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Abstract

Linear discriminant analysis (LDA) has been widely useddimnension reduction of data
sets with multiple classes. The LDA has been recently extgbalvarious generalized LDA
methods that are applicable regardless of the relative bigeveen the data dimension and
the number of data items. In this paper, we propose sevelfichass classifiers based on
generalized LDA algorithms, taking advantage of the dinmnseducing transformation
matrix without requiring additional training or any paraereoptimization. A marginal lin-
ear discriminant classifier, a Bayesian linear discrimirdessifier, and a one-dimensional
Bayesian linear discriminant classifier are introducednfaiticlass classification. Our ex-
perimental results illustrate that these classifiers predugher ten-fold cross validation
accuracy than kNN and centroid based classification in ttheced dimensional space pro-

viding efficient general multiclass classifiers.
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1 Introduction

Multiclass classifiers are important for handling pradtidassification problems
that have more than two categories. Many of the multiclasssifiers are designed
by extending existing binary class classifiers utilizingemrsus-one, one-versus-
rest, and the directed acyclic graph scheme [1]. For examspjgoort vector ma-
chines (SVMs) [2,3] were originally developed for binarggs problems and have

been extended to handle multiclass problems.

Fisher’s linear discriminant analysis (FDA) [4] was deydd for dimension reduc-
tion of binary class problems and its extension to multgliasgenerally referred
to as Linear Discriminant Analysis (LDA). Unlike many othmethods designed
for multiclass problems, the LDA does not tackle a multislasoblem as a set
of multiple binary class problems. A limitation of the clasd LDA is that it re-

quires at least one scatter matrix be nonsingular. Thisiiondreaks down when
the data set is undersampled, i.e., the data dimensionhghigan the number of
available data points. To overcome the nonsingularityrictgin, LDA based on

the generalized singular values decomposition (LDA/GSYBY been introduced
[5,6]. Several two-stage approaches [7-9] for dimensidncton have also been
proposed to reduce computational complexity without thesnagularity limitation

of FDA. Recently, a comparison of generalized LDA (GLDA)@ighms has been
studied [10]. GLDA algorithms have also been used for dineneeduction and

feature extraction [11,5,12] and have been extended withelkeed versions to

deal with nonlinear problems [13-15] for multiclass probe

For classification, methods such as the k-nearest neigldaX)( classifiers or
SVMs have been in wide use. These methods require trainidgparameter op-
timization such as estimation of tihevalue in the kNN classifier and estimation of

the soft margin parameter in SVMs.



In this paper, we introduce nonparametric multiclass diass taking advantage
of a dimension reducing transformation matrix obtainearfrgeneralized LDA.
A two-stage generalized LDA algorithm is presented in $#cfl, which require
low computational complexity and low memory requiremeras dindersampled
problems. The rest of the paper is organized as follows. tti@e 3.1, multiclass
centroid based linear and nonlinear discriminant classitiased on generalized
LDA, called CLDC/GLDA and CKDC/GLDA are introduced. In Sewt 3.2, we
introduce a multiclass marginal linear discriminant ci@ess(MLDC) and derive
its nonlinear version. We also introduce a Bayesian linéscrominant classifier
(BLDC) and a one-dimensional BLDC (1BLDC) for multiclassssification in
Section 3.3 and Section 3.4, respectively. In Section 4,amepare the test results

of these classifiers in terms of accuracy and computatimmapéexity.

The following notations are used throughout this papervargdata setl € R™*™

with p classes is denoted as

A: — c Rmxn’

Q
3N

o
<

where A; € R™>*" denotes the submatrix whose rows belong to cla3$e jth
row of A is denoted aajT € R, In addition,)M; denotes the set of row indices of
the data items that belong to classn; the number of items in classc; € R™*!

a centroid vector which is the average of all the data in the<z] andc the global

centroid vector. For any matrig, A;, denotes théi, k)th element.



2 Linear Discriminant Analysis for Cluster Structure Preserving Dimension

Reduction

The goal of linear discriminant analysis is to find a dimens&ducing transforma-
tion that minimizes the scatter within each class and maésiihe scatter between
classes in a reduced dimensional space. The within-clagtesenatrix.s,,, the

between-class scatter mati§¥, and the mixture scatter matr,, are defined as
p
Z Z - ci)Tu
i=1 jeM;

p
Sy =Y my(c; — ¢)(c; — c)7,
i=1

and

)"

NE

S =

1(ai —c)(a; — ¢
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Then we have

trace(.S Z Z la; — cill3

i=1jEM;
and
trace(Sp) = Zmz lc; — c|f3.

Defining the matrices

Hu) = [AT Cleclr, e ,AZ — Cpe;l;] € RnXm’ (1)
wheree; = [1,...,1]T € Rm*1,
Hy, = [\/m_l(cl —C),...,\/m_p(cp_c)] GRNXP, (2)
and
Hm:[al_caaZ_C,...,am—c]ERnXm’ (3)
we have

When S,, is nonsingular, the simultaneous optimization, i.e. miming the scat-

ter within each class and maximizing the scatter betweessels is commonly



approximated by maximizing
JL(W) = trace((WT S, W) H(WTS,W)), (5)

where W € R™*! denotes the transformation that maps a vector inthdi-
mensional space to a vector in thalimensional space. It is well known that
rank(S,'S,) < p — 1 and columns ofV that maximizes/, (1) are the leading

p — 1 eigenvectors of, ' S, [16].

For two-class problems, the dimension reducing transfoom&) is n x 1, which

we will denote as a vectow,
-1
W = Sw (Cl — CQ).

However, when the number of features is larger than the nupflexamples# >
m), S, IS singular. The LDA/GSVD [5] eliminates this nonsingutgestriction

so that it can reduce the dimension even when m.

We propose the following fast algorithm for finding a soluatifor the GLDA prob-
lem. For a similar approach, see [17]. Given a data matrix R™*" with p classes,
this algorithm computes the columns of the matfiixe R"*P. Note that in addi-
tion to preserving the class structure in the reduced diroeakspace, this method

also computes the dimensional representation € R™*? of A.

(1) Compute the singular value decomposition (SVDHof:

5, 0
Hy = (Us Un_y) VT =UDVT

wheres = rank(H,,).

(2) Compute the QR decomposition©f UL Hy:

YUUTHy = QR



3) LetW = U,571Q,.
Q) Z = AW

For computing the SVD off,, € R™™ whenm < n, we first compute the
reduced QR decomposition (QRD) &f,,, and then an SVD algorithm is applied
to the upper triangular factor of size x m. The dimension reduction algorithm
based on this procedure is referred as linear discriminaaliyais based on QRD
(LDA/QRD) in this paper. It is possible to reduce the comgtotal complexity
of LDA/QRD whenm < n by using the eigenvalue decomposition (EVD) of

HTH,, € R™™ which can be represented as

H'H, =VD"UTUDVT =V D*VT.

Then, we havé/ = H,,V D~ andX, € R*** = Dy(1:s,1:s) wheres = rank(H,,).
This LDA/EVD-QRD algorithm is summarized in Algorithm 1.

3 Multiclass Discriminant Classifiers with Generalized LDA Algorithms

In this section, we present a way to take advantage of eacimecobf the dimen-
sion reducing transformation matrix” for multiclass classifications. LDA/QRD
or LDA/EVD-QRD produces a dimension reducing transfororati” € R™*? that
hasp columns. However, for the simple illustration of the muUlgs classifiers,
suppose that we obtaindtl ¢ R***-1 py LDA/GSVD. Using LDA/GSVD, we
can efficiently obtaii’ € R™*®~1 without nonsingularity restriction. The data
points are transformed from the original vector space taddeiced dimensional

space by thisV.



Algorithm 1 LDA/EVD-QRD
Given a data matrid € R™*" (m < n) with p classes, this algorithm computes

the columns of the matrix’ € R"*?, which preserves the class structure in the
reduced dimensional space, and it also computes thmensional representation
Y € R™*P of A.
(1) ComputeH, € R™* andH,, € R™™ from A according to Egns. 2 and 3,
respectively.
(2) Compute the EVD ofif H,, € R™*™:

SHO || W
HyHy=(Vi, V2) :

mn —~ =~
s m—s 0 0 ‘/ZT
wheres = rank(H,,).
(3) Compute/, from H,, V¥ .
(4) Compute the QR decompositiondf,'U” H,: $,' U H, = Q,R.
(5) LetW = U,X5'Q,.
6) Y = AW

3.1 Multiclass Centroid Based Linear Discriminant ClagsifiCLDC)

In the centroid based linear classification, a test datatpojiis assigned to a class
by finding the closest centroid. Tlig — 1) x 1 centroid vectok!] for a clasq?; in
the reduced dimensional space is computed by

c; = = > Whay,

Mi jem,

whereV/; is the set of data items that belong to the casandm; the number of
dataitems in the clagg;. For a given sample data poimt,the centroid based linear
discriminant classifier with generalized LDA (CLDC/GLDA$signs the class of
x by

: r_ T
arglrglélpﬂci Wx]|.



This CLDC has been widely used for multiclass classificabased on LDA due

to its simplicity [5,12].

Here, we also describe the centroid based kernel discrimhtiassifier with gen-
eralized LDA (CKDC/GLDA). Given a kernel functioi’(x,y), in CKDC, the

centroids of the training set in the reduced dimensionatesjpae computed by

= 3 WTK(Aay),

M jem,

wherelW € R™*#~1 is obtained from KDA [15] and<'(4, a;) is am x 1 kernel

column vector with

K(a{v aj)

K(A a;) =

K<a777;7 aj)

An example of one of the most commonly used kernels is thakadsis function
(RBF) kernelK (a] , a;) = exp(—7|la; — a;||?).

For some sample data poit, the class of the data point is assigned by

: T T
arg min el — W K(A,x)].
3.2 Multiclass Marginal Linear Discriminant Classifier (NIIC)

In this section, we first describe the marginal linear dieamant classifier for bi-
nary class problems and then show how it is extended to rradtienarginal clas-
sifiers. Suppose we have the dimension reducing transfmmasaéctorw from
applying the LDA/GSVD to a problem with two classes. Then,ca@ usew to

find a decision function for a separating hyperplane

f(X) = wix+ b,



so thatsign(f(x)) > 0 whenx belongs to the positive class asdn(f(x)) < 0
whenx belongs to the negative class, as in the SVM classifiers. Tdgetbrmb
for this f(z) based on LDA can be computed by= —w” c, wherec is the global

centroid.

Now, we introduce a marginal modification of LDA where thesbtarm is com-
puted not based on the global centroid but based on clustéroods. We define
a negative class as that with a smaller centroid valuén the transformed one-
dimensional space between the two classes;’i.e< ¢’,. The two centroid vectors

of the training set in the reduced dimensional space are

1 T 1 T
¢ = — Z w'a;, and ¢ = — Z w'a;,

M- iem_ Tomy ieMy
whereM_ and M, are the set of data items that belong to the negative class and
the positive class, respectively, and andm_ are the number of data points for
each class, respectively. The bias term is defined as the bataeen a maximum
value of the negative class and a minimum value of the pesdiass in the one-
dimensional reduced space:

b= —l(max(wTa-) + min (w”a;)) (6)

iEM_ Y ey e

This method of choosing the biass the same as that used for SVMs. The bias
term is determined by the boundary points of each class. Vihanary classifi-
cation problem in the reduced dimensional space is conipletparable, Eqn. (6)

guarantees that a class separating line can be found, tvhile w’ c may fail.

The above binary marginal classifier is now extended to aichasts classifier. The
dimension reducing transformation matbix maps any data point in the original
dimensional space to the reduged 1 dimensional space. Based @n, we form

t = p(p — 1)/2 binary decision functions fgr classes. For example, when= 4,



all possible binary combinations of the classes are

{ (Q1,Q2), (1, Q3), (21, Qa), (Q2, Q3), (2, L), (23, Q) } ()

where each();, (2;) relates to the binary decision function for classeand j,
and(?; denotes théth class. The first binary decision function correspond$iéo t
decision between the clasg and(2, among allp(p — 1)/2 = 6 binary decision

functions. In general, there ape- 1 binary decision functions related to each class.

A bias valueb(£2;, ©2;) of the binary decision function for clas and clas<?;
based on théth columnw,, of W is defined as

1 .
b (€2, Q) = —5(52%(%%) + ggﬂl;lﬁ(vvfav)% (8)

where), and M are the sets of data items that belong to the negative ¢kags (
and the positive clas$);) respectively. The clagg, is assumed to have the smaller
mean value in the transformed one-dimensional space betiveelass?, and the

class(2;, while Q5 has the larger mean value. Then, a bias ma#rix R™>*®~1 s

formed as
bi1(1,2) ba(1,2) oo bpo1(1,2)
b1<17p> b2<17p> bp—1(17p)
b1(2,3)  ba(2,3) ... bp_1(2,3)
B p—
b1<27p> b2<27p> s bp—1(27p)
bi(p—1,p) ba(p —1,p) ... bp—i(p —1,p)

10



whereby (€2;, ©2,) is denoted a8y (7, j) for notational simplicity. Note that the index

set in the first column would be what is listed in (7) whea 4.

The negative class indeX, and positive class indef?; for each element of the
matrix B are stored in the corresponding locations of a matitk € R**®-1 and

amatrixC* ¢ R*>*®-1) respectively.

Now, we present a method to classify a new test prinsingV and B. We first

define a decision matrik' as

sign(wix+ Bu1) ... sign(w)_ X+ By, 1)
sign(wi X+ Ba1) ... sign(w)_ X + By, 1)
F =sign(Y+B) = c R0,
sign(wix+ By1) ... sign(w]_ X+ By, 1)
where
WX, WiX, ..., Wl X
WX, WiX, ..., Wl X
Y =
WiX, WiX, ..., Wl X

Then for each(i, k), if F}, is negative, the class is assigned @y, otherwise
the class is assigned ly’,. A decision vectod for the ith binary discriminant
contains thep — 1 class indexes obtained by thiga row vector in the matrix.
The class assignment of thil binary discriminant is determined as the dominant
class in the vectod. For example, let us assume that the first linear discrintinan
considers clasQ; and clas$); among 7 classes. If the first row vector of the matrix
Fis F,. = [-1,1,0,1,1,—1], and corresponding row vectors of the class index

matrices areCY = [1,2,1,1,2,2] andCf = [2,1,2,2,1,1], the decision vector

11



d will be [1,1,0,2,1,2]. The class assignment of 0 means tinatinary decision
function cannot determine between two classes. The datd gds assigned to
class(?; since the clas$), is dominant in the decision vectal. When theith
binary discriminant is related with the classification beéw clasg?; and class
Q,, the class assignment for thith binary discriminant can be achieved by the

following decision scheme:

(1) val(2,)=0; val(2,)=0;
(2) Fork=1top—1
o 0 = sign(Yy + Bu);
e If 6 < 0thenvalCy)=val(C}) -4

else valCk) = val(CL) + 6§

(3) Ifval(€2,) > val(§2;) then class(i}— €2,
else if val(2,) < val(2,) then class(i}— €2,

else class(i}- 0

If two classes can be completely separated, we choose thédsa according to
Eqn. (8). The transformed data points to the one-dimenkspaee in Eqn. (8) for

thesth discriminant and théth column ofll” can overlap when

T : T
max (wya,) > min (Wi ), ©)

wherel, andM are the sets of data items that belong to the negative ¢ags (
and the positive class$);), respectively. In this case, we use the following scheme

to obtain a decision for a binary discriminant:

(1) 6 =[Whx —cg, || - [Whx — cg, [I;
(2) If 6 < 0then class(i}—
else ifo > 0 then class(i}— €25

else class(i}- 0

12



When the class assignment is 0, the decision function catisaiminate between
the two classes and this decision does not affect the vodintpé final decision of
multiclass classification. After repeating for albinary discriminants, we obtain
p(p — 1)/2 decisions. There arg — 1 binary discriminants that are related to a
class. A one-against-one method was applied in order tgraasiecto to a class,
which is a common way to extend binary classifiers such as SiMsmulticlass
classifier. Whenever we cannot decide a class due to the samigen of decisions,

we choose a lower index class.

Now, we introduce a marginal kernel discriminant classifi@ased on generalized
LDA (MKDC/GLDA) using the kernel discriminant analysis (K{) [15]. Begin
by constructing = p(p — 1)/2 binary discriminants for each column bf. A bias
valueb (€2, €2;) of the kernelized binary discriminant between cl&@ssand class

(2; using thekth column oflV is defined as

_ 1 T . T
whereM, and M are the set of data items that belong to the negative cfg9s (
and the positive clas$;), respectively, aneélv;, is thekth column ofiV. The class
2, has smaller mean value in the transformed one-dimensipaaksbetween the
class(2; and the class);. The(; is the other class. We build a bias matfx €

R**(~1) and a transformed matriX € R**»~1) whose element can be computed

by

Yi = wiK(A,x). (10)

Then, we assign a new test data poinio a class using a similar method as that
described for MLDC.

13



3.3 Multiclass Bayesian Linear Discriminant Classifier (BC)

The conditional probabilitie®({2;|x) can be obtained by

x|Q;) P();)  distribution probability prior
P(x) B evidence '

P =

If we have only two classes, then we can define a discriminarttfon as:

00 g (29

where the class membership is determined basedgarid,(z)). Now suppose that

we have two classdg; and(2,, and the feature value is normally distributed within

each class. That is:

1 —u))TE N (x —
P(X|Ql) _ exp <(X :ul) 1 (X Ml)) 7
(2m)7 - %] —2
wherey; is the mean vector in the clasyg, >; is the corresponding covariance
matrix, and ¥, | denotes the determinant¥f. If the other clas$), is also normally

distributed, the discriminant function will be

1
day(x) = §XT(E1_1 — Sy x 4 (35 e — 57 ) x
1 _ _
+§(uf21 Y — s S5 o)
B P

O .
2 %, P P()

Assuming®; = ¥, = ¥ and the log of the class likelihood, ileg(P(€2;)/P(£22)),

is 0, we can simplify the line discriminant function to

da(x) = (= )57 (x = H2) (12)

After obtaining the dimension reducing transformation by generalized LDA,

the p x 1 mean vecton; of a class(?; in the reduced dimensional space can be

14



computed by

1
Hi = E Z WTajv

i jeM;
whereM; is the set of row indices of the data séthat belong to the clag€3; and

m; the number of data points in the cld3s After repeating for alt = p(p — 1)/2
linear discriminants for a class problem, we obtain(p — 1)/2 decisions. There
arep — 1 binary discriminants that are related to a class. By votingectorx is

assigned to the most frequent class.

3.4 Multiclass One-dimensional Bayesian Linear DiscriamtiClassifier (1BLDC)

Another approach to decision construction for a binaryrthsioant in thep-dimensional
reduced space infoone-dimensional decisions again like MLDC. In order to con-
trast this method with BLDC described in the previous sextiwe call this ap-
proach one-dimensional BLDC (1BLDC). For tith discriminant and:th column

of W, the mean value of the claSs can be computed by

1
_ T
fj = — > wiay,
M e,

where )M; is the set of data items that belong to classandm; is the number

of data points in clasg,. Assuming the one-dimensional feature is normally dis-

tributed with each class,

P(s]2)) = omr),

1
— X
Vara, < —20]
whereo; is the standard deviation, the discriminant function befwelas<?, and

class(), is




Table 1

Ten-fold cross-validation (CV) testing accuracy (%) obgal from various classifiers based
on a dimension reduction algorithm (LDA/EVD-QRD, LDA/QRDr LDA/GSVD) on
AMLALL data set of 7129 genes and 72 samples. For this binkgsification problem,
the number of features extracted by LDA/EVD-QRD or LDA/QRRstwo, while the

number of features extracted by LDA/GSVD was one.

Dimension Reduction Algorithm
Classifier LDA/EVD-QRD LDA/QRD LDA/GSVD
GLDA & kNN 95.89% 95.89% 95.89%
CLDC 95.89% 95.89% 95.89%
MLDC 95.89% 98.57% 95.89%
1BLDC 95.89% 95.89% 95.89%
BLDC 95.89% 95.89% 95.89%

In between the two rootsi, is negative, indicating the choice of the cld3s
Beyond either rooty, is positive, indicating the choice of the cla3g. Assuming
o1 = 0 = o and the log of the class likelihood, ileg(P(2)/P(£s)), is 0, we

can simplify the linear discriminant function to

do(z) = @ (x _ W) . (12)

This linear discriminant classifier is applied in turn fockaeduced feature in one-
dimensional space, i.€y(wix) for 1 < k < p — 1. The class assignment for the
1th binary discriminant can be performed by the same methed it MLDC with

§ = do(wix). After repeating for alt = p(p — 1)/2 binary discriminants for a
class problem, we obtaj{p — 1)/2 decisions. By voting, a vectoris assigned to

the most frequent class.

16



4 Results and Discussion

In this section, we present experimental results for th@@ss of comparing vari-
ous multiclass classification methods presented in thismp@pkNN classification
or centroid-based classification followed by dimensioructdn. The test results
are generated based on five different data sets. The firse iketikemia data set
(AMLALL) [18] that consists of 7129 genes and 72 samples,chhB split into
a training set of 38 samples (27 samples are acute lymphimbliaiskemia (ALL)
and 11 samples are acute myeloid leukemia (AML)), and a &s1fs34 samples
(20 belong to ALL and 14 belong to AML). The lonosphere, Wiaed ISOLET
(Isolated Letter Speech Recognition) data sets are fromn\Ji@el test problems
[19]. The wine data set determines the origin of wines usingnucal analysis.
The ISOLET1559 data set that has 1559 instances as well &slitHFeOLET data
set of 7797 instances were used for ten-fold cross validaie performed the

ten-fold cross validation test to compare several clasgifio algorithms.

In Table 1, we presented ten-fold cross validation resuttsAMLALL data set
when the number of features is larger than the number of datasp We refer to
the methods of linear feature extraction by generalized ldDA classification in
the reduced dimensional space by kNN as GLDA & kNN. For k-astaneigh-
bor classification, we set the number of neighbors to 15 fasslassignment of
test data points. The LDA/EVD-QRD and LDA/QRD are variasaof the two-
stage approach with PCA and LDA. Even though LDA/EVD-QRD a&bd\/QRD
are algorithmically equivalent, they produced differeasults when we use the
marginal classifier. This is due to different numerical batiaand the possibility
of information loss in formingZ” H,,. There was no significant difference of the
ten-fold cross validation accuracy for the six classifierd different three dimen-

sion reduction algorithms, i.e. LDA/EVD-QRD, LDA/QRD, ah®A/GSVD.

From Table 1 and Table 2, we observed that our proposed taskiclassifiers

17



Table 2
Ten-fold cross-validation (CV) testing accuracy (%) on bliveary and multiclass data sets

by linear classifiers. All values are given by using LDA/GSYInension reduction algo-

rithm.
Methods lonosphere Wine ISOLET1559 ISOLET
2 classes 3 classes 26 classes 26 classes

(351x 34) (178x 13) (1559x 617) (7797x 617)
GLDA & kNN 86.89% 98.86% 87.55% 93.78%
CLDC 87.17% 98.86% 87.17% 92.00%
MLDC 88.89% 99.44% 95.44% 93.22%
1BLDC 87.17% 99.44% 91.47% 94.19%
BLDC 87.17% 99.44% 85.82% 94.05%

could produce accuracy results comparable to that of the kNbkifier. For the
ISOLET1559 data set, the marginal linear discriminantsifeess produced highly
accurate results of above 95% accuracy, while other clessiiid not perform as
well. The 1BLDC performs similar or better than BLDC for adltd sets. However,
the MLDC performed better than the 1BLDC for some data seltsghwis due to

its utilization of the marginal approach.

Table 2 shows that the proposed multiclass classifiers peodesults as good as
those using kNN classifiers. Even though there was no gen@naker across all
data sets in terms of accuracy, MLDC and 1BLDC show bettedtethan CLDC
in general. The results suggest that building multiclaassifiers utilizing the di-
mension reducing transformation matrix is potentiallyt#weo successful approach

for accurate nonparametric multiclass classification.

18



5 Conclusion

We proposed multiclass classification methods where themsion reducing trans-
formation matrix is directly utilized for multiclass claBsation. This procedure is
computationally more efficient than using external k-nsameighbor classification
or support vector machines in the reduced dimensional spdtieh need to opti-
mize parameters, such as the@alue in KNN classifier and the regularization/kernel
parameters in SVMs. We proposed several multiclass classliased on general-
ized LDA. The multiclass marginal linear discriminant déier and Bayesian lin-
ear discriminant classifier exhibited, in most cases, begtailts than those of kNN
classification or centroid-based classification followgdlimension reduction. The
proposed multiclass classifiers can utilize any of the otiverstage approaches

[7-9] of the generalized LDA algorithms as well.
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