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Abstract. It has been known for many years that a robust solution to an overdetermined system of linear equations
Ax ≈ b is obtained by minimizing theL1 norm of the residual error. A correct solutionx to the linear system
can often be obtained in this way, in spite of large errors (outliers) in some elements of the (m× n) matrix A and
the data vectorb. This is in contrast to a least squares solution, where even one large error will typically cause
a large error inx. In this paper we give necessary and sufficient conditions that the correct solution is obtained
when there are some errors inA andb. Based on the sufficient condition, it is shown that ifk rows of [A b]
contain large errors, the correct solution is guaranteed if(m− n)/n ≥ 2k/σ , whereσ > 0, is a lower bound of
singular values related toA. Sincem typically represents the number of measurements, this inequality shows how
many data points are needed to guarantee a correct solution in the presence of large errors in some of the data.
This inequality is, in fact, an upper bound, and computational results are presented, which show that the correct
solution will be obtained, with high probability, for much smaller values ofm− n.

Keywords: overdetermined linear systems, robust approximation, minimum error, zero error conditions, outliers,
1-norm, linear programming

1. Introduction

The benefits of using minimization of theL1 norm in approximation problems have been
known for many years [3–5, 10, 16]. The advantages are likely to be greatest when the
problem data contains a relatively small number of large errors (outliers). Examples of
applications where theL1 norm minimization is used to advantage are described in [8, 9,
13, 14, 20]

We present an analysis for the linear, overdetermined system of equations

Ax ≈ b, (1)
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where there may be large errors in some elements of the (m× n) matrix A, m > n, and in
the data vectorb ∈ Rm.

Overdetermined linear equations arise in many practical applications [2, 6, 7, 15, 22]. A
typical such application is the representation of a measured signalβ(t) as a linear combi-
nation ofn specified functions

n∑
j=1

xjϕ j (ti ) = β(ti ), i = 1, . . . ,m (2)

where the functionsϕ j (t) are known (but with possible errors) and the output signalβ(t)
is measured (also with possible errors) atm(>n) discrete timesti , i = 1, . . . ,m. The
amplitudesxj are to be determined. Lettingbi = β(ti ) and Ai j = ϕ j (ti ) gives the system
(1). If there are no errors inA or b, then the correct valuexc of x is easily obtained by
choosing any set ofn linearly independent rows ofA, and solving the resulting(n × n)
system forxc.

When there are errors, an important practical question is how to choose the numberm,
of measurements needed to obtain an accurate solution, givenn, and the numberk of rows
of [ A b] which may contain errors. An answer to this question is given in this paper.

Given a full rank matrixA and vectorb, with possible errors in both, it is desired to get
a solution vectorx as close as possible to the correct (but unknown) vectorxc. A basic
assumption is that there is a correct (but unknown) matrixAc and data vectorbc such that

Acxc = bc. (3)

A solutionx∗ is obtained by solving

min
x
‖Ax− b‖1. (4)

In the next section we give necessary and sufficient conditions thatx∗ = xc. The minimum
norm solution to (4) is given by

x∗ = B−1bB, (5)

whereB is an (n × n) basis matrix selected from the rows ofA, andbB consists of the
corresponding elements ofb. If the n selected rows ofA and corresponding elements of
b contain no errors, then the result will be thatx∗ = xc. Clearly, if there arek rows with
errors, there must be at leastm≥ n+k rows in order to get the correct solution. A sufficient
condition which guarantees that such a selection will be made is given in the next section.
It is shown there (Theorem 2.1) thatx∗ = xc, provided(m− n)/n ≥ 2k/σ , whereσ > 0,
is a minimum singular value of an(n×n)-submatrix ofB−1A. This, in fact, gives an upper
bound to the value ofm needed to guarantee an accurate solution. More practically useful
computational results are given in §3. The closely related case when the rows ofB and the
elements ofbB contain only small errors is also analyzed in the next section.
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It is also shown there that the condition is invariant with respect to the magnitude of the
errors inb. This property of theL1 norm minimization is compared to the approximation
x̃ obtained from the solution to the least squares problem

min
x
‖Ax− b‖2, (6)

where the error iñx will typically be proportional to the errors inb.
In order to obtain more practically useful relationships, extensive computational tests

were carried out. The results of these tests give an empirical formula and curves which
show how many data points (m) are needed to givex∗ = xc with any specified probabilityP,
assuming that there are no more thank rows with large errors. These results are presented
in §3. The computational results show that fork rows with errors,k ≤ 50 andn ≤ 40,
(4) will give x∗ = xc with probability P ≥ 0.995 whenm− n ≥ 22+ 2k. Note that this
value ofm− n depends linearly onk, as does the upper bound in Theorem 2.1, but it is
substantially smaller, and therefore more useful in practice.

Given an optimal solution to (4), and the corresponding basisB, it is also of interest to
determine what changes can be made inb without changing the optimality of the basisB.
This situation can be analyzed by a sensitivity analysis of the linear program corresponding
to (4). This linear program is given by (31) withw = x andd = b. Such an analysis is
described in [10].

The use of theL1 norm minimization has also been investigated for the more difficult
parameter estimation problem

A(α)x ≈ b. (7)

For this type of problem it is necessary to determine the parameter vectorα as well as the
vectorx when there are errors in the data vectorb. Many signal identification problems can
be formulated in this way [1, 11, 12, 18, 19, 21]. The minimization problem now becomes

min
α,x
‖A(α)x − b‖1. (8)

The theoretical results presented here for (4) are relevant for (8), but are not directly ap-
plicable. An iterative algorithm for the solution of (8) is described and analyzed in [18].
It has been applied to the identification of a complex signal with some large errors in the
data. The computational results presented in [19] show that, as with the linear case (4), the
solution obtained using theL1 norm is very robust with respect to large data errors.

2. Conditions for correct solution

2.1. Necessary and sufficient conditions

In this section we investigate when theL1 minimization (4) will give the correct solutionxc

when there may be large errors in some rows ofA and in some elements ofb. A condition
is formulated in terms of a scalarβ, and a vectord. It is then shown that‖d‖1 ≤ β is a
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necessary condition and‖d‖1 < β is a sufficient condition thatx∗ = xc. A closely related
situation, which is more likely to occur in practice, is where there may be large errors in
some rows ofA and in some elements ofb, and in addition, there are small errors in all
elements ofb. A sufficient condition thatx∗ ≈ xc for this situation is also given.

We are given a full rank(m× n) matrix A and a data vectorb ∈ Rm. The minimumL1

norm solutionx∗ is given by (4). There may be large errors in some rows ofA and in some
elements ofb. However, as given by (3) in §1, we assume that there is a correct matrix
Ac and correct data vectorbc such that allm equations are satisfied by a correct vectorxc.
The errors inA are represented by the(m× n) matrix E, and the errors inb by the vector
de ∈ Rm, so that

A = Ac + E,

b = bc + de.
(9)

Also, letw represent the error inx, so that

x = xc + w. (10)

Finally, let

d = de− Exc. (11)

It follows from (3), (9), (10) and (11) that

Ax− b = Aw − d. (12)

Therefore, (4) is equivalent to

min
w
‖Aw − d‖1. (13)

A linear programming formulation for (13) is given by (31) in §3. It follows directly from
the linear programming formulation that the minimumL1 norm solution to (13) is given by

w = B−1dB, (14)

whereB is a nonsingular(n× n) basis matrix consisting of selected rows ofA. Each such
selection partitionsA into B and an(m− n)× n matrix Â. The vectord is partitioned in a
corresponding manner to givedB ∈ Rn anddNB ∈ Rm−n. For each such possible partition,
we have

‖Aw − d‖1 = ‖ÂB−1dB − dNB‖1, (15)

since forn of the rows we haveBw − dB = 0.
It follows immediately from (14) that ifdB = 0, thenw = 0 andx∗ = xc. FordB = 0,

we also have the value of (15) given by‖dNB‖1 = ‖d‖1. If dB 6= 0 for all possible partitions,
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then we always getw 6= 0. This will always occur if more thanm− n elements ofd are
nonzero.

Directly from (15), the minimization (13) is equivalent to

min
B
‖ÂB−1dB − dNB‖1. (16)

Let S denote the set of basis matricesB, such thatdB 6= 0, and define

β = min
B∈S
‖ÂB−1dB − dNB‖1. (17)

If ‖d‖1 < β, then the minimum for (16) will be attained withdB = 0. If ‖d‖1 = β, then we
may havedB 6= 0, while for‖d‖1 > β, we will always havedB 6= 0. This is summarized
by the following conditions forx∗ = xc:

NC: A necessary condition thatw = 0 andx∗ = xc is that‖d‖1 ≤ β.
SC: A sufficient condition thatw = 0 andx∗ = xc is that‖d‖1 < β.

We now show that, for any fixed numberk of errors, the number of data pointsm can be
chosen so as to guarantee that the correct solutionxc is computed. To show this, we choose
m= (q + 1)n, whereq is a positive integer. The matrixA is then partitioned so that

AT = (BT AT
1 AT

2 , . . . , AT
q

)
. (18)

Also let

ÂT = (AT
1 AT

2 , . . . , AT
q

)
,

(19)
CT = (CT

1 CT
2 , . . . ,C

T
q

)
,

whereCj = Aj B−1, j = 1, . . . ,q, are(n× n) matrices. Letσ j be the minimum singular
value ofCj , whenB is determined by (17), and assume thatσ j ≥ σ > 0, j = 1, . . . ,q.
Note that if Aj = B, thenσ j = 1. Let k elements ofd be nonzero, and for simplicity
assume they have the values±1.

Theorem 2.1. A sufficient condition that x∗ = xc is that

m− n

n
≥ 2k

σ
. (20)

Proof: We have‖d‖1 = k, and fordB 6= 0,‖dB‖2 ≥ 1, and‖dNB‖1 ≤ k−1. We consider
d 6= 0, since otherwisex∗ = xc. From (17),

β = min
B∈S
‖CdB − dNB‖1

≥ min
B∈S
‖CdB‖1−max

B∈S
‖dNB‖1

≥
q∑

j=1

‖Cj dB‖1− k+ 1. (21)
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Now, ‖Cj dB‖1 ≥ ‖Cj dB‖2 ≥ σ j ‖dB‖2 ≥ σ , j = 1, . . . ,q. Then from (21)

β ≥ qσ − k+ 1> qσ − k = (m− n)σ

n
− k.

Therefore, the sufficient conditionβ > ‖d‖1= k is satisfied whenever (20) is satisfied.2

This result gives an upper bound to the number of data points needed to guarantee a correct
solution when there arek errors of±1. It can be generalized tok errorsδi , i = 1, . . . , k,
with δmin ≤ |δi | ≤ δmax, by replacingσ in (20) withσ ′ = σ(δmin/δmax).

These conditions are invariant with respect to scaling of the error inb if there is no error
in A. For this situation, replacingde by λde for any finite scalarλ 6= 0 simply scales both
‖d‖1 andβ by λ, so that the conditions are unchanged. It is therefore the number and
relative size of the nonzero elements inde that determines whenx∗ = xc, independent of
the magnitude of‖de‖1.

For comparison, consider the situation when the least squares minimization (6) is used.
As before, (6) is equivalent to

min
w
‖Aw − d‖2. (22)

This has the solution(AT A)w = ATd, so that

‖w‖ ≥ ‖ATd‖/‖AT A‖. (23)

Therefore,‖w‖ 6= 0, unlessATd = 0. Furthermore, for no error inA, the magnitude of
‖w‖ will be proportional to‖de‖.

2.2. Modified sufficiency conditions

In most practical applications there are likely to be small random errors in all elements
of b in addition to possible large errors in only some rows of [A b]. We now consider
this situation and give a sufficient condition such that the difference‖x∗ − xc‖1 will be
proportional to the size of the small random errors and will not depend on the large errors.

We give a sufficient condition such that

min
x
‖Ax− b‖1 (24)

gives anx with an error depending only on the small random errors in every element ofb.
Let b = bc+d+ε, whered represents large errors in some elements andε represents small
errors in every element, with‖ε‖∞ ≤ δ. As before,x = xc + w, so that the minimization
(24) is equivalent to

min
w
‖Aw − d − ε‖1. (25)
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Let B denote the set of nonsingular(n× n) basis matricesB selected from the rows of
A. Corresponding to eachB ∈ B are the partitions:

A =
(

B

Â

)
, d =

(
dB

dNB

)
, and ε =

(
εB

εNB

)
.

The solution to (24) or (25) will give a basisBM ∈ B and correspondinĝAM , dB andεB:

min
w
‖Aw − d − ε‖1 = min

B∈B
‖ÂB−1(dB + εB)− dNB− εNB‖1

= ∥∥ÂM B−1
M (dB + εB)− dNB− εNB

∥∥
1, (26)

with w∗ = B−1(dB + εB). Also let S ⊂ B denote the subset of basis matrices for which
dB 6= 0. Then the related minimization

min
B∈S
‖ÂB−1(dB + εB)− dNB− εNB‖1 =

∥∥ÂSB−1
S (dB + εB)− dNB− εNB

∥∥
1 (27)

gives the matrixB−1
S and correspondinĝAS. Now define the two quantities

ρM =
∥∥ÂM B−1

M

∥∥
1 and ρS =

∥∥ÂSB−1
S

∥∥
1.

Note that although the‖·‖1 given by (27) is greater than or equal to that given by (26), we
may haveρS < ρM .

We want a sufficient condition that (26) givesdB = 0, so that

w∗ = B−1
M εB

and

‖w∗‖1 ≤
∥∥B−1

M

∥∥
1nδ. (28)

This will be true if the minimum of (26) is obtained withB /∈S, so that from (27) we want∥∥ÂM B−1
M εB − dNB− εNB

∥∥
1 <

∥∥ÂSB−1
S (dB + εB)− dNB− εNB

∥∥
1 (29)

The left side of (29) is overestimated by

‖dNB‖1+
∥∥ÂM B−1

M εB

∥∥
1+ ‖εNB‖1 ≤ ‖d‖1+ ρMnδ + (m− n)δ.

The right side of (29) is underestimated by

min
B∈S
‖ÂB−1dB − dNB‖1− ρSnδ − (m− n)δ,
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where we have used the fact that

min
B∈S
‖ÂB−1dB − dNB‖1 ≤

∥∥ÂSB−1
S dB − dNB

∥∥
1.

Therefore, a sufficient condition that‖w∗‖1 satisfies (28) is that

SCδ: ‖d‖1+ (ρM + ρS)nδ + 2(m− n)δ < β.

The sufficient conditionSCδ reduces to the earlier sufficient condition (SC) asδ → 0.
Furthermore, for fixedn, the error norm‖w∗‖1 goes to zero linearly withδ, as given by
(28).

3. Computational verification of robust performance

In this section we present the results of extensive computational tests to determine how the
problem size (m, n) determines the ability of theL1 norm minimization to recoverxc, in
spite of multiple large errors in the data. Specifically, we investigated the probabilityP,
that x∗ = xc, as a function ofm− n, for specified values ofk, the number of rows with
large data errors.

In the previous section, the Theorem 2.1 shows how large a value ofm is needed in order
to guarantee a correct solution, when there arek large errors in the combined data vector
d (which includes possible errors inA). The value ofm given by (20) is an upper bound,
and the actual value which will givex∗ = xc, with a very high probability, may be much
smaller. In order to determine smaller, more useful requirements form, a computational
study was carried out. The results of this study give a practical basis for deciding how many
data points(m) will be needed to obtain the correct solution with a desired probability.
Alternatively, for fixedn, m andk, the probability of obtaining a correct solution can be
estimated.

The computational study, and its results will now be summarized. A total of 9450 linear
programs were solved. Each such linear program solved the problem

min
w
‖Aw − d‖1, (30)

whereA is (m× n) andd hask < m− n nonzero elements. The elementsaij of A were
randomly generated with−9≤ aij ≤ 9. The firstk elements ofd each had the value unity,
and the remainingm− k elements were zero. Since the solution to (30) is independent of
the row order or of changing the sign of all elements in a given row, this is equivalent to
choosingk elements ofd as±1 in random positions.

The problem (30) is formulated as the following linear program

min
m∑

i=1

γi ,

subject to −γ ≤ Aw − d ≤ γ
(31)
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with m+ n variables and 2m inequality constraints. The solution is given byw = B−1dB,
with

m∑
i=1

γi = ‖Aw − d‖1, and γi ≥ 0. (32)

The desired result,(x∗ = xc), therefore corresponds tow = 0.
For each fixed value of(m, n, k) a total of 50 LPs were solved, each with a different

matrix A. The probabilityP thatw = 0, corresponding to(m, n, k), was then taken to be

P = P(m, n, k) = l/50, (33)

wherel is the number of LPs with the solutionw = 0.
For each fixed value ofn andk, 7 values ofm were chosen so that the corresponding

7 values ofl covered the range [0, 50]. For each of the valuesn = 10, 20, a total of 8
values ofk ∈ [5, 40] were used, and forn = 40, a total of 11 values ofk ∈ [1, 40]
were used. This gave a total of 9450 LPs solved. The largest of these(m = 140, n = 40)
required approximately 10 seconds to solve on a Sun Sparcstation 4. The results obtained are
summarized in figures 1–3. The curves presented in figures 1–3 show how the probabilityP

Figure 1. Probability of zero outliers in the basis forn = 40.
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Figure 2. Probability of zero outliers in the basis forn = 20.

thatx∗ = xc depends onm, n, andk. These curves are valid forn ∈ [10, 40], k ∈ [0, 40],
andm ∈ [n+ k, 140]. They show, in a direct way, the number of data measurements(m)
needed to get the correct solution, with probabilityP, when the measured data may contain
k large errors. Any value ofm− n above the upper curve will give the correct solution
with probability P ≥ 0.995. It should be noted thatP increases rapidly withm− n from
P = 0.5 to P = 0.995 for any fixedk.

These curves are obtained from an empirical formula which givesm− n as a function
of P andk. This formula contains 5 parameters, whose values are determined by fitting
the computational data. Two of these parameters are independent ofn, and the other 3 are
slowly varying functions ofn, for n ∈ [10, 40].

The empirical formula is valid form− n ≥ k, and is given by

m− n = γ1
(
1− eγ3k

)+ γ2k+ 1

3.89
ln

(
P

1− P

)(
1γ1

(
1− eγ3k

)+1γ2k
)
. (34)

The values of the 5 parameters, as functions ofn, are given in Table 1, forn = 10, 20, and
40. This formula was chosen so as to have certain important properties corresponding to
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Figure 3. Probability of zero outliers in the basis forn = 10.

the computational results. Specifically, for any fixedP, m− n is essentially linear ink, for
γ3k ≥ 3 ork ≥ 10. Also,m− n = 0 for k = 0. Finally,k ≥ 5 andm− n ≥ 22+ 2k, gives
P ≥ 0.995.

The parametersγ1 andγ2 were determined by settingP = 0.5 and fitting the resulting
linear functionm− n = γ1 + γ2k to the data forP = 0.5 andk ≥ 0. The values of1γ1

and1γ2 were then determined to give a best linear fit to the data forP = 0.98 andk ≥ 10.
Note that ln( P

1−P ) ≈ 3.89 for P = 0.98, so that forP = 0.98 andk ≥ 10 we have

m− n ≈ γ1+1γ1+ (γ2+1γ2)k. (35)

Table 1. Parameters for Eq. (34).

n = 10 n = 20 n = 40

γ1 7.0 8.0 9.8

γ2 1.43 1.61 1.88

γ3 0.32 0.32 0.32

1γ1 5.0 6.2 9.2

1γ2 0.22 0.22 0.22
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The value ofγ3 was chosen so thatm−n is essentially linear ink for k ≥ 10, but decreases
smoothly to zero ask decreases to zero.

The formula (34) can be solved to giveP as a function ofm− n. This gives

P = eµ/(1+ eµ), (36)

whereµ = (m−n−ρ1)/ρ2, ρ1 = γ1+ γ2k, andρ2 = (1γ1+1γ2k)/3.89. It follows that
for any fixedk, P→ 1.0 asm− n increases, andP→ 0 asm− n decreases. Furthermore
using the values in Table 1 we get fork = m− n ≥ 10 thatP ≈ 0.0017. This shows that
(36) closely approximates the required valueP = 0 whenm− n < k.

Figures 1–3 make it very easy to determine the number of data points which should
be used to get correct solutionxc with probability P, when the number of large errors is
believed to be no more thank. For the knownn and any desired value ofP, the required
m− n is given directly by the corresponding curve in figures 1–3. The simplest choice is
to usem− n ≥ 22+ 2k, which will insure that the probability of a correct solution is at
least 0.995.

The results presented here are valid when there are errors in the matrixA, as well as
in the vectorb. As shown in §2.1, whenA = Ac + E andb = bc + de, the problem is
equivalent to

min
w
‖Aw − d‖1, (37)

whered = de− Exc. Therefore, the relevant value ofk is the number of nonzero elements
in d. Thusk is given by the number of rows in which eitherA or b has at least one error.
The value ofk does not depend on the number (greater than one) of errors in a given row
of A. Therefore, the value ofm− n needed to getx∗ = xc with a specified probability will
depend essentially on the number of rows of [A b] with error.
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