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Abstract. Ithas beenknown for many years that a robust solution to an overdetermined system of linear equations
Ax =~ b is obtained by minimizing th& 1 norm of the residual error. A correct solutigrto the linear system

can often be obtained in this way, in spite of large errors (outliers) in some elements of the)(matrix A and

the data vectob. This is in contrast to a least squares solution, where even one large error will typically cause
a large error irx. In this paper we give necessary and sufficient conditions that the correct solution is obtained
when there are some errors Mandb. Based on the sufficient condition, it is shown thak ifows of [A b]

contain large errors, the correct solution is guaranteéahi- n)/n > 2k/o, whereo > 0, is a lower bound of
singular values related t&. Sincem typically represents the number of measurements, this inequality shows how
many data points are needed to guarantee a correct solution in the presence of large errors in some of the data.
This inequality is, in fact, an upper bound, and computational results are presented, which show that the correct
solution will be obtained, with high probability, for much smaller valuesof n.

Keywords: overdetermined linear systems, robustapproximation, minimum error, zero error conditions, outliers,
1-norm, linear programming

1. Introduction

The benefits of using minimization of the norm in approximation problems have been
known for many years [3-5, 10, 16]. The advantages are likely to be greatest when the
problem data contains a relatively small number of large errors (outliers). Examples of
applications where the; norm minimization is used to advantage are described in [8, 9,
13, 14, 20]

We present an analysis for the linear, overdetermined system of equations

AX ~ b, 1)
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where there may be large errors in some elements ofthe ) matrix A, m > n, and in
the data vectob € R™.

Overdetermined linear equations arise in many practical applications [2, 6, 7, 15, 22]. A
typical such application is the representation of a measured sghads a linear combi-
nation ofn specified functions

D oXiei) =pE). i=1...m @
=1

where the functiong; (t) are known (but with possible errors) and the output sigia)
is measured (also with possible errors)nat-n) discrete timeg;, i = 1,...,m. The
amplitudesx; are to be determined. Lettilg = B(t) and Aij = ¢; (1)) gives the system
(1). If there are no errors i or b, then the correct valug, of x is easily obtained by
choosing any set aif linearly independent rows oA, and solving the resultingn x n)
system forx..
When there are errors, an important practical question is how to choose the namber
of measurements needed to obtain an accurate solution, gier the numbek of rows
of [ A b] which may contain errors. An answer to this question is given in this paper.
Given a full rank matrixA and vectob, with possible errors in both, it is desired to get
a solution vectox as close as possible to the correct (but unknown) vectorA basic
assumption is that there is a correct (but unknown) maigiand data vectdo, such that

ACXC == bc. (3)
A solutionx* is obtained by solving
min || Ax — b]l. @

In the next section we give necessary and sufficient conditionsthatx.. The minimum
norm solution to (4) is given by

X* = Bile s (5)

whereB is an (i x n) basis matrix selected from the rows Af andbg consists of the
corresponding elements bf If the n selected rows ofA and corresponding elements of

b contain no errors, then the result will be theit= x;. Clearly, if there ar rows with
errors, there must be at least> n+k rows in order to get the correct solution. A sufficient
condition which guarantees that such a selection will be made is given in the next section.
It is shown there (Theorem 2.1) thet = X, provided(m — n)/n > 2k/o, wheres > 0,

is a minimum singular value of am x n)-submatrix ofB~*A. This, in fact, gives an upper
bound to the value ah needed to guarantee an accurate solution. More practically useful
computational results are given in 83. The closely related case when the r@nofthe
elements obg contain only small errors is also analyzed in the next section.
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It is also shown there that the condition is invariant with respect to the magnitude of the
errors inb. This property of theL; norm minimization is compared to the approximation
X obtained from the solution to the least squares problem

where the error irx will typically be proportional to the errors ib.

In order to obtain more practically useful relationships, extensive computational tests
were carried out. The results of these tests give an empirical formula and curves which
show how many data pointsj are needed to give* = X, with any specified probabilitf?,
assuming that there are no more thamws with large errors. These results are presented
in 83. The computational results show that korows with errorsk < 50 andn < 40,

(4) will give x* = x. with probability P > 0.995 whenm — n > 224 2k. Note that this
value ofm — n depends linearly ok, as does the upper bound in Theorem 2.1, but it is
substantially smaller, and therefore more useful in practice.

Given an optimal solution to (4), and the corresponding bBsis is also of interest to
determine what changes can be madk without changing the optimality of the badis
This situation can be analyzed by a sensitivity analysis of the linear program corresponding
to (4). This linear program is given by (31) with = x andd = b. Such an analysis is
described in [10].

The use of thd.; norm minimization has also been investigated for the more difficult
parameter estimation problem

A(@)X ~ b. (7)

For this type of problem it is necessary to determine the parameter veatowell as the
vectorx when there are errors in the data vedioMany signal identification problems can
be formulated in thisway [1, 11, 12, 18, 19, 21]. The minimization problem now becomes

Tixn I A(@)x — b]|1. 8)

The theoretical results presented here for (4) are relevant for (8), but are not directly ap-
plicable. An iterative algorithm for the solution of (8) is described and analyzed in [18].

It has been applied to the identification of a complex signal with some large errors in the
data. The computational results presented in [19] show that, as with the linear case (4), the
solution obtained using thie; norm is very robust with respect to large data errors.

2. Conditions for correct solution
2.1. Necessary and sufficient conditions
In this section we investigate when the minimization (4) will give the correct solutiox,

when there may be large errors in some row#a@nd in some elements bf A condition
is formulated in terms of a scal@;, and a vectod. It is then shown thajd|; < Bisa
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necessary condition andl||; < B is a sufficient condition that* = x.. A closely related
situation, which is more likely to occur in practice, is where there may be large errors in
some rows ofA and in some elements bf and in addition, there are small errors in all
elements ob. A sufficient condition thak* ~ x. for this situation is also given.

We are given a full rankm x n) matrix A and a data vectds € R™. The minimumL,
norm solutionx* is given by (4). There may be large errors in some rowa ahd in some
elements ob. However, as given by (3) in 81, we assume that there is a correct matrix
Ac and correct data vectdx. such that alm equations are satisfied by a correct vector
The errors inA are represented by thien x n) matrix E, and the errors i by the vector
de € R™, so that

A= E,

b= E\:I e. ®)
Also, letw represent the error ix, so that

X = Xc + w. (20)
Finally, let

d=de — Ex. (11)
It follows from (3), (9), (10) and (11) that

AXx—b= Aw —d. (12)
Therefore, (4) is equivalent to

min || Aw — dl|s. (13)

A linear programming formulation for (13) is given by (31) in 83. It follows directly from
the linear programming formulation that the minimiunnorm solution to (13) is given by

w = B~ dg, (14)

whereB is a nonsingulafn x n) basis matrix consisting of selected rowsfafEach such
selection partition®\ into B and an(m — n) x n matrix A. The vectod is partitioned in a
corresponding manner to gidg € R" anddyg € R™". For each such possible partition,
we have

|Aw —d|l; = |AB 'dg — dysl1. (15)
since forn of the rows we hav8w — dg = 0.

It follows immediately from (14) that itls = 0, thenw = 0 andx* = x.. Fordg = 0,
we also have the value of (15) given lgug|l1 = ||d||1. If dg # O for all possible partitions,
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then we always geb # 0. This will always occur if more tham — n elements ofl are
nonzero.
Directly from (15), the minimization (13) is equivalent to

mBin I AB_ldB — dnsll1- (16)

Let Sdenote the set of basis matricBssuch thatlg # 0, and define
B = min || AB'dg — dyg]1. (17)
BeS

If |d|l1 < B, then the minimum for (16) will be attained witly = 0. If ||d||; = 8, thenwe
may havedg # 0, while for ||d||; > B, we will always havelg # 0. This is summarized
by the following conditions fok* = x:

NC: A necessary condition that = 0 andx* = x. is that||d||; < B.
SC: A sufficient condition thay = 0 andx* = X is that|d||; < 8.

We now show that, for any fixed numbleof errors, the number of data pointscan be
chosen so as to guarantee that the correct solyticncomputed. To show this, we choose
m = (q + 1)n, whereq is a positive integer. The matrii is then partitioned so that

AT = (BT Al Al.....A]). (18)
Also let
AT = (Al Al... A, 19
Cl=(C{ Cj.....Cq),
whereC; = AjB71,j =1,...,q, are(n x n) matrices. Let;; be the minimum singular

value ofCj, whenB is determined by (17), and assume that> ¢ > 0, ] =1,...,Q.
Note that if A; = B, thenoj = 1. Letk elements ofd be nonzero, and for simplicity
assume they have the valugg.

Theorem 2.1. A sufficient condition that*= X. is that

m-n 2k
> —.

(20)

n (o2

Proof: We have|d||; = k, and fordg # 0O, ||dgll2 > 1, and||dyg|l1 < k— 1. We consider
d # 0, since otherwisg* = x;. From (17),

B= min [Cdg — dngll1

v

min||Cdg||1 — max|d
min ICdsll1 nay |ldnsll

q
> ICidella —k+ 1. (21)
j=1

v



334 ROSEN ET AL.

Now, ICjdgll1 > [ICjdsll2 > ojlldgll2 > o, j =1,...,q. Then from (21)

(m—-n)o
n

B>qo —k+1>qo —k= — k.

Therefore, the sufficient conditigh> ||d||; =Kk is satisfied whenever (20) is satisfiedd

This result gives an upper bound to the number of data points needed to guarantee a correct
solution when there areerrors of£1. It can be generalized toerrorsé;, i =1, ..., Kk,
With 8min < 18i| < dmax DY replacings in (20) witho’ = o (8min/dmax)-

These conditions are invariant with respect to scaling of the ertoifithere is no error
in A. For this situation, replacinds. by Ad. for any finite scalai # 0 simply scales both
Ild|l; and 8 by A, so that the conditions are unchanged. It is therefore the number and
relative size of the nonzero elementginthat determines whex* = x., independent of
the magnitude of de||1.

For comparison, consider the situation when the least squares minimization (6) is used.
As before, (6) is equivalent to

min || Aw — d||. (22)

This has the solutionAT A)w = ATd, so that
lwl > [ATd]/| AT Al (23)

Therefore,|w|| # 0, unlessATd = 0. Furthermore, for no error iA, the magnitude of
[lw]l will be proportional to||d]|.

2.2. Modified sufficiency conditions

In most practical applications there are likely to be small random errors in all elements

of b in addition to possible large errors in only some rows Affj. We now consider

this situation and give a sufficient condition such that the differgpcie— x|; will be

proportional to the size of the small random errors and will not depend on the large errors.
We give a sufficient condition such that

min || AX — by (24)

gives anx with an error depending only on the small random errors in every elemdnt of
Letb = b, +d + ¢, whered represents large errors in some elementsaegresents small
errors in every element, withe ||, < 8. As beforex = X. + w, so that the minimization
(24) is equivalent to

min||Aw —d — €||1. (25)
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Let B denote the set of nonsingular x n) basis matrice® selected from the rows of
A. Corresponding to eadB € B are the partitions:

B dB €B
A:(A), d:( ) andez( >
A dns €NB

The solution to (24) or (25) will give a basBy € B and correspondingw, dg andeg:

min | Aw —d — e[| = min|| AB~(ds + 5) — dve — enalls

= | AmBy'(ds + €B) — dng — ens

. (26)

with w* = B~1(dg + €g). Also letS c B denote the subset of basis matrices for which
dg # 0. Then the related minimization

rgelg IAB~(dg + €g) — dng — engll1 = | AsBg'(dg + €8) —dng —eng|,  (27)

gives the matri><B§1 and correspondings. Now define the two quantities
v =|AuBy'], and ps=AsBs|,.
Note that although thg-||1 given by (27) is greater than or equal to that given by (26), we
may haveos < pm-
We want a sufficient condition that (26) givds = 0, so that
w* = B,\_Aleg
and
lw*lls < | By'[ns. (28)
This will be true if the minimum of (26) is obtained wit ¢ S, so that from (27) we want
| AvByles — dug — ens|, < | AsBs'(dg + €g) — dng — ens|, (29)
The left side of (29) is overestimated by
dnglls + | An B,\]léBul + llensllz < lldllz + pmNS + (M — N)4.
The right side of (29) is underestimated by

min||AB~1dg — dygll1 — pshd — (M — n)s,
BeS
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where we have used the fact that
@6'2 IABdg — dygllz < | AsBg'ds — dngl,.
Therefore, a sufficient condition thgdv*||; satisfies (28) is that

SGCs: lldll1 + (om + ps)NS +2(M —N)s < B.

The sufficient conditior8C; reduces to the earlier sufficient conditid®Q@) asé — 0.
Furthermore, for fixed, the error normjw*|; goes to zero linearly witld, as given by
(28).

3. Computational verification of robust performance

In this section we present the results of extensive computational tests to determine how the
problem size i, n) determines the ability of the; norm minimization to recovex, in
spite of multiple large errors in the data. Specifically, we investigated the probabijlity
thatx* = X, as a function ofn — n, for specified values df, the number of rows with
large data errors.

In the previous section, the Theorem 2.1 shows how large a valuésafieeded in order
to guarantee a correct solution, when therekalarge errors in the combined data vector
d (which includes possible errors ). The value oim given by (20) is an upper bound,
and the actual value which will give* = x, with a very high probability, may be much
smaller. In order to determine smaller, more useful requirements far computational
study was carried out. The results of this study give a practical basis for deciding how many
data points(m) will be needed to obtain the correct solution with a desired probability.
Alternatively, for fixedn, m andk, the probability of obtaining a correct solution can be
estimated.

The computational study, and its results will now be summarized. A total of 9450 linear
programs were solved. Each such linear program solved the problem

min||Aw — d||1, (30)

whereAis (m x n) andd hask < m — n nonzero elements. The elemenjsof A were
randomly generated with9 < a; < 9. The firstk elements ofl each had the value unity,
and the remainingn — k elements were zero. Since the solution to (30) is independent of
the row order or of changing the sign of all elements in a given row, this is equivalent to
choosingk elements ofl as+1 in random positions.

The problem (30) is formulated as the following linear program

m
min ;Vu (31)
subjectto —y < Aw—-d <y
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with m 4 n variables and @ inequality constraints. The solution is given toy= B~dg,
with

m
Y = lAw —d||z, and y >0. (32)
i=1
The desired resultx* = x.), therefore corresponds to = 0.
For each fixed value ofm, n, k) a total of 50 LPs were solved, each with a different

matrix A. The probabilityP thatw = 0, corresponding tém, n, k), was then taken to be
P =P(m,n,k) =1/50, (33)

wherel is the number of LPs with the solution = 0.
For each fixed value afl andk, 7 values ofm were chosen so that the corresponding
7 values ofl covered the range [050]. For each of the values = 10, 20, a total of 8
values ofk € [5, 40] were used, and fan = 40, a total of 11 values df € [1, 40]
were used. This gave a total of 9450 LPs solved. The largest of (hese140 n = 40)
required approximately 10 seconds to solve on a Sun Sparcstation 4. The results obtained are
summarized in figures 1-3. The curves presented in figures 1-3 show how the proability

140 T T T T T T T T
120 i
X
100 | |
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Q 4099 Q
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80 0 “ i
T o
I 9
= ? 2%
60 . —
o-
Q”
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p=0
20 T
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Figure L Probability of zero outliers in the basis for= 40.
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Figure 2 Probability of zero outliers in the basis for= 20.

thatx* = X; depends om, n, andk. These curves are valid fore [10, 40],k € [0, 40],
andm € [n + k, 140]. They show, in a direct way, the number of data measurenents
needed to get the correct solution, with probabiktywhen the measured data may contain
k large errors. Any value ain — n above the upper curve will give the correct solution
with probability P > 0.995. It should be noted th& increases rapidly witm — n from
P = 0.5to P = 0.995 for any fixed.

These curves are obtained from an empirical formula which givesn as a function
of P andk. This formula contains 5 parameters, whose values are determined by fitting
the computational data. Two of these parameters are independerdrad the other 3 are
slowly varying functions oh, for n € [10, 40].

The empirical formula is valid fom — n > k, and is given by

1 P
m-—n= yl(l — e}’3k) + yok + 389 In (ﬁ)(Ayl(l — eV3k) + A)/zk). (34)

The values of the 5 parameters, as functions,@re given in Table 1, fon = 10, 20, and
40. This formula was chosen so as to have certain important properties corresponding to
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Figure 3 Probability of zero outliers in the basis for= 10.

the computational results. Specifically, for any fixedm — n is essentially linear ik, for
y3k > 3ork > 10. Also,m—n = 0fork = 0. Finally,k > 5andm —n > 22+ 2k, gives
P > 0.995.

The parameterg; andy, were determined by setting = 0.5 and fitting the resulting
linear functionm — n = y; + .k to the data for® = 0.5 andk > 0. The values oAy,
and Ay, were then determined to give a best linear fit to the dat®@fer 0.98 andk > 10.
Note that Ir(%) ~ 3.89 for P = 0.98, so that forP = 0.98 andk > 10 we have

m—n~y + Ay + (y2 + Ak (35)

Table 1 Parameters for Eq. (34).

n=10 n=20 n =40

" 7.0 8.0 9.8
- 1.43 1.61 1.88
¥ 0.32 0.32 0.32
At 5.0 6.2 9.2

Ay2 0.22 0.22 0.22
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The value ofy3 was chosen so that — n is essentially linear ik for k > 10, but decreases
smoothly to zero ak decreases to zero.
The formula (34) can be solved to giveas a function ofm — n. This gives

P=e/(1+eh), (36)

wherepw = (M—nN— p1)/p2, p1 = Y1+ y2K, andp, = (Ay1 + Ayok)/3.89. It follows that
for any fixedk, P — 1.0 asm — nincreases, an® — 0 asm — n decreases. Furthermore
using the values in Table 1 we get foe= m — n > 10 thatP ~ 0.0017. This shows that
(36) closely approximates the required vaRie= 0 whenm — n < k.

Figures 1-3 make it very easy to determine the number of data points which should
be used to get correct solutiog with probability P, when the number of large errors is
believed to be no more thdn For the knowm and any desired value &, the required
m — n is given directly by the corresponding curve in figures 1-3. The simplest choice is
to usem — n > 22 4 2k, which will insure that the probability of a correct solution is at
least 0.995.

The results presented here are valid when there are errors in the Aatiswell as
in the vectorb. As shown in 82.1, wheA = A; + E andb = b; + de, the problem is
equivalent to

min || Aw — d||1, (37)

whered = d. — Ex.. Therefore, the relevant value lofs the number of nonzero elements

in d. Thusk is given by the number of rows in which eithéror b has at least one error.
The value ofk does not depend on the number (greater than one) of errors in a given row
of A. Therefore, the value of — n needed to get* = x. with a specified probability will
depend essentially on the number of rows Aflj] with error.
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