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Abstract

A nonlinearfeatureextractionmethodis presentedvhich canreducethe datadimension
down to the numberof clusters,providing dramaticsavzings in computationaktosts. The di-
mensionreducingnonlineartransformationis obtainedby implicitly mappingthe input data
into afeaturespaceusingakernelfunction,andthenfinding alinearmappingbasedn anor-
thonormalbasisof centroidsn thefeaturespacehatmaximally separatethe between-cluster
relationship. The experimentalresultsdemonstratéhat our methodis capableof extracting
nonlinearfeatureseffectively sothatcompetitve performancef classificatiorcanbe obtained
with linear classifieran thedimensiorreducedspace.

Keywords. clusterstructure dimensionreduction kernelfunctions,KernelOrthogonalCen-
troid (KOC) method linear discriminantanalysis nonlinearfeatureextraction, patternclassi-
fication, supportvectormachines

1 Intr oduction

Dimensionreductionin dataanalysisis animportantpreprocessingtepfor speedingip the main
tasksandreducingthe effect of noise. Nowadays,asthe amountof datagrows larger, extracting
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the right featuresis not only a useful preprocesstep but becomesecessaryor efficient and
effective processinggspeciallyfor high dimensionaldata. The Principal ComponentAnalysis
(PCA)andtheLinearDiscriminantAnalysis(LDA) aretwo of themostcommonlyuseddimension
reductionmethods.Thesemethodssearchoptimal directionsfor the projectionof input dataonto
a lower dimensionalspace[1, 2, 3]. While the PCA finds the direction along which the data
scatterness greatesttheLDA searcheghedirectionwhich maximizeghebetween-clustescatter
and minimizesthe within-clusterscatter However, thesemethodshave a limitation for the data
which arenotlinearly separablasinceit is difficult to capturea nonlinearrelationshipwith alinear
mapping.ln orderto overcomesucha limitation, nonlinearextensionof thesemethodshave been
proposed4, 5, 6].

Oneway for a nonlinearextensionis to lift the input spaceto a higherdimensionalfeature
spaceby a nonlinearfeaturemappingandthento find a lineardimensionreductionin the feature
space.lt is well known that kernelfunctionsallow suchnonlinearextensionswithout explicitly
forming a nonlinearmappingor a featurespaceaslong asthe problemformulationinvolvesonly
the inner productsbetweenthe datapoints and never the datapointsthemseles[7, 8, 9]. The
remarkablesucces®f the supportvectormachindearningis anexampleof theeffective useof the
kernelfunctions[10, 11, 12, 13]. ThekernelPrincipalComponennalysis(kernelPCA)[14] and
thegeneralizediscriminantAnalysis[15, 16, 17, 18] have recentlybeenintroducedasnonlinear
generalization®f the PCA andthe LDA by kernelfunctions,respectrely, andsomeinteresting
experimentalresultsare presented.However, the PCA andthe LDA requiresolutionsfrom the
singularvaluedecompositiorandgeneralizeckigervalueproblem,respectrely. In generalthese
decompositiongreexpensve to computewhenthe training datasetis large andespeciallywhen
the problemdimensionbecomesdigherdueto the mappingto a featurespace. In addition, the
dimensionreductionfrom the PCA doesnot reflectthe clusteredstructurein the datawell [19].

The centroidof eachclusterminimizesthe sumof the squaredlistancedo vectorswithin the
clusterandit yields a rank one approximationof the cluster[19]. In the OrthogonalCentroid
method[19] the centroidsare taken asrepresentates of eachclusterandthe vectorsof the in-
put spaceare transformedby an orthonormalbasisof the spacespannedy the centroids. This
methodprovidesadimensionreducinglineartransformatiorpreservinghe clusteringstructuren
the given data. The relationshipbetweenary datapointsandcentroidsmeasuredy L,-norm or
cosinein the full dimensionakpaceis completelypresered in the reducedspaceobtainedwith
this transformatior{19, 20]. Also it is shovn thatthis methodmaximizesbetween-clustescatter
over all thetransformationsvith orthonormalectors[21, 22].

In this paper we apply the centroid-basedrthogonaltransformationthe OrthogonalCen-
troid algorithm,to the datatransformedoy kernel-basechonlinearmappingandshaw thatit can
extract nonlinearfeatureseffectively, thusreducingthe datadimensiondown to the numberof
clustersandsaving the relatve computationatost. In Section2, we briefly review the Orthogo-
nal Centroidmethodwhich is a dimensionreductionmethodbasedon an orthonormalbasisfor
the centroids.In Section3, we derive the newv KernelOrthogonalCentroidmethodextendingthe
OrthogonalCentroidmethodusingkernelfunctionsto handlenonlinearfeatureextractionandan-
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alyze the computationaktompleity of our new method. Our experimentalresultspresentedn

Sectiord demonstrat¢hatthe new nonlinearOrthogonalCentroidmethodis capableof extracting
nonlinearfeatureseffectively sothatcompetitve classificationperformancecanbe obtainedwith

linear classifiersafter nonlineardimensionreduction.In addition,it is shavn thatoncewe obtain
alower dimensionafepresentatiorg linear soft magin SupportVectorMachine(SVM) is able
to achieve high classificationaccurag with muchlessnumberof supportvectors,thusreducing
predictioncostsaswell.

2 Orthogonal Centroid Method
Givenavectorspaceaepresentation,
A=lay,- -+ ,a,] € R™"

of adatasetof n vectorsin a m-dimensionakpacedimensionreductionby lineartransformation
isto find GT € R™*™ thatmapsa vectorz to avectors for somel < m:

Gl:zeR™! 52 eR e GTz=3. (1)

In particular we seekfor a dimensionreducingtransformationG” with which the clusterstruc-
ture existing in the given data A is preseredin the reduceddimensionakpace.Eqn. (1) canbe
rephrasedsfinding arankreducingapproximatiorof A suchthat

min |A — GY||r, whereG ¢ R™! andY € R>™, (2)
For simplicity, we assumehatthe datamatrix A is clusterednto r clustersas
A=[A,Ay,---,A] where A; e R™™  and Zn, =n. (3)
=1

Let V; denotethe setof columnindicesthatbelongto theclusteri. Thecentroide; of eachcluster
A; is theaverageof thecolumnsin A;, i.e.,

1
C;, = —Aiei where e, = [1, ceey 1]T € Rni)d (4)
n;

andtheglobalcentroidc is definedas

1 n
= -3 q; 5
‘ nj:laJ ()



Algorithm 1 OrthogonalCentroidmethod

Givenadatamatrix A € R™*™ with r clustersanda datapointz € R™*!, it computesa matrix
Q, € R™" andgivesar-dimensionatepresentatiot = Q,” 2 € R™*!,

1. Computethe centroidc; of theith clusterfor 1 < i < r.
2. SetthecentroidmatrixC = [c1, ¢, - , ¢r)-
3. Computeanorthogonadecompositiorof C, whichis C = @, R.

4. = QT z givesar-dimensionatepresentatioof z.

The centroidof eachclusteris the vectorthat minimizesthe sumof squaredlistancego vectors
within the cluster Thatis the centroidvectorc; givesthe smallestdistancein Frobeniusnorm
betweerthe matrix A; andtherankoneapproximationze? where

|4; — cief || = Z llaj — cill3 = min Z llaj — 23 = min |4 - zef |7 (6)
JEN; JEN;
Taking the centroidsas representaties of the clusters,we find an orthonormalbasisof the
spacespannedy the centroidsby computinganorthogonaldecomposition

R
=0 { : } 0
of the centroidmatrix
C= [Cla T 7C1‘] € Rmxr,
where@ = [q1, - ,qm] € R™™ is an orthogonalmatrix with orthonormalcolumnsand R €
R™" is anuppertriangularmatrix. Takingthefirst » columnsof @, we obtain
C= QTR with QT = [q17 e 7Q7‘]7 (8)

wherethe columnsof @, is an orthonormalbasisfor Range(C) spannedy the columnsof C
whenthe columnsof C arelinearly independentThe algorithmcaneasilybe modifiedwhenthe
columnsof C are not linearly independent.The matrix Q,” givesa dimensionreducinglinear
transformatiorpreservingthe clusteringstructurein the sensethat the relationshipbetweenary
dataitem anda centroidmeasuredising L,-normor cosinein the full dimensionakpaces com-
pletelypreseredin thereduceddimensionakpacg19, 20]. This methodis calledthe Orthogonal
Centroidmethodandis summarizedn Algorithm 1. Moreover, aswe shav in Section3, this
assumptions no longerneededn our new KernelOrthogonalCentroidmethod.

It is shavn thatthelineartransformatiorobtainedn the OrthogonalCentroidmethodsolvesa
traceoptimizationproblem,providing a link betweernthe methodsof linear discriminantanalysis

4



and thosebasedon centroids[22]. Dimensionreductionby the Linear Discriminant Analysis
searchedor a linear transformationwvhich maximizesthe between-clustescatterand minimizes
thewithin-clusterscatter The between-clustescattematrix is definedas

Sp = Z Z(cz —o)(c; —c)f = an(cz —o)(¢; — o)t 9)
i=1 jEN; i=1
and
trace(Sp) = Z Z(C’ —o) (¢ —c) = Z Z llei = |3 (10)
i=1 jeN; i=1 jEN;

Let’s considera criterion that involves only the between-clustescattermatrix, i.e., to find a
dimensionreducingtransformationG” € R**™ suchthatthe columnsof G areorthonormaland
trace(G' S,G) is maximized.Notethatrank(S,) cannotexceedr — 1. Accordingly,

trace(Sp) = Ay + -+ + g (12)
where);’s,1 <i < r—1, arether —1 eigervaluesof S,. Denotingthecorrespondingigervectors
asu;'s,forary i > r —1andU, = [uy, - - , w|, we have

trace(Uf SpU) = A+ -+ N =+ -+ A1 (12)

In addition,for ary G € R™*! which hasorthonormalkolumns,

trace(G7 S,G) < trace(Sy). (13)
Hencetrace(GT S,G) is maximizedwhenG is choserasU;, forary [ > r — 1 and

trace(U;" SpU;) = trace(Sy), (14)

accordingto Egns.(11) and(12).
For aneigervalueandeigervectorpair (A, u) of Sy, we have

r

Au = Spu = an(cz —o)(¢; —c)Tu= Z(n’(C’ — o) u)(¢; — ¢). (15)

i=1

Thereforeu € span{c; — c|1 < i < r}, andu € span{¢;|1 < i < r}. Finally, the orthogonal
decompositiorC = @, R of thecentroidmatrixC = [cy, ¢, - - - , ¢.] in the OrthogonalCentroid
methodgives

Range(Q,) = Range(C) = Range(U,.). (16)



Eqgn.(16) impliesthat
Qr=UW (17)
for someorthogonalmatrix W € R"*". Since
trace(GT S,G) = trace(WTGT S,GW)
for arny orthogonaimatrix W € R™*" (see[21] for moredetails),Q, alsosatisfies
trace(Q S,Q,) = trace(S,). (18)

So,insteadof computingthe eigervectorsu;’s,: = 1,--- ,r — 1, we simply needto computeQ,.,
whichis muchlesscostly Therefore by computingan orthogonaldecompositiorof the centroid
matrix we obtaina solutionthatmaximizestrace(G* S,G) overall G with orthonormakolumns.

3 Kernel Orthogonal Centroid Method

Althoughalinearhyperplands anaturalchoiceasaboundaryto separatelustergt haslimitations
for nonlinearlystructureddata. To overcomethis limitation we mapinput datato a featurespace
(possiblyaninfinite dimensionakpace}hroughanonlinearfeaturemapping

d:SCR™" 5 Fc RVxn (19)

which transformsnput datainto linearly separablestructure. Without knowing the featuremap-
ping ® or the featurespaceF explicitly, we canwork on the featurespaceF throughkernel
functions,aslong asthe problemformulation dependnly on the inner productsbetweendata
pointsin F andnot on the datapointsthemseles. For ary kernelfunction x satisfyingMercers
condition,thereexistsareproducingkernelHilbert spaceH andafeaturemap® suchthat

K(z,y) =< ®(z), ®(y) > (20)

where<, > is aninnerproductin H [9, 23, 24]. As positive definitekernelfunctionssatisfying
Mercers condition,polynomialkernel

k(z,y) = (m(z - y) +72)% d > 0andy;, v, € R (21)
andGaussiarkernel
k(z,y) = exp(—|lz —y||*/0),0 € R (22)

arein wide use.



Next we shav how the OrthogonalCentroidalgorithmcanbe combinedwith the kernelfunc-
tion to producea nonlineardimensionreductionmethodwhich doesnot requirethe featuremap-
ping ® or thefeaturespaceF explicitly. Let ® be afeaturemappingandC bethe centroidmatrix
of ®(A), wheretheinputdatamatrix A hasr clusters.Considerthe orthogonaldecomposition

C=0R (23)

of C whereQ, € RV*" hasorthonormalkolumnsandR € R™*" is a nonsingulauppertriangular
matrix [25]. We apply the OrthogonalCentroidalgorithmto ®(A) to reducethe datadimension
to r, the numberof clustersin theinput data. Thenfor ary datapointz € R™*!, the dimension
reducedepresentationf z in ar-dimensionabpacewill begivenby 9T ®(x).

We now shav how we cancalculateQ? & () withoutknowing ® explicitly, i.e., withoutknow-
ing C explicitly. ThecentroidmatrixC in thefeaturespaces

1 1
C = n—12<b(ai),--- ,H—Z@(ai) e RV*", (24)
i€ Ny T ieN,
Hence
CTc = MTKM, (25)

whereK € R " is thekernelmatrix with

K(i,j) = k(ai,aj) =< ®(a;), P(a;) > for1 <i,5 <n (26)
and
1 ... L 9 0
0 ... 0 L 19 ... e 0
MT = " "o € R™™, (27)
0 ; o L ... L

Sincethekernelmatrix K is symmetrigoositive definiteandthematrix M haslinearlyindependent
columns,C*C is also symmetricpositive definite. The Cholesk decompositiorof CTC givesa
nonsingulauppertriangularmatrix R suchthat

CT'C=R"R. (28)
Since

Q,=CR™! (29)



Algorithm 2 KernelOrthogonalCentroidMethod

Givenadatamatrix A € R™*™ with r clustersandindex setsN;,i = 1, - - - ,r whichdenoteheset
of the columnindicesof the datain the cluster:, anda kernelfunction «, this algorithmcomputes
nonlineardimensionreducedepresentatiot = 97 ®(x) € R™*! for ary inputvectorr € R™*!.

1. Formulatethe kernelmatrix K basednthekernelfunctionk as
K(Z,]) = K/(CLZ',G/]'), 1 S 7’7] S n.
2. ComputeCTC = MT K M where

N 1/’)’),] |f’L€N]
M(i, j) = { 0 otherwise

3. Computethe Cholesly factorR of CTC: CTC = RTR.
4. Thesolutionz for thelinearsystem
n_ll ZiENl K(ai’ Z’)

n_lr ZieNT K(ai, )

givesr-dimensionatepresentatioof x.

from (23),we have

n_ll EieN1 K(ai, T)
Q, ®(z) = (R7H)CT®(x) = (R7)" : (30)

n_lr ZieNT K(ai, z)

Due to the assumptiorthat the kernelfunction  is symmetricpositive definite, the matrix C*'C
is symmetricpositive definite and accordinglythe centroid matrix C haslinearly independent
columns. We summarizeour algorithmin Algorithm 2 the Kernel OrthogonalCentroid (KOC)
method.

We now briefly discussthe computationacompleity of the KOC algorithmwhereoneflop
(floating point operation)representsoughly whatis requiredto do oneaddition (or subtraction)
and one multiplication (or division) [26]. We did not include the costfor evaluatingthe kernel
functionsk(a;, a;) andk(a;, z) sincethis is requiredin ary kernel-basednethodsandthe cost



depend®onthe specifickernelfunction. In Algorithm 2, the computatiorof
c'c=M"KM

requiresn? + rn flopstakingadwantageof the specialstructureof thematrix M. Cholesk decom-
positionof CTC for obtainingthe uppertriangularmatrix R in (28) takesO(%) flops sinceC”C
is r x r wherer is the numberof clusters. Oncewe obtainthe uppertriangularmatrix R, then
thelower dimensionalrepresentatios = 97 ®(x) of a specificinput z canbe computedwithout
computingR !, but from solvingalinearsystem

nll ZiGNl K(ai, z)
RT: = : : (31)

n_t Zz’eNT K(a;, )

which requwesO( + n) flops. Typically the numberof clustersis muchsmallerthanthe total
numberof tralnlngsamplesn Thereforethecompleity in nonlineardimensionateductionby the
KernelOrthogonalCentroidmethodpresentedh Algorithm 2is O(n?). However, thekernel-based
LDA or PCAneedgo handleaneigervalueproblemof sizen x n wheren is thenumberof training
sampleswhich is more expensve to compute[14, 15, 16]. Therefore,the Kernel Orthogonal
Centroidmethodis an efficient dimensionreductionmethodthat canreflectthe nonlinearcluster
relationin thereduceddimensionalepresentation.

Alternatively, thedimensiorreducedepresentatio®? ®(z) givenby the KOC methodcanbe
dervedasfollows. Representhe centroidmatrix C in thefeaturespacegivenby Eqn.(24),as

where,B{ is nl] if a; belongsto the cluster, otherwiseﬁf is 0. Now, considerthe orthogonal
decomposition

of C. Sincethecolumnsof Q, canberepresentedsalinearcombinationof thecolumnsof C, they
in turn canbe expressedsalinearcombinationof thevectors®(a;), i = 1,--- ,n, as
Q= I[G, @] = Zal@ a;) Zar@ a;)| - (34)

In orderto computeQ? ®(z), first we will shav how we canfind the coeficientso/’s from the



given3/’swhere

C = [D_Bi%a@), -, ) Bro(a) (35)
= i1 1
[ Fy oo P
= Zoﬂ@ ai), Zar@ a;) 0 .l
0 0 7

without knowing ¢ explicitly. Notethatwe cancalculateinner productsbetweerthe centroidsin
thefeaturespacethroughthe kernelmatrix K as

< By, G >= <Z B:®(a;) ) (Z BLa( ) (B5)TK g, (36)
i=1

wheres® = [35,---, 55]T. In addition,thevectors
~ 63 ~ ~ < 6s,ét > ~
y=———o—— and p=6-— —2"" ¢, 1<s<t<r, 37
Y P=a g g st 1sests 57)

thatwould appeaiin the modifiedGram-Schmidprocesf computingQ,. areorthogonalectors
suchthat

Span{ﬁsaﬁt} = Span{ésa 5t} (38)

FromEqns.(36)and(37),we canrepresenf, andp; aslinearcombination®f ®(a;),i = 1,--- , n.

Basedontheseobsenations,we canapplythemodifiedGram-Schmidmethod25] to thecentroid
matrix C to computean orthonormalbasisof the centroids gventhoughwe only have animplicit

representatioof thecentroidsn thefeaturespace OncetheorthonormabasisQ,. is obtainedj.e.,

the coeficientsaf’sof g, = >\, af®(a;), 1 < s < r arefound, thenthe reduceddimensional
representatio®’ ®(z) canbe computedrom

Z?:l O‘z!"i(aiv .1’)
7P (z) = : . (39)
Zz 1% K(aiv 1’)

This approachs summarizedn Algorithm 3.

Algorithm 3, the KernelOrthogonaICentroidmethod,requiresO(§n2) flopsfor the orthogo-
naldecompositiorof the centroidmatrix C andO(rn) flopsfor obtainingthereduceddimensional
representatior@” ®(z) for ary input vectorr € R™*!. Hencethe total compleity of Algo-
rithm 3 is slightly higherthanAlgorithm 2. However, the approacthof finding the parameters®
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Algorithm 3 KernelOrthogonalCentroidmethodby the modifiedGram-Schmidt

Givenadatamatrix A € R™*™ with r clustersanda kernelfunction x, this methodcomputeghe
nonlineardimensionreducedepresentatiot = 97 ®(z) € R™*! for ary inputvectorz € R™*1.

1. Definef! = for1<i<n,1<j<r.

ni]_ if a; belongsto thecluster;
0 otherwise

2. Computean orthogonaldecompositiorC = 9, R of the centroidmatrix C asin Eqgn. (35)
by the modifiedGram-Schmidt.

fors=1,---,r
Tss = /< Cs,Cs > = 1/(B%)TKp*
as :ﬁs/fss

for t=s+1,---,r
Fot =< G5y & >= ()" Kp!
Bt = 5t - asfst
end
end

3. Qf®(2) = [X1, ofklai @), -+, i, afs(as,z) ]

from the parameterg® canbe appliedin othercontect of kernelbasedfeatureextractionwhere
directderivation of the kernelbasedmethodasin Algorithm 2 is not possible.We have applieda
similar approachin developingnonlineardiscriminantanalysisbasedon the generalizedingular
valuedecompositionywhich works successfullyregardlessof nonsingularityof the within-cluster
scattermatrix [27]. More discussiongboutthe optimizationcriteriausedin LDA, includingthe
within-clusterscattemmatrix, aregivenin the next section.

In the Kernel OrthogonalCentroid method,the choiceof kernel function will influencethe
resultsasin ary otherkernel-baseanethods.However, a generalguidelinefor an optimal choice
of the kernelis difficult to obtain. In the next section,we presenthe numericaltestresultsthat
compareheeffectivenesf our proposednethodto otherexisting methods We alsovisualizethe
effectsof variouskernelsin our algorithms.

4 Computational TestResults

TheKernelOrthogonalCentroidmethodhasbeenimplementedn C onIBM SPatthe University
of MinnesotaSupercomputingnstitutein orderto investigateits computationaperformanceThe
predictionaccuray of classificatiorof thetestdatawhosedimensionwasreducedo thenumberof
clustersby our KOC methodwascomparedo otherexistinglinearandnonlinearfeatureextraction
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methods. We useddatasetsavailable in the public domainas well as someatrtificial datawe
generated.In addition, the input datawith clusterstructureare visualizedin the 3-dimensional
spacafterdimensiornreductionby our proposednethodto illustratethe quality of therepresented
clusteredstructure. In the processwe alsoillustrate the effect of variouskernelfunctions. We
usedtwo of themostcommonlyusedkernelsin our KOC method which arepolynomialkernels

k(z,y) = (z-y+1)4d>0
andGaussiarkernels
k(z,y) = exp(—|lz — y||*/0),0 € R.

Our experimentalresultsillustrate that when the OrthogonalCentroid methodis combined
with anonlineamapping asin the KOC algorithm,with anappropriat&kernelfunction,thelinear
separabilityof the datais increasedn thereduceddimensionakpace Thisis dueto thenonlinear
dimensiorreductionachievzed by the orthonormabasisof the centroidsn thefeaturespacewnhich
maximizesthe between-clustescatter

4.1 3D Representationof NonseparableData

The purposeof our first testis to illustrate how our methodproducesa lower dimensionakepre-
sentatiorseparatinghe dataitemswhich belongto differentclasses\We presenthe resultsfrom
thelris plantsdataof Fisher[28], aswell asfrom anartificial datasetthatwe generatedwherethe
datapointsin threeclustersin the original spacearenot separable.

In thelris data,the givendatasethas150datapointsin a4-dimensionaspaceandis clustered
to 3 classes.Oneclassis linearly separabldrom the othertwo classeshut the latter two classes
arenot linearly separable Figure 1 shaws the datapointswhich arereducedo a 3-dimensional
spaceby variousdimensionreductionmethods. The leftmostfigure in Figure 1 is obtainedby
anoptimal rank 3 approximationof the datasetfrom its singularvalue decompositionyhich is
oneof the mostcommonlyusedtechniquedor dimensionreduction[25]. The figure shaws that
afterthe dimensionreductionby a rank 3 approximationfrom the SVD, two of the threeclasses
are still not quite separated.The secondand the third figuresin Figure 1 are obtainedby our
KOC methodwith the Gaussiarkernelwheresc = 1 and0.01, respectrely. They shav thatour
Kernel OrthogonalCentroidmethodcombinedwith the Gaussiarkernelfunctionwith ¢ = 0.01
givesa 3-dimensionatepresentatioof Iris datawhereall threeclustersarewell separatedndthe
between-clusterelationshipis remote.

The artificial datawe generatedhasthreeclasses Eachclassconsistsof 200 datapointsuni-
formly distributedin the cubicregion with height1.4,width 4 andlength18.5. Thethreeclasses
intersecteachotheras shavn in the top left figure of Figure 2, for the total of 600 given data
points. Differentkernel functionswere appliedto obtainthe nonlinearrepresentatiorof these
givendatapoints. In this test,the dimensionof the original datasetis in factnot reducedsinceit
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wasgivenin the 3-dimensionakpace andafterapplyingthe KOC method thefinal dimensionis
also3 which s the numberof the clusters.Theright top figure shovs the new datarepresentation
with a polynomialkernelof degree4. The lower figuresare producedusingthe Gaussiarkernel
k(z,y) = exp(—||z—y||?/o) whereo = 5 (theleft figure)and0.05 (theright figure), respectiely.
As with the Iris data,with the properkernelfunction, the threeclustersarewell separatedit is
interestingto notethatthe within-clusterrelationshipalsobecameighter althoughthe dimension
reductioncriterioninvolvesonly the between-clusterelationship.

4.2 Performancein Classification

In our secondest,the purposenvasto comparethe effectivenesf dimensionreductionfrom our
KOC methodin classification For this purposewe comparedheaccurag of binaryclassification
resultswherethe dimensionof the dataitems are reducedby our KOC methodas well as by
the kernel Fisherdiscriminant(KFD) methodof Mika et al. [15]. The testresultspresentedn
this sectionare for binary classificationsor comparisondo KFD which can handletwo-class
caseonly. For moredetailson the testdatageneratiorandresults,see[15], wherethe authors
presentedhe kernel FisherDiscriminant(KFD)methodfor the binary-classwith substantiatest
resultscomparingtheir methodto otherclassifiers.

TheLinearDiscriminantAnalysisoptimizesvariouscriteriafunctionswhichinvolve between-
cluster within-clusteror mixed-clusterscattermatrices[2]. Marny of the commonlyusedcriteria
involve theinverseof the within-clusterscattematrix S,,, whichis definedas,

Sw = Z Z(a]’ - ci)(aj — Ci)T, (40)

i=1 jEN;

requiringthis within-clusterscattematrix S,, to be nonsingular However, in mary applications
the matrix S,, is either singularor ill-conditioned. One commonsituationwhen S,, becomes
singularis whenthe numberof datapointsis smallerthanthe dimensionof the spacewhereeach
dataitem resides.Numerousmethodshave beenproposedo overcomethis difficulty including
theregularizationmethod[29]. A methodHowlandetal. recentlydevelopedcalledLDA/GSVD,
which is basedon the generalizedsingular value decompositionworks well regardlessof the
singularity of the within-clusterscattemmatrix. (See[21].) In the KFD analysisMika etal. used
regularizationparameterso make thewithin-clusterscattermatrix nonsingular
Fisherdiscriminantcriterion requiresa solutionof an eigervalue problemwhich is expensve
to compute.In orderto improve the computationakfficiency of KFD, severalmethodshave been
proposedwhich includethe KFD basedon a quadraticoptimizationproblemusing regulariza-
tion operatorsor a sparsegreedyapproximation30, 31, 32]. In general,quadraticoptimization
problemsare as costly asthe eigervalue problems. A major advantageof our KOC methodis
thatits computationatostis substantialljower, requiringcomputationof a Cholesk factorand
a solutionfor a linear systemwherethe problemsizeis the sameasthe numberof clusters.The
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computationabavings comefrom the factthatthe within-clusterscattermatrix is not involvedin
the optimaldimensionreductioncriterion[22].

In Table 1, we presenthe implementatiorresultson seven datasetswhich Mika et al. have
usedin their test$ [33]. The datasetswhich are not alreadyclusteredor with more than two
clusterswerereoiganizedsothatthe resultshave only two classesEachdatasethas100 pairsof
training andtestdataitemswhich weregeneratedrom onepool of dataitems. For eachdataset,
theaverageaccuray is calculatedy runningtheselOOcasesParameters$or thebestcandidatdor
thekernelfunctionandSVM aredeterminedasedn a5 fold cross-alidationusingthefirst five
training sets.We repeatheir resultsin thefirst five columnsof Table1 which show the prediction
accuraciesn percentagé€o) from theRBF classifier(RBF)AdaBoost(AB) regularizedAdaBoost,
SVM andKFD. For moredetails,see[15].

The resultsshowvn in the column for KOC are obtainedfrom the linear soft magin SVM
classificatiorusingthe software sum!9"* [34] after dimensionreductionby KOC. Thetestresults
with the polynomial kernelwith degree3 andthe Gaussiarkernelwith an optimal o value for
eachdatasetare presentedn Table1. The resultsshav that our methodobtainedcomparable
accurag to othermethodsn all thetestswe performed.Using our KOC algorithm,we wereable
to achiere substantiatomputationasavingsnotonly dueto thelowercomputationatompleity of
our algorithm,but from usingalinear SVM. Sinceno kernelfunction (or identity kernelfunction)
is involvedin the classificatiorprocesdy alinear SVM, the parametew in therepresentationf
the optimalseparatindyperplane

fx)=wlz+0b

canbe computedexplicitly, savzing substantiacomputatiortime in the testingstage.In addition,
dueto thedimensiorreduction kernelfunctionvaluesarecomputedetweemuchshortevectors.

Another phenomenonve obsered in all thesetestsis that after the dimensionreductionby
KOC, thelinearsoft maigin SVM requiressignificantlylessnumberof training datapointsasthe
supportvectos, comparedo the soft magin SVM with the kernelfunctionappliedto theoriginal
input data.More detailscanbe foundin the next section.

4.3 Performance of the Support Vector Machines

Using the sameatrtificial datathat we usedin Section4.1, now we comparethe performanceof
classificationon the soft-magin SVMs usingthe datageneratedrom our KOC, aswell asusing
theoriginal data.Thistime, 600 moretestdatapointsaregeneratedn additionto the 600training
datageneratedor the earliertestin Section4.1. The testdataare generatedollowing the same
rulesasthetrainingdata,but independentlyrom thetrainingdata.

In orderto applythe SVMsfor athree-clasproblem,we usedthe methodwhereafterabinary
classificationof Cy vs. notCy (Ci/ ~ Ch) is determineddataclassifiednot to be in the class

1The breastcancerdatasetwas obtainedfrom the University Medical Center Inst. of Oncology Ljubljana, Yu-
goslavia. Thanksto M. Zwitter andM. Soklic for thedata.
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C, is further classifiedto bein C; or C5 (C2/Cs). Therearethreedifferentwaysto organizethe
binary classifierdor athree-clasproblemdependingn which classifierC;/ ~ C;, i = 1,2,3, is
consideredn thefirst step.Onemayrun all threecasego achieve betterpredictionaccurag. For
moredetails,see[35]. We presentheresultsobtainedfrom Cy/ ~ C; andC,/Cj, sinceall three
waysproducedcomparableesultsin our tests.

In Figure 3, the predictionaccurag andthe numberof supportvectorsare shovn whenthe
nonlinearsoft maigin SVM is appliedin the original dimensionandthe linear soft maigin SVM
is appliedin the reduceddimensionobtainedfrom our KOC algorithm. In both casesGaussian
kernelswith variouso valueswere used. While the bestpredictionaccurag amongvariouso
valuesis similar in bothcasesit is interestingto notethatthe numberof supportvectorsis much
lessin the caseof the linear soft maigin SVM with datain the reducedspace. In addition, the
performanceindthe numberof supportvectorsarelesssensitve to the valueof o afterdimension
reductionby the KOC algorithm.

Thetestresultsconfirmthatthe KOC algorithmis an effective methodin extractingimportant
nonlinearfeatures. Oncethe bestfeaturesare extracted,the computationof finding the optimal
separatindnyperplaneandclassificatiorof new databecomenuchmoreefficient. An addedenefit
we obseredin all ourtestsis thatafterthe kernel-baseaonlinearfeatureextractionby the KOC
algorithm, anotheruse of the kernel function in the SVM is not necessary Hencethe simple
linear SVM canbe effectively used,achieving further efficiency in computation. Another merit
of the KOC methodis that after its dramaticdimensionreduction,in the classificationstagethe
comparisorbetweerthe vectorsby ary similarity measuresuchasEuclideandistance(L, norm)
or cosinebecomesnuch more efficient, sincewe now comparethe vectorswith » components
each ratherthanm componentgach.

5 Conclusion

We have presentedh new methodfor nonlinearfeatureextraction called the Kernel Orthogonal
Centroid(KOC). The KOC methodreduceghe dimensionof the input datadown to the number
of clusters. The dimensionreducingnonlineartransformationis a compositeof two mappings;
the first implicitly mapsthe datainto a featurespaceby usinga kernelfunction, andthe second
mappingwith orthonormalvectorsin the featurespaceis found so thatthe dataitemsbelonging
to differentclustersare maximally separated One of the major advantagef our KOC method
is its computationakfficiengy, comparedo otherkernel-baseanethodssuchaskernelPCA [14]
or KFD [15, 30, 32] andGDA [16]. The efficiency comparedo othernonlinearfeatureextrac-
tion methodutilizing discriminantanalysisis achia/ed by only consideringthe between-cluster
scatterrelationshipandby developingan algorithmwhich achieresthis purposefrom finding an
orthonormabasisof the centroidswhichis far cheapethancomputingthe eigervectors.

The experimentalresultsillustratethatthe KOC algorithmachiezesan effective lower dimen-
sionalrepresentationf the input datawhich arenot linearly separablewhencombinedwith the
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right kernelfunction. With the proposedeatureextractionmethod,we wereableto achieve com-
parableor betterpredictionaccurag to otherexisting classificatiormethodsn our tests.In addi-
tion, whenit is usedwith the SVM, in all ourteststhelinear SVM performedaswell andwith far
lessnumberof supportvectors furtherreducingthe computationatostsin theteststage.
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Figurel: Iris datarepresenteth a 3-dimensionakpace.Thefirst figure is obtainedfrom a rank
3 approximationby the SVD. The othersare by the Kernel OrthogonalCentroid methodwith
Gaussiarkernel k(z,y) = exp(—||lz — y||*/o) wheres = 1(thesecond and 0.01(thethird).
Using Gaussiarkernelwith ¢ = 0.01, our methodobtaineda completeseparatiorof the three

classes.
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Figure2: Thetop left figureis thetraining datawith 3 clustersin a 3-dimensionakpace.Thetop
right figure is generatedy the Kernel OrthogonalCentroidmethodwith a polynomialkernel of
degreed. The bottomleft andbottomright figuresare from the KOC algorithmusing Gaussian
kernelswith width 5 and0.05,respecitrely.
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Resultsfrom [15] KOC
RBF | AB | ABp | SVM | KFD Gaussian | poly. d=3
Banana || 89.2 | 87.7| 89.1 | 88.5|89.2 | 89.1 | c=0.1 65.9
B.cancer| 72.4|69.6| 73.5| 740 | 74.2 | 75.0 5.0 76.4
German | 75.3| 72.5| 75.7 | 76.4 | 76.3 | 76.3 6.0 74.6
Heart | 82.4|79.7| 83.5| 84.0 | 83.9 || 83.9| 49.0 84.9
Thyroid || 95.5| 95.6| 95.4 | 95.2 | 95.8 | 95.5 1.8 88.9
Titanic 76.7|77.4| 774|776 | 76.8| 77.3 33.0 76.2
Twonorm|| 97.1 | 97.0| 97.3 | 97.0 | 974 | 97.6 38.0 97.6

Tablel: Thepredictionaccuraciesreshaovn. Thefirst part(RBF to KFD) is from [15]: classifi-
cationaccurag from a single RBF classifier(RBF) AdaBoost(AB),regularizedAdaBoost,SVM
andKFD. Thelasttwo columnsarefrom the KernelOrthogonalCentroidmethodusingGaussian
kernels(optimal ¢ valuesshovn) and a polynomial kernel of degree3. For eachtest, the best
predictionaccurag resultis shovn in boldface.
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Figure3: Classificatiorresultsontheatrtificial datausinga softmargin SVM. Theleft graphshowvs
thepredictionaccurag in thefull input spaceéby a SVM with a Gaussiarkernel(dashedine), and
thatin thereduceddimensionakpaceobtainedby our KOC methodwith a Gaussiarkernelanda
linear SVM (solid line). Theright graphcompareshe numberof supportvectorsgeneratedn the
training process.While the bestaccurag is similar in both casesthe overall numberof support
vectorsis muchlesswhenthereduceddimensionatepresentatiors usedin alinear SVM.
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