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Abstract—Both texture maps and procedural shaders suffer from rendering artifacts during minification. Unlike texture maps, there

exist no good automatic method to antialias procedural shaders. Given a procedural shader for a surface, we present a method that

automatically creates an antialiased version of the procedural shader. The new procedural shader maintains the original shader’s

details but reduces artifacts (aliasing or noise) due to minification. This new algorithm creates a pyramid similar to a MIP-Map in order

to represent the shader. Instead of storing per-texel color, pyramid stores weighted sums of reflectance functions, allowing a wider

range of effects to be antialiased. The stored reflectance functions are automatically selected based on an analysis of the different

reflectances found over the surface. When the rendered surface is viewed at close range, the original shader is used, but as the texture

footprint grows, the algorithm gradually replaces the shader’s result with an antialiased one.

Index Terms—Antialiasing, texture, procedural shader, surface normal distribution.

Ç

1 INTRODUCTION

PROCEDURAL shaders are widely used in computer
graphics today, as demonstrated by the success of

shading languages such as the RenderMan Shading
Language [1] and GPU shading languages such as Cg and
HLSL [2]. Procedural shaders provide several advantages
over sampled texture maps, including the ability to show
fine detail in close-up views and providing easily tuned
parameters during material modeling.

In this paper, we will use the term procedural shader to
refer to code that is executed during rendering that specifies
one or more reflectance functions for a surface. When
multiple colors or reflectance functions are used to create
spatially varying patterns, sometimes such shaders are also
known as procedural textures. We will use the terms image
texture and texture map to mean a sampled representation of
a spatially varying pattern. Image textures are often stored
as 2D arrays of red, green, and blue values, but other
surface attributes may also be sampled such as the degree of
specularity or the translucence of a surface.

Some of the potential rendering artifacts for procedural
shaders can be understood from classical results in signal
processing. The Nyquist rate fN for a continuous function
(signal) is two times the highest frequency that is present in
the signal. If we fix the viewpoint and the lights in a scene,
then a procedural shader represents a continuous function
of outgoing radiance from a surface. Although any
particular image texture is band-limited, a procedural
shader can represent a function that has arbitrarily high
frequencies. During image synthesis, the renderer samples

the continuous function at discrete positions and thus forms
a sampled version of this function. If the samples are
regularly spaced and of frequency fS , then the Shannon
Sampling Theorem states that the continuous function can
be exactly reconstructed only if fS > fN , where fN is the
Nyquist rate for the signal. If the sampling frequency falls
below this rate, then high frequencies in the signal can
masquerade as lower frequencies in a reconstructed signal,
and this phenomenon is known as aliasing. Some of the
more obvious effects of aliasing include stair-stepping at
light/dark boundaries and moire patterns when viewing
regular textures such as stripes.

Several strategies may be taken in order to combat
aliasing. One approach is to increase the sampling rate
during rendering, a technique known as supersampling.
Supersampling does not eliminate aliasing in general but
pushes the aliasing to higher frequencies. Supersampling of
procedural shaders comes at a high cost because it requires
many more compute cycles to calculate the extra samples.
Another approach is to move the samples to irregular
positions. There are many variants of this, but perhaps, the
most popular is jittering, where the sample positions are
moved by adding small random values. Jittering does not
eliminate all problems but converts aliasing artifacts to
noise. The human visual system is less sensitive to noise
than it is to aliasing artifacts, so this trade-off is usually
preferable. Most of the results that we show incorporate
jittered sampling. Nevertheless, another strategy is to create
a sampled version of the signal prior to rendering and to
prefilter this sampled data. An image pyramid (or MIP-Map
[3]) is such a prefiltered representation, and our own
approach also makes use of this technique.

The task of antialiasing a procedural shader can be
extremely difficult even when done by hand. Often, the
programmer’s time to create a procedural shader is less
than the time to create the antialiasing code for the same
texture [4]. For some procedural shaders and scenes, an
arbitrarily wide range of colors might be mapped to a single
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pixel. In order to compute an accurate reconstruction of the
pixel, all colors within the texture footprint (the texture
covered by a subpixel) must be weighted properly and
averaged. This cost can be prohibitive for a procedural
texture, requiring summing many samples [2]. If done by
hand, the best way is to analytically integrate the texture
over the footprint. However, this is often difficult or
impossible in many cases.

One method of automatically antialiasing procedural
shaders is to render the texture at a very high resolution and
use the resulting image for an image texture of the object
[5]. Although this is a good first step, there are several
problems with this method, including the loss of magnifica-
tion information and loss of spatially varying reflectance
properties.

We present a method that automatically reduces and/or
eliminates minification artifacts (noise/aliasing) in proce-
dural shaders while maintaining the magnification benefits
of procedural shaders. We create a procedural reduction map
that reduces minification aliasing artifacts, as seen in Fig. 1.
The procedural reduction map is a pyramid, similar to a
MIP-Map, where each texel in the pyramid corresponds to a
region of the textured object. Each texel in the base level of
the pyramid stores two pieces of information: the surface
normal and a representation of a reflectance function.
Specifically, the reflectance function at each texel is stored
as a small number of weights that are applied to a set of
basis reflectance functions. The basis reflectance functions for
a given procedural texture are found by automatically
analyzing many samples of the texture under a variety of
viewing and lighting directions. Texels at higher levels of
the pyramid contain basis function weights and normal

distributions, which describe the variation in surface
normals over a portion of the object’s surface.

There are three major contributions of our work:

. Our method is automatic given a procedural shader
on an object using a minimal set of assumptions.

Previous methods specify the way the texture is
written or are not automatic.

. We minimize the aliasing or noise artifacts of
procedural shaders due to minification without
losing the benefit of magnification details.

. For complex textures, our method more closely
resembles the original texture than a simple image
texture map by using reflectance functions at each
texel in the pyramid.

The assumptions required for our algorithm include the
following:

. Procedural shaders cannot sample the scene beyond
shadows and lights. As such, mirror and near-mirror
textures, sampling of indirect lighting, subsurface
scattering, and refraction in translucent textures are
not handled.

. Only point light sources can be used in the scene.

. Textures cannot use displacement mapping.

. No anisotropic reflectance functions are handled.

. Reflectance function differences are not handled
when the differences lie in specular components well
outside of the reflection vector.

. The texture must be time invariant.

2 PREVIOUS WORK

Although the earliest procedural shaders date back to the
late 1970s, the technique of writing code to define a texture
really blossomed with the invention of shading languages
[6], solid textures [7], [8], and solid noise [8]. The open-
ended nature of procedural shaders provided power and
flexibility, however, the same flexibility increased the
difficulty to automatically antialias the same texture and
has therefore been attempted by few researchers.

There are several programmer-oriented approaches to
antialiasing procedural shaders, and an overview of many
of them can be found in the book by Ebert et al. [9]. One of
these techniques is clamping, which was described in [10].
Clamping effectively removes aliasing but is appropriate
only for spectrally synthesized textures. Analytically pre-
filtering the texture is an effective means to remove edge
aliasing and can be used as a stepping stone for minification
antialiasing, but generally, it is difficult except for simple
filters [9]. Numerically integrating the texture is obviously
the best choice but is usually the least tractable method—
sometimes even impossible [11], [4]. Toward the determina-
tion of the error created, Heidrich et al. present a method to
provide an estimate of error while shading [12].

Multiple level-of-detail textures have also been mostly
programmer oriented. Goldman created a fur texture at
multiple levels of detail [13], which is similar to Apodaca
and Gritz’s method of blending between two or more
textures when one of them begins to alias [4]. Extending this
idea, Olano et al. created a set of texture building blocks
with hard-coded antialiased levels of detail that automati-
cally antialias as the texture is built [2]. Hart et al. present a
new model for solid texturing that yields an automatically
derived box filter width from the shader parameters [14].

One of the problems with manual techniques is that often
the programmer spends as much time antialiasing as
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Fig. 1. A scene with multiple procedural shaders that was rendered
using procedural reduction maps. The 16-samples-per-pixel version of
this animation (which aliases) took more than 10 hours to render,
whereas the new method required less than three hours with no artifacts
due to minification.



creating the texture itself. A more computer-centric method
is to simply sample with higher frequency and to jitter the
samples. This, however, will not remove aliasing, but will
merely change the frequency at which aliasing occurs [9],
[2]. Olano et al. introduced automatic simplification of
hardware shaders that target the number of texture
accesses, a common problem in current hardware [15].

Shader simplification is the technique of reducing the
visual details of a texture by modifying the source code of a
shader either automatically or by hand [15], [16]. These
techniques are often targeted for graphics hardware but
have also been used to reduce aliasing by making a similar
shader. Note, however, that these techniques do not
preserve the original texture. If used as a level-of-detail
scheme, popping can be seen as one level of detail is
exchanged for another.

Lawrence et al. factored real-world scene information into
a series of inverse shade tree “leaves” for user interaction [17].
Their work is similar in nature to ours, except that ours
processes synthetic input scenes. Related is the Material
Mapping approach that uses multiple texture maps to tag
portions of a surface that are represented as different
materials [2, p. 138]. Kautz and Seidel make use of
precomputed tables for multiple reflectance models and
blend them together on a per-pixel basis [18]. McAllister et al.
store per-pixel parameters for the Lafortune BRDF in a texture
to render spatially varying reflectances on surfaces [19].

Several methods have been proposed to address the
problem of highlight aliasing, especially for bumpy sur-
faces. In Amanatides’ work on cone tracing, he broadens the
width of a reflected cone to varying degrees in accordance
with the reflectance function at a surface [20]. Becker and
Max transition between three representations of bumpy
surfaces in order to avoid sampling problems [21]. Mal-
zbender et al. make use of per-texel polynomial functions in
order to represent material reflectances [22].

During minification of bump maps, it was pointed out by
Fournier that traditional methods of antialiasing them (that
is, by averaging the normals) would not work and proposed
the idea of creating a pyramid of Phong-like distribution of
normals [23]. Olano continued this work to include
Gaussian distributions of normals [24]. To combat highlight
aliasing, Tan et al. use a mixture of Gaussians model to
combine the normal variation across a surface and the
microfacet distribution of a reflectance function [25].

A lot of the complexity of the antialiasing problem arises
from the use of the original Perlin noise function found in
[8]. Some of these problems were solved in a more recent
work by Perlin [26]. This work did not, however, address
the fundamental problem in antialiasing noise, which is that
it is not strictly band limited. Wavelet noise addressed this
issue so that noise became band limited [27]. This does
solve a subset of the problem of antialiasing procedural
textures. Unfortunately, it does not help in the antialiasing
of high frequencies that arises when the noise values are
subsequently modified, especially by discontinuous func-
tions due to conditional branching.

Image texture maps and procedural shaders are opposite
sides of the same coin. There are many trade offs between
the two, and these are enumerated well in the book by

Apodaca and Gritz [4]. The antialiasing of image texture
maps has been extensively investigated [28]. Two of the
most prevalent techniques include MIP-Maps [3] (which
greatly influenced our work), summed-area tables [29].
Nevertheless, another approach is footprint assembly,
which averages multiple samples from along the major
axis of the footprint [30]. Footprint assembly has been used
to improve filtering for ray tracing [31].

3 ALGORITHM OVERVIEW

This section gives an overview of procedural reduction maps.
To create the procedural reduction map, the user specifies
the procedural shader, the size of the procedural reduction
map, and the ðu; vÞ parameterized object that uses the
texture. Note that the procedural shader does not need to
use the ðu; vÞ texture coordinates—these coordinates are just
used to unwrap any procedural shader so that it can be
sampled on a regular grid for building the pyramid.

The key to our approach is the assumption that the
reflectance at each point on the object can be approximated
by a weighted sum of a few basis reflectance functions, or bi.
The procedural reduction map consists of two elements: the
hierarchy (similar to a MIP-Map) of texels and the set of
basis reflectance functions, B ¼ fb1; b2; . . . bkg, where k is the
number of basis reflectance functions. Each texel that is not
in the lowest level of the hierarchy is a weighted sum of
texels at the next finer level. Furthermore, every texel
contains weights corresponding to the amount that each bi
contributes to that texel’s reflectance function. The follow-
ing steps will generate the basis reflectance functions and
the pyramid of texels:

1. Rasterize the surface into texels in ðu; vÞ space and
also produce the corresponding sample points on
the object’s surface.

2. Analyze the reflectance functions at each of these
sample points.

3. Revisit the surface sample points to find the per-
texel weights of the basis reflectance functions.

4. Aggregate the texels’ weights up the pyramid.

Our first task is to create the correspondence between
3D sample points Pi on the object’s surface and the
2D texels Ti at the base of the pyramid. For simple objects
such as spheres and cylinders, we use analytic mappings.
For polygon meshes, we unfold patches in texture space
to form a texture atlas.

The second task is to find a good (numerically speaking)
set of basis reflectance functions. For each texel Ti and its
corresponding sample point on the object, we sample its
three-dimensional reflectance function with a large number
of input parameters (incoming and outgoing directions). We
then analyze this large collection of sampled reflectance
functions (one for each texel) to determine the basis
reflectance functions B for the given texture. Once the B has
been found, each texel in the lowest level of the hierarchy is
decomposed into a weighted sum of each bi, and these
weights are then stored in texelTi. Once the lowest level texels
are filled in, the rest of the pyramid is calculated similar to
creating a Gaussian pyramid. Although the analysis for a
given texture is costly, this cost is amortized by using the
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resulting procedural reduction map repeatedly in the many
frames of an animated sequence.

When rendering a textured object, a pixel’s color is found
based on the object’s ðu; vÞ coordinate and an estimate of the
pixel’s texture footprint area. Trilinear interpolation in the
pyramid is performed to give weights for each bi. Each bi is
rendered and weighted accordingly.

4 CREATING PROCEDURAL REDUCTION MAPS

In this section, we describe in more detail each of the steps
for creating the procedural reduction map.

4.1 Texel/Sample Point Correspondence

Our first task is to create the correspondence between 3D
sample points on the object’s surface and the 2D texels at the
base of the pyramid. For simple objects such as spheres and
cylinders, this correspondence can be done with an analytic
mapping. To build these correspondences for meshes, we
follow the work by Sander et al. [32] and Zhang et al. [33]. We
assume that the object to be textured has been parameterized
into one or more texture patches that can be assembled into
one texture atlas. Fig. 2b illustrates the atlas and its patches for
the textured object shown in Fig. 2a. There are many
automatic methods of creating such a texture atlas for
polygon meshes, and we use the method of Zhang et al.
[33]. We note that, similar to image texture maps, the better
the mapping between UV-space to object-space, the more
accurate the antialiasing results.

Once we have created the ðu; vÞ surface parameterization
for an object, we then rasterize each mesh polygon to
produce ðu; vÞ samples that correspond to the texels at the
finest level in the pyramid. We will refer to this collection of
texels T1; T2; . . . ; Tn for the n texels at the base of the
pyramid. Note that if the procedural shader uses displace-
ment mapping, these points will not necessarily be valid,
and we therefore constrain the procedural shader to not use
displacement mapping. With these texels now in hand, we
can analyze the reflectance functions at the corresponding
locations on the surface of the textured object.

4.2 BRDF Sampling and Analysis

Our premise for creating procedural reduction maps is that all
but the most pathological textures are actually a spatially
varying blend of a small number of different reflectance
functions. Our task, then, is to recognize a minimum set of
k“elementary”reflectance functions ðBÞ thatcanbecombined

to form any of the reflectance functions in the texture.B can be
any set of reflectance functions so long as all reflectance
functions of the texture are within the space spanned by that
set. However, we also place two additional constraints on B.
First, we want to minimize the number of basis reflectance
functions for both speed and storage concerns. Second, we
want the vectors storing the sampled basis reflectance
functions to be as orthogonal as possible. This means that
the basis reflectance functions are as dissimilar as possible in
order to avoid numerical inaccuracy problems during
processing.

Many textures could be written in such a way as to
provide the reflectance function at a specific point, how-
ever, it is not necessarily straightforward in all textures to
do so. Furthermore, preexisting textures will likely not have
been written in such a way. Therefore, for these cases, we
wish to recognize the basis reflectance functions in an
entirely automatic way. We do this in two steps. First, for
each texel, we sample the reflectance function on the object
(corresponding to the texel) from a large number of light
and view directions. Second, we analyze this collection of
sampled reflectance functions by solving a non-negative
least squares (NNLS) problem. The result of this analysis is
a set of basis reflectance functions. We will use the notation
Rð!i; !rÞ to describe a single reflectance function, where !i
and !r are the incoming and outgoing (reflected) light
directions, respectively.

Each texel Ti corresponds to some reflectance function
Ri. Although each such reflectance function may be defined
analytically, we sample a given Ri to create a sampled
version of the function. We query the reflectance function
using a variety of incoming and reflected directions !i and
!r over the hemisphere given by the object’s surface normal.
We use the same set of incoming and outgoing directions
for sampling each reflectance function Ri. Each color value
that is returned is placed in the vector Vi that gives the
sampled representation for the reflectance function. Thus,
for n texels, there are n sampled reflectance functions Vi.

4.2.1 Sampling Details

In principle, any number of samples of the reflectance
function may be used. In practice, however, there is a
balance between using few samples for speed and using
many samples to accurately represent the reflectance
function. We note here that this principle of minimizing
the number of samples for reasonable speeds directly led to
the assumption mentioned earlier that the texture could not
sample the scene beyond the shadows and lights. If the
texture were allowed to do that, then the number of
samples required to accurately recognize different reflec-
tance functions would increase drastically.

Fig. 3 lists the angles that we use to sample the
reflectance function. To minimize the amount of sampling,
we use the assumptions that the texture is isotropic, and the
specular component (if any) are located along or near the
reflection vector. Isotropic reflectance functions can be
described using three variables: incoming elevation ð�iÞ,
outgoing elevation ð�oÞ, and difference in rotation around
the pole between the two ð�Þ. Note that the case where the
outgoing direction is the normal, we have special sampling,
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Fig. 2. (a) A procedurally textured mesh is unfolded into patches and

(b) its texture is sampled into the base level of the pyramid.



but for cases where ð�oÞ is nonzero, the sampling is the same
and thus listed in the figure in the same line.

4.2.2 Analyzing to Find B

Given this collection of sampled reflectance functions
fV1; V2; . . . ; Vng, we wish to analyze them to create the set
of basis reflectance functions B. Hopefully, the number of
basis reflectance functions is far smaller than n, and each of
the reflectance functions Ri can be represented by a
weighted sum of each bi. One possible technique is to use
principal component analysis (PCA). Consider, however,
the following example. Imagine a texture that is a blend of
red and green colors, and the spatial pattern of red versus
green may be based on something like a band-limited noise
function. Rather than recognizing red and green as the
constituent components of the texture, PCA will return the
vector yellow (the average of red and green) as being the
dominant component. For reasons we will discuss shortly,
we seek an analysis technique that will give us basis vectors
near the convex hull of the samples Vi rather than in the
interior. To perform this analysis, we solve a nonnegative
least-squares problem.

Given a large collection of vectors, NNLS finds a set of
basis vectors that span the subspace of the input vectors. In
addition, the weights required to represent any of the input
vectors will all be positive [34]. In the case of the red-green
texture example, NNLS will select red and green as the
basis vectors. For further insights into various matrix
factorization methods, see [17].

As with other analysis tools such as PCA, the computa-
tional requirements of NNLS becomes prohibitive for a
large number n of input vectors. Since we typically wish to
analyze the reflectance functions for a 1,024 � 1,024 grid of
texels, we take a multistep approach to analysis. We break
up our texels into smaller blocks, where each block is
typically 32 � 32 in size. We run NNLS for each of these
smaller blocks, and we save the top three selected basis

reflectance functions from each block. This means that some
basis reflectance functions might be lost during this stage.
We then aggregate all of these selected reflectance functions
and again perform NNLS on this list. The most significant
reflectance functions from this factorization become the set
of basis reflectance functions, B.

After selecting B, we make an additional pass over the
texels to determine their weights. This is the simple task of
projecting each reflectance function vector Ri of a texel Ti
onto each basis function vector bi. The resulting k weights
from this are stored at each texel. The projection of the
vectors into that subspace also identifies vectors that are not
in that subspace defined by B. We then add any of these
reflectance functions that are outside of the space of
reflectance functions defined by the current B by adding
these reflectance functions to B. (These are the ones that
may have been thrown out during the NNLS processing
step.) We note that this rarely happens.

4.2.3 Transparency

Adding transparency requires only a little addition to the
current sampling scheme. Transparency in this sense means
filtered light with no refraction through the object (see
Fig. 4a). One set of incoming and outgoing light directions
are picked to determine if any light is filtered through the
object, as shown in the last row in Fig. 3. If there is a
transparent component to the texture, then this result will
be nonblack.

4.3 Basis Reflectance Function Representation

As stated previously, each texel in a procedural reduction
map contains a weight for each bi, the weighted sum of
which represents the reflectance function for that portion of
the textured object. The representation is independent of the
procedural reduction map, but we explain our chosen
representation and its ramifications here.

Initially, we explored the possibility of using a collection of
spherical harmonics to represent a reflectance function. This
representation is satisfactory for low-frequency reflectance
functions, and it has the advantage of being fairly fast to
evaluate. Unfortunately, spherical harmonics have trouble
capturing sharp highlights. One potential solution would be
to move to a refinable representation of spherical functions
such as spherical wavelets [35]. Another possibility is to make
use of a factored representation of the BRDF [36], [37].
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Fig. 3. Angles (in degrees) sampled for isotropic reflectance function
matching and determination. The first column is the incoming elevation,
the second is the outgoing elevation, and the last column is the rotational
difference around the pole between the two. The last sample (bottom
row) is used for transparency, and this gives us 35 total reflectance
samples.

Fig. 4. (a) A procedural reduction map of a texture using transparency.

Light rays are not refracted when entering the transparent object. (b) A

procedural reduction map rendering of a bump mapped object.



Because there is to date no fully general approach to creating
such factorizations, we chose to take a different approach.

Instead of creating a tabulated version of each basis
reflectance function based on a large number of samples, we
decided to use the actual procedural shader code itself to
represent each bi. Given a bi as returned by NNLS, we find
the texel Ti whose sampled reflectance function is closest to
bi. We record the corresponding position Pi on the object’s
surface, and we also save the surface normal ni at this point.
This position and normal, together with the procedural
shader code, is our bi. When, during rendering, we need to
evaluate a given bi, we evaluate the reflectance by querying
the procedural texture at this point.

Given that our representation of each bi is the procedural
texture itself with specific parameters, the reason for using
NNLS for finding the bi becomes evident. In many
instances, PCA and similar analysis methods often produce
basis vectors that are nowhere near the original sample
vectors. If such a basis vector is selected, there might be no
texel that actually has the desired reflectance function.
NNLS selects its basis vectors from the actual input vectors
that are being analyzed. For our purposes, this means it will
yield bi that can be accurately represented by the reflectance
functions of actual points on the surface of the object.

4.4 Filling the Higher Pyramid Levels

There are two parts to filling in the texels in the procedural
reduction map: creating the texels at the finest level of the
hierarchy and determining the texels in the high levels.
Section 4.2 described creating the finest level texels, and in
this section, we will discuss how to aggregate the existing
texel information up to the other levels of the pyramid.

Similar to MIP-Maps and Gaussian pyramids, each
progressively higher level texel is determined by a
weighted average of child texels. This procedure is repeated
until all levels of the procedural reduction map hierarchy
are filled in. Note, however, that some portions of a texture
atlas can be empty, that is, may not correspond to any
portion of an object. See the black regions in Fig. 2b for an
example of such regions. Sanders et al. noted these empty
texels can be a problem if the ðu; vÞ coordinates are near a
patch boundary [32]. In addition, these empty texels should
not contribute to texel values at higher pyramid levels.
Their solution is to use the pull-push pyramid algorithm in
[38] to bleed the color information into the empty texels. We
use the same pull-push technique, but where they applied it
to color channels, we apply it to our basis function weights.

4.5 Surface Normals

Surface normal information is needed both during reflec-
tance function analysis and when rendering the texture
from a procedural reduction map. The sampling of the
reflectance function during analysis requires the surface
normal to be known so that the appropriate incoming and
outgoing light directions can be used. For many procedural
shaders, the geometric normal, that is, the normal of the
object at that point, is the surface normal used by the
procedural shader.

In the case of procedural shaders that perturb the
normals during shading calculations, that is, those that
have bump maps (Fig. 4b), the system should estimate the

perturbed normals by sampling the reflectance function.
The new normal after being perturbed by the procedural
shader is often called the shader normal. However, for ease of
discussion, we extend this term to include the geometric
normal even when the procedural texture has no bump
mapping.

When the shader normal does not equal the geometric
normal, sampling of the reflectance functions has to be done
carefully. Transformation of the incoming and outgoing
light directions need to be applied based on the normal that
the texture will use in its calculation. Thus, using the
geometric normal when it does not equal the shader normal
will result in not recognizing the same reflectance function.
We need to automatically determine the shader normal so
that we fulfill the goal of minimizing the number of basis
reflectance functions.

For textures that obey Helmholtz reciprocity ðRð!i; !rÞ ¼
Rð!r; !iÞÞ, Zickler et al. provide a way of calculating the true
surface normal from six samples of the reflectance function
[39]. Even though most real-world reflectance functions obey
Helmholtz reciprocity, it is possible (and common) for
textures to break this law. Therefore, this method does not
help in the general case.

For the general case, we use a heuristic to determine the
shader normal. Starting from the geometric normal, we
adaptively sample along two distinct great arcs toward the
opposite point on the sphere. The point that those two arcs
first reach the color black creates a plane (along with the
center of the sphere) that defines the shader normal. This
can be achieved with 15 samples per line (30 total) using a
binary search (results are either black or not), giving an
estimate of the shader normal that is within 10�4 radians of
the original answer. This falls near the borders of numerical
accuracy and is sufficient for our method. For a given
sample point on the sphere, both the incoming and
outgoing light sources are placed on that point and the
reflectance function sampled. We note that while this
method works well for many shaders, it will fail for shaders
that return black for nonbackfacing directions.

Alternatively, many procedural shaders invoke a sepa-
rate function to determine the shader normal. With access to
that, the shader normal determination becomes trivial, fast,
and exact.

Now that the corresponding surface normal for a texel
has been determined, we store the shader normal informa-
tion at the given texel’s location in the finest detail level of
the pyramid. When creating the higher levels of the
pyramid, we not only average together the basis reflectance
function weights from child texels, but we also aggregate
surface normal information. In particular, we use the normal

distribution scheme by Olano and North [24]. Briefly, they
describe a distribution of surface normals as a mean normal
vector (a 3D vector) and a 3 � 3 symmetric covariance
matrix. The covariance matrix is an approximation of a
distribution of surface normals on a sphere. Each Gaussian
approximation can be linearly combined by transforming
the covariance matrix into the second central moment. Since
it is a linear combination, weighted combinations of these
distributions can be done. This perfectly fits our needs for
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combining distributions while creating the higher levels of
the pyramid.

A nice feature of this normal distribution representation
is that the nine numbers that represent such a distribution
can be combined linearly to merge two or more distribu-
tions into a single broader distribution. This is how we
merge the normal distributions as we move up the pyramid
of texels. For flat surfaces, the covariances for the normal
distributions will remain small as we go up the pyramid.
For curved surfaces, texels from higher levels must
represent a substantially curved portion of the surface. In
these cases, the normal distributions become broad. The
normal distributions also become broad in the case of bump
mapping, since higher level texels get their normal
distributions from many normals that may cover a sub-
stantial portion of the Gauss sphere.

We will return to these normal distributions when we
discuss rendering from a procedural reduction map.

4.6 Memory Usage

The per-texel cost of a procedural reduction map is one byte
per basis function weight and four bytes to represent the
direction of the average normal (two bytes each for angles �
and �). All procedural reduction maps used in this paper
were created at 1,024 � 1,024 resolution. For models with
three basis reflectance functions, which is typical, this
results in 9.8 Mbytes per texture (factoring in the 4/3 cost of
the pyramid). A standard MIP-Map texture using three
bytes per texel for color requires 4.2 Mbytes of storage at the
same resolution. For objects that have considerable varia-
tions in surface normals, we also store a normal distribution
map per-texel, and this requires one byte for each of the six
unique elements in the matrix. This raises the memory
usage to 18.2 Mbytes, and this is why the bump-mapped
bunny in Fig. 5 has such high memory usage. These
memory costs are per object, similar to any other use of
texture memory for a given model.

5 RENDERING

Procedural reduction maps can be used with either a scan-
conversion or a ray tracing renderer. Later, we will present
rendering results for both a ray tracer running on the CPU
and for scan-conversion GPU rendering. During rendering,
the procedural reduction map is called with the ðu; vÞ
coordinate and an estimate of the area of the texture footprint
(the portion of the texture visible in the current pixel). We
will return to the computation of the footprint later in this

section. The texture footprint gives all necessary informa-
tion needed to perform trilinear interpolation from the
pyramid. The resulting interpolation can be thought of as a
new texel, Tf .

Given Tf , we have weights for each bi, and we have the
normal distribution. The final radiance will be computed in
one of two ways. We will refer to these methods as the
normal approximation and the multiple samples approximation
methods.

5.1 Normal Approximation

For fast rendering, we simply use the mean of the normal
distribution as the surface normal n for shading, and this is
the only method that we use for GPU rendering. We
examine the weights for each bi and evaluate the reflectance
functions with nonzero weights. As described in Section 4.3,
each bi is represented implicitly as a normal ni and a
position Pi on the object that has the appropriate reflectance
function associated with it. We find the transformation that
rotates n to be coincident with ni, and then use this
transformation to rotate the light and the view vectors into
the appropriate coordinate system. We then invoke the
shader at the location Pi with these transformed light and
view vectors. The returned value from the shader is the
outgoing radiance.

We note here that rendering according to the normal
approximation method is often not entirely accurate to the
original reflectance distribution. (Note that this problem is
different than having two widely different reflectance
functions next to each other in the textured object, which
is handled by the procedural reduction map algorithm.) If
the reflectance function changes drastically over the normal
distribution in Tf (that is, the specular exponent and
coefficient is high), then aliasing can occur. For this reason,
our system will in some cases average together multiple
samples.

5.2 Multiple Samples Approximation

For cases where the normal approximation method fails, we
resort to adaptive supersampling in screen space. Using the
original rendering program, we supersample this pixel. The
number of supersamples can be determined in a variety of
ways, but for our examples, we used 16 since this is what
we are comparing against. We only use this method for our
CPU ray tracing renderer, since this method requires a
different numbers of samples per pixel.

Note that when this case arises, it is exactly the same as
the original automatic antialiasing algorithm of super-
sampling. With the exception of a very small overhead
involved in the procedural reduction map algorithm, the
costs are the same.

Fortunately, this supersampling case does not occur
often. Among all procedural textures used in this paper and
the accompanying video, only the highly specular highly
curved bump-mapped bunny required the multiple sam-
ples approximation. Furthermore, even this case required
the multiple samples approximation only a small fraction of
time (see Fig. 6). In the animation sequence of the bump-
mapped bunny, an average of only 1.6 samples per pixel
was required. This number is small because the specular
highlights only occur in certain areas, and those can be
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Fig. 5. PRM Size. The second column lists the number ðkÞ of basis

reflectance functions in the procedural reduction map. The third column

is the size of the PRM, and the fourth column is the ratio of the PRM size

to a MIP-Map of the same base size.



determined by comparing the reflection vector with respect
to the normal distribution.1 Noting that we have the
directions of the incoming and outgoing light directions,
and the half-vector between them is the normal that would
cause the specular component to become a factor. There-
fore, we need to see if the half-vector is within the
distribution of normals. To do this, we compare the half-
vector to the Gaussian distribution of normals and
determine how many standard deviations away it is from
the center. To calculate this, we invert the covariance matrix
of the normal distribution for texel Tf and multiply by the
half-vector after it has been adjusted for the center of the
distribution. If it is farther than 2.5 standard deviations,
then we use the normal approximation method instead.

Although there are many rendering algorithms that
make use of adaptive supersampling, most of them are
based on color differences between samples. Because our
approach is based on differences in surface normals, it
should avoid the problems from bias that arise when
performing adaptive sampling based on color.

The final observation of this method is that, despite
intuition, our animations alias less than or equal to
supersampling at every pixel. Obviously, in pixel regions
where the screen-space approximation method is used, then
there is an equal amount of aliasing. Therefore, the
interesting comparison occurs in the regions where the
normal approximation method is used versus supersam-
pling. The normal approximation does not involve the
specular component, even though it is possible that there is
a small portion of the normal distribution that does include
it. From frame to frame, the color changes gradually due to
the nature of the pyramid of averaged normals. On the
other hand, supersampling does not have access to such
information. When a specular region takes up only a small
fraction of a pixel, supersampling may by chance occur for a
disproportionately large number of the samples. Since the
specular component typically has a much higher intensity,
this sudden increase in color intensity that will disappear in
the next frame is seen as aliasing.

The frequency of this approximation can be seen in
Fig. 6.

5.3 Calculating the Texture Footprint

For our ray tracing renderer, we estimate the texture
footprint area by shooting rays at the four corners of a

pixel. When all four rays hit the same textured surface, the
footprint area calculation is straightforward. Each ray/
object intersection corresponds to a position in texture
space, and we enclose the four given positions in a square
that becomes our footprint. According to the usual MIP-
Map level calculation [3], we then perform a lookup in our
image pyramid. Although we have not yet done so, our
method could easily be extended to use footprint assembly
in order to perform anisotropic filtering [30].

In the event that two or more objects are hit during ray/
object intersection, we shoot more rays that further
subdivide the pixel. We then use these additional rays to
estimate footprint sizes on the various objects and, in
addition, to determine what fraction of the pixel’s color will
be due to each object. This approach generates smoothly
antialiased silhouettes of textured objects. Textured mesh
objects that have been unfolded into multiple patches in an
atlas are also specially treated. If the four original rays for a
pixel hit more than one texture patch in the same atlas, there
is a danger of miscalculating the footprint size. For this
reason, rays that strike different patches are treated just as
though they hit separate objects, causing additional rays to
be shot that then give the footprint areas and the
contributing weights for the various patches.

Note that the finest level of the image pyramid
represents the finest details that the procedural reduction
map can antialias. If the area of the texture footprint is less
than the size of the finest texels, we do not use the
procedural reduction map and instead invoke the original
shader code. If the texture footprint is nearly the same as the
smallest texel size, we perform a weighted blend (based on
footprint area) between the value given by the procedural
reduction map and the value given by the shader code. This
creates a smooth transition between the procedural reduc-
tion map and the original shader.

6 RESULTS FOR CPU RAY TRACING

We implemented rendering using our procedural reduction
maps with both a CPU ray tracer and with GPU scan-
conversion. For the ray tracer, we tested our approach on a
single-processor Intel Pentium 4, 2.8-GHz machine with
2 Gbytes of memory. The renderer we used was a modified
version of POV-Ray. We chose to use a public-domain
renderer as our software platform so that during rendering,
we could easily catch and modify procedural shader calls to
use procedural reduction maps. We do not see any
conceptual barrier to using procedural reduction maps in
other CPU renderers as well.

Fig. 7 demonstrates several procedural shaders of
varying types that are common in computer graphics:
thresholded noise, a regular (hexagonal) pattern with
differing specular components, cellular texture, and marble.
The figure demonstrates the textures at varying levels of
zoom (each perfectly antialiased). The figure also demon-
strates what kind of aliasing can occur when nothing is
done (1 sample per pixel, no hand antialiasing), super-
sampling is performed (16 samples per pixel), and when the
procedural reduction map is used with only 1 sample per
pixel. For the aliasing demonstrations, the object is far
away, and then, the resulting image is magnified.
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1. This is valid due to our assumption that the specular highlights are
only found along the reflection vector.

Fig. 6. Frequency of the multiple samples approximation. (a) Procedural

reduction map, 1 sample per pixel (except for multiple samples regions).

(b) Multiple samples regions are marked with red. During the animation,

an average of 1.6 samples per pixel were used.



From left to right in Fig. 7, each texture demonstrates a

common and difficult aspect of automatic antialiasing of

procedural shaders. First, the thresholded noise texture

applied to the griffin model (10K triangles). This is difficult

to antialias due to the discontinuous function at the

boundary between blue and yellow. Although wavelet

noise [27] has greatly improved the antialiasing of noise, it

does not help in this situation.
The second texture is the hexagonal pattern applied to

the dragon model (20K triangles). This pattern has three

different reflectance functions, but what makes it most

interesting is that one of these has a much different specular

component. Traditional MIP-Maps cannot handle this type

of texture, and this type of texture is often left as is and

supersampled for antialiasing purposes.

The third texture is a cellular (Worley) texture applied to
the bunny model (10K triangles). Cellular textures are
popular, but they can quickly become difficult to antialias.
Antialiasing this texture by hand would be difficult at best
and trying to make this a traditional MIP-Map loses the
magnification benefits of the original texture.

The fourth texture is another common form of procedur-
al shader, the solid texture marble, applied to the igea head
(10K triangles). The white regions of this texture have been
made more glossy than the dark portions. The difficulty
with this type of texture is the nonlinear correspondence
between the noise function and the color space [9], as well
as the blending of a glossy component into portions of the
texture.

We refer the reader to the accompanying video clips to
see the quality of these results for animated sequences. The
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Fig. 7. Four representative textures are shown. The first two rows demonstrate the texture with very high-quality renderings. (a) The texture when
magnified. (b) The texture on the entire object when the object is close enough such that there is no aliasing. For the next four rows, the object is
placed far from the viewing screen and then rendered. The resulting image is then enlarged without interpolation. (c) One sample per pixel rendering.
(d) Sixteen samples per pixel rendering. (e) One hundred samples per pixel rendering, which is close to the ideal image. (f) The procedural reduction
map with only one sample per pixel rendering.



differences are even more pronounced in animated scenes.
In particular, the 16 samples per pixel videos have notice-
able aliasing and/or noise artifacts. We also note here that
this algorithm does not handle silhouette aliasing but rather
minification aliasing.

Fig. 10 gives timing results for the procedural reduction
map creation, along with timings for various parts of the
creation portion of the algorithm. Only one of our test
models, the bumpy bunny, required automatic surface
normal determination, and this required one hour and
45 minutes to compute. Although the NNLS portion of the
algorithm is by far the most expensive aspect of the
algorithm, note that for many textures, such as the cellular
texture, that finding B is difficult even for humans. We note
that although the offline texture creation times are long, the
benefit is greatly reduced final rendering time.

Fig. 8 gives the rendering timing results for several
textures, some with a corresponding procedural reduction
map and some without. The two main costs in rendering are
the number of rays cast and the number of texture calls. The
table attempts to delineate the costs and benefits of our
algorithm. In the animation, notice that visually, the proce-
dural reduction map is of the same quality as 16 samples per
pixel (and is sometimes better). Therefore, it is often a savings

in rays cast since the algorithm requires only one ray per pixel.
However, the table also lists the number of texture calls. For
many surfaces and associated textures, our algorithm has
superior performance in the number of texture calls. Notice
that our PRM technique is faster than 16 samples by a factor of
2 to 3 and produces comparable or higher quality results (see
video).

The speed overhead of running the procedural reduction
map algorithm is demonstrated in Fig. 9. To calculate this,
the procedural shader returns only white with no computa-
tions, effectively eliminating the cost of texture calls from
the timings. This leaves two costs: the ray/object intersec-
tion tests and the cost of running the procedural reduction
map algorithm per 1,000,000 pixels (calculated by subtract-
ing the timing for 1-Sample from the timing for the PRM).
To better display the cost of running the procedural
reduction map algorithm, we use two models with different
numbers of triangles, as well as for each model using two
different numbers ðkÞ of basis reflectance functions. The
normal distribution map version was not included in this
since it is a blend of the procedural reduction map and
regular supersampling methods.

The animatedscenewithmanyprocedural shaders (shown
in Fig. 1 and in the accompanying video) has 840 frames and
took 10.5 hours to render at 16 samples per pixel, whereas it
took only 3.0 hours to render using procedural reduction
maps (using 1 sample per pixel). Note that the 16 samples per
pixel version still aliased at this rate. No minification aliasing
can be seen in the PRM version of this sequence. Furthermore,
over the 840 frames, the 16 samples per pixel version made
more than 280 million texture calls, whereas the procedural
reduction map only made 60 million.

7 RESULTS FOR GPU RENDERING

We made use of an Nvidia Quadro NVS 280 PCI-Express
graphics card with 64 Mbytes of memory to test the use of
procedural reduction maps on the GPU. We used the
shader language “Sh” to implement our test shader [40].
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Fig. 8. Rendering costs for each of the 300 frame sequences. The average number of texture calls per frame in the procedural reduction map is listed

in “Texture Calls (PRM).” The average number of texture calls per pixel in the 16 samples per pixel case is listed in “Texture Calls (16).” The timings

for rendering the associated texture in the rotation animation is listed for “1-Sample” per pixel, “16-Samples” per pixel, and the “PRM (1 sample per

pixel).” Note that all models are have 10K triangles except the dragon, which is has 20K triangles. Rendering times are in (minutes:seconds).

Fig. 9. Cost of ray-object intersection tests and the procedural reduction map algorithm. Each row is a model with either two or four basis reflectance

functions. The costs of texture computations have effectively been eliminated. Timings are for rendering 1,000,000 pixels. The second to last column

is the additional cost of running the procedural reduction map algorithm. The last column is ratio of 1-Sample over PRM and demonstrates the

algorithm runs at a little over half the speed of 1-Sample. The PRM for these examples does not make use of the normal distribution map.

Fig. 10. Timings (hours:minutes:seconds) for creating procedural
reduction maps of various textures. “Sampling” is the time required to
sample the reflectance function for each base-level texel. “NNLS” is the
time it took to run the NNLS. The time it took to fill in each texel’s weights
and normal distributions are found in “Filling.” The total time to run the
algorithm is in “Total.” Note that with the exception of the bump-mapped
texture, all textures had a function to return the shader normal.



Even though this rendering was performed on the GPU, our

reflectance sampling and analysis was done in the CPU. We

made this choice because of the large infrastructure that

would have been required to execute the reflectance

sampling on the GPU and to read these samples back into

the CPU.
Fig. 11 shows a comparison of a procedural 3D checker-

board that was rendered from the original shader (Fig. 11a)

and that was rendered using a procedural reduction map

(Fig. 11b). Note that the dark and light squares of the

checkerboard use two different specular exponents and

colors. Even in the still image, the antialiased boundaries

between the dark and light squares are evident. In the

accompanying video, strong rendering artifacts due to the

checkerboard are apparent in the original shader results,

and these are gone in the procedural reduction map results.

Because both video sequences were created using one

sample per pixel, silhouette aliasing is still evident in both

sequences.

8 CONCLUSION AND FUTURE WORK

The procedural reduction map provides an automatic

method of antialiasing procedural shaders. In addition to

handling simple color variation, this approach also anti-

aliases reflectance variations due to specular highlights. We

believe this to be a general tool that will relieve the author

of many procedural textures from the difficult task of

writing code to antialias textures.
There are several opportunities for future work on this

problem. One topic is how to treat anisotropic reflectance

functions. Handling the extra dimension in an inexpensive

manner could prove difficult. Another direction is to

investigate antialising of time-varying textures. The obvious

issues that this brings up are the high cost of precomputa-

tion and the potential for high-memory consumption.

Another open issue is speeding up the treatment of shiny

and bumpy surfaces during rendering, since this is

commonplace among procedural shaders. Along similar

lines, it would be good to allow specular highlights that are

not centered around the reflection vector. Currently,

reflectance functions that have specular highlights that are

not near the reflection vector would not be distinguishable.

The obvious solution is to more heavily sample the

reflectance function but at a high cost in compute time.

Finally, we want to find a fast and accurate method of

integrating the reflectance function for those cases when the

variance of the normal distribution is high.
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