorithm, and later flattening the tree
structure into a flat partitioning of data points. We investigated various decision rules
for choosing a leaf node to split in the hierarchy of topics, each with its advantage in
computational efficiency or reconstruction quality. The results from HierNMF2 can
be potentially applied to initializing other machine learning methods with iterative
algorithms, such as K-means and total variational methods. We demonstrated the
efficiency and effectiveness of DC-NMF as an algorithm for general rank-k NMF, and
also as a text clustering and topic modeling method on data sets with ground-truth
labels and larger unlabeled data sets. In our extensive tests, DC-NMF is over 100
times faster than standard NMF and about 20 times faster than LDA, and thus will
have dramatic impacts on many fields requiring large-scale text analytics.
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