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1.1 Introduction

Definition 1.1 Given an undirected graph G = (V,E), let S CV and S =V \ 5. We define the cut(S, S)
to be the set of all edges with one end in S and the other in S. We use notation §(S) = {(v,w) € E : Vv €
S,w € S} for simplicity.

In this lecture, we want to solve the min-cut problem: Given G = (V, E), find S C V such that [§(.5)]
is minimum.

One easy way is to use max-flow. Recall the min-s,t-cut problem, which is given G and two vertices
s,t € V, find cut(S,S) where s € S,t € S, with |§(S)| minimum. To solve min-cut from min-s,t-cut: fix
s € V and run it for all n — 1 other vertices as t. To solve min-cut: we can reduce it to max-s,t-flow and
use Edmond’s Karp algorithm to solve it. We refer the readers to CS 6505 notes for details.

In this lecture, we present Karger’s min-cut algorithm [1] in section 1.2.1 and the Karger-Stein algo-
rithm [2] in section 1.3.1. We will then analyze their running times and success probabilities in section 1.2.2
and 1.3.2, respectively.

1.2 Karger’s min-cut algorithm

1.2.1 The algorithm

In this section, we first introduce a new action on graph called contraction. Then, we provide some intuition
before formally presenting Karger’s min-cut algorithm.

Given a graph G = (V, E), for an edge e = (v,w) € E, we call the following action as contracting e to
obtain a new graph, denoted by G/e:

1. Replace vertices v and w by new vertex y.
2. For all edges (v, 2) € FE in original graph G, replace by (y, z); for all edges (w, z) € E, replace by (y, z).
3. Drop all edges (v, w) € E.

Note that G/e is a multi-graph without self-loops. We have the following observations on edge contractions:
For a given graph G = (V, E) and e = (v,w) € E, let G’ = G/e. Consider cuts in G and cuts in G’, then
every cut in G’ corresponds to a cut in G. For a subset S C V, where e € S, then 6¢(S) = dg/(S). Now,
consider contracting a sequence of edges e, es,...,e,_2. Since the number of vertices decreases by one via
each contraction, there are two big meta-vertices left. Note that the (multi-)edges between those two vertices
represent the cut(S’, S’) in G, where the vertices in S’ and S’ are contracted into those two big meta-vertices
respectively.

Fix a cut (S*,S*) of minimum size |§(S*)| = k. We want all of these edges ey, e, ...,e,_2 & 6(S*). In
a randomized algorithm, just take guesses at choosing edges. The minimum cut is small, so if you choose a
random edge from the whole graph, it is unlikely that it will be in the cut. Below is the formal algorithm.
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Algorithm 1: Karger’s min-cut algorithm
input : Graph G = (V, E).

1 n <+ |V(G)|, C <+ E;

2 for i + 1 to I(}) do

3 G+~ G,

4 repeat

5 Choose an edge e € E(G');

6 G+ G'/e;

7

8

9

until V(G| = 2;
if |C| > |E(G")| then
| C«+ E(G);

output: C.

1.2.2 Analysis

We can use adjacency lists or an adjacency matrix to represent the graph. Then, a single edge contraction
operation can be implemented with a linear number of updates to the data structure. It follows that the
running time for contracting any given graph to two vertices is O(n?) as we contract n — 2 edges. So the
total running time for the algorithm is O(n*).

Now, we will show that the success probability of the algorithm is:

P = Pr(algorithm outputs the global min cut) >1—el.
Fix S* C V such that cut (S*,S*) is of minimum size k. It suffices to show that for a single run,

_ 1
P := Pr(algorithm outputs min cut (S*, S*) for a single run) > —.

3)
Suppose we can prove the above inequality, since we run the algorithm l(;) times and output the best cut
found, the probability of all /(%) runs do not find the min cut is (1 — P)l(2). Thus,

Pr>1-(1-P)G) >1-P0G) >1 -t

We are left to show P > (i By observation, P = Pr(el, €2y Cn_o & 5(5*)).

3)
Then,
k

[E(@)]

We now claim that G has minimum degree k, otherwise G has cut of size smaller than k, which is the set

of all edges that has one fixed minimum degree vertex as one end. Then, [E(G)| =1 > deg(v) > 2.

veV(Q))

Pr(e; ¢ 6(S*))=1—

Thus,
k k 2
* = — > _—_— = _ -
Pr(e; ¢ 6(S*)) =1 FEE)] >1 ey 1 -

G /ey still has minimum degree k, otherwise G/e; has cut of size smaller than k, which corresponds to cut
of size smaller than k in G. Then, |V (G/e1)| =n —1 and |E(G/e1)| > k(anl) Thus,

« . koo 2
Pr(es ¢ 6(S*) [ e ¢ 8(S >)21‘k<n_1>/2—1‘n_1'
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Similarly, for i = 3,4,...,n — 2,

* * ] 3 k - 2
Pr(ei§§5(5)\€j¢5(5 ),V]<’L)Zl_k(n_(i_l))/z_l_n—i—i—l'

Thus,

P= Pr(el, €9,y En_o & 5(5*))
= Pr(ey ¢ 6(S™)) x Pr(ex & 6(S*) | e1 ¢ 5(S™)) x Pr(es ¢ 6(S*) | e1,ea & 6(S*)) x ...
2 2 2 2

Z(I—E)X(l—m)X(l— )Xx(l_g)

n—2

= ) B < x B x (3)
B 2
S nax(n—1)

1
= — as desired.

(5)

Note that the algorithm also implies that for any graph G, there are at most (g) minimum cuts.

1.3 The Karger-Stein algorithm

Consider the calculations in the last section. During the sequence of edge contractions, the probability of
choosing right edges is high at the beginning but low later since there are small number of vertices left. The
Karger-Stein algorithm uses the general framework of that in the Karger’s mincut algorithm but runs the
“later” part more times.

1.3.1 The algorithm

Suppose we contract edges from n vertices to [ vertices twice. We can choose ! to have the probability of
success is about % So in expectation, one of the two runs work. Then we recurse each of these bifurcates.
Take best of two, then pop back up from the recursion.

Now, we want to choose [. Similar to the previous calculations, the probability of success of running from

n vertices to [ is
n-2 n-3 -1 -1 _ ()

n n—lxn.xl—kl_n(n—l)_(g)‘

(2)
(3)

> < by taking [ = % + 1. Below is the algorithm:

Then, we have %
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Algorithm 2: The Karger-Stein algorithm: KargerStein(G)
input : Graph G with n vertices.
1 if n > 6 then
2 Do 2 runs and output the best of the 2:
3 Use Karger’s mincut algorithm to contract edges until % + 1 vertices are left, denoted as G’;

4 Recurse KargerStein(G’).

Note that 6 is chosen in the algorithm as % +1>2

1.3.2 Analysis

First, let us calculate the new running time for running it once. Then,
n

T(n) = 21( 5

)+ O(n?).
By the Master Theorem, T'(n) = O(n?logn).

Now, we can also write a recurrence relation for the success probability. The probability of success to
contract from n vertices to % + 1 is no smaller than a half. Thus,

One can easily use induction to verify that P(n) = Q(:>

Hence, the total running time of the algorithm is O(n?log® n).

). So if we do O(log? n) runs, the success probability

is at least 1 — —+—.
poly(n)
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