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Abstract

Let G be a graph with maximum degree A(G). In this paper we prove that if the girth
g(G) of G is greater than 4 then its chromatic number, x(G), satisfies

A(G)

X(G) < (1+ 0(1))m

where o(1) goes to zero as A(G) goes to infinity. (Our logarithms are base e.)
More generally, we prove the same bound for the list-chromatic (or choice) number:

A(G)

X(Q) < (o)1

provided g(G) > 4.

1 Introduction

In this paper we are focusing on Vizing’s question [29] concerning a possible “Brooks’ theorem
for sparse graphs’:

Find a best possible upper bound for the chromatic number x(G) of a graph G with girth g(Q)
at least 4 in terms of the maximum degree A(G) of G,

where the girth g(G) is the length of shortest cycles of G.

For general graphs G, A(G) + 1 is a trivial upper bound on x(G). Brooks’ Theorem [7]
gives an exact description of the graphs achieving this bound (the connected ones are just the
complete graphs and odd cycles). It is natural to expect that Brooks’ bound is very weak
for graphs without small cycles or large complete subgraphs, say for graphs of large degree
without C, or K,-subgraphs (h,r fixed).

The first non-trivial result in this direction was discovered independently by Borodin and
Kostochka [5], Catlin [8] and Lawrence [18]: For Ky-free G,

X(G) < (3/4)(A(G) +2).

For triangle-free G (i.e. Ks-free), this was improved slightly (10 years later!) by Kostochka
[17], who gave the bound
X(G) < (2/3)A(G) + 2. (1)
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This remains the best upper bound known for Vizing’s problem, a rather remarkable situation,
since the bound (1) differs only by the factor 2/3 from the trivial upper bound.
On the other hand, it is now well-known (see e.g. [4]) that there are graphs G of arbitrarily

large girth with
A(G)

G)>C——F— | 2
x(G) = log AG) (2)
where C is a constant. The best constant up to date is asymptotically 1/2 as A(G) goes to

infinity. (Our logarithms are base e.)
We may consider how close the lower bound in (2) is to the truth. The situation here is
quite analogous to that for independence number. (Recall that the independence number a(G)
of a graph G is the maximum size of a set of pairwise nonadjacent vertices.) The independence

and chromatic numbers are connected by the obvious relation

X(G) = [V(G)|/a(G). (3)
For independence number, the classic result of Turdn [28] may be stated as

a(G) = [V(G)]/(t+1),

where t = t(QG) is the average degree of G.
Turan’s Theorem is sharp when G is the disjoint union of complete graphs of order ¢ + 1.
On the other hand, Ajtai, Komlés and Szemerédi [2] (see also [1]) proved for triangle free G

(6 =ML, (4)
and Shearer [24] improved this to
a(G) > (1 - O(”)W

(both bounds as t goes to infinity). These bounds are best possible up to the value of the
constant since there are graphs G of arbitrarily large girth with

V(@) logt
Jlost

While the inequality (3) is very weak in general, it is close to the truth in many natural
situations, suggesting again that the lower bound in (2) might give the correct order of growth
for x. (Note one cannot bound chromatic number in terms of average degree.)

Provided ¢g(G) > 5, we prove that the lower bound in (2) gives the correct order of magni-
tude. In fact our result is more general. Define the list-chromatic number (or choice number)
X, (G) of a graph G to be the minimum integer k such that for every assignment of a set S(v)
of k colors to every vertex v of GG, there is a legal coloring of G that assigns to each vertex v
a color from S(v) (see e.g. [3], [10], or [30]).

a(G) < (2+o(t))

Our main result is:

Theorem 1.1 Let G be a graph. If g(G) > 5 then

A(G)

x,(G) < (1+ 0(1))m

where o(1) goes to zero as A(G) goes to infinity.



As a corollary of this theorem we have:

Corollary 1.2 Let G be a graph. If g(G) > 5 then

A(G)

X(G) < (1+ 0(1))m

where o(1) goes to zero as A(G) goes to infinity.

The basic approach is via the so-called “semirandom” method, some version of which seems
to have been first used in [2]. Subsequent, more developed applications were in many papers,
e.g. [16], [22] [11], [21] and [14]. See also [12] and [13] for fairly detailed discussions of these
developments. The method here is close to that of [14].

In section 2 we sketch the proof of Theorem 1.1. In section 3 we introduce our basic
parameters and algorithms, and prove Theorem 1.1 modulo the proof of our Main Lemma on
the behavior of these parameters under a random coloring. The Main Lemma says roughly
that the behavior of our basic parameters under an appropriate random coloring procedure is
highly predictable. There are two parts to this: showing that expected values behave properly;
and showing that the parameters are concentrated near their expectations.

Section 4 deals with the Main Lemma at the level of expectations. To prove high concentra-
tions near means of the random variables (in Main Lemma), we develop Azuma-Hoeffding-type
martingale inequalities in Section 5, which are thought to be of independent interest. Finally
we prove the Main Lemma (the concentration results) in last two sections using these inequal-
ities.

2 Sketch of Methods (Semirandom Methods)

In this section we give a rough idea of the proof of Theorem 1.1. Let G be a graph with girth
at least 5 and maximum degree D. Further, suppose we have a set S(v) of size s =~ D/log D
assigned to every vertex v in G. We call S(v) the set of legal colors for v. Our object is
to find a S-legal coloring on V(G), that is, a function from V(G) to the set of all colors
[ := Uyev(g)S(v) such that for all v, 7(v) € S(v) and 7(v) # 7(w) if v ~, w.

In each stage of our algorithm we will color some set, say X, of uncolored vertices so that
the new set X together with the set of already colored vertices is legally colored. Our goal is
to reach a situation in which the maximum degree of the graph induced by uncolored vertices
is less than the minimum over uncolored v of |S(v)\ {color of w: w ~ v,w 1is colored}|. Once
we achieve this goal it is enough for us to color the uncolored vertices greedily.

Before telling how to choose such a set X and a legal coloring on it we would like to
introduce the following notation: For W € V(G) and sets S(w) of legal colors for w € W,
define for v € V(G)

Nw(v) = {weW:wn~, v}, dw (v) = |Nw (v)]
Nw(v;y) = {weNw():ve€Sw)},  dw(viy)=[N(vv)|. (5)

Also for a set A C V(G), we write

Nw(A)={weW :w~,v forsomeveA}.



When W = V(H) for an induced subgraph H of G we write Ny (v) etc.. Usually we do not
write the subscript W (or H) if the identity of W (or H) is obvious.

The induced subgraph of G on W C V(G) is denoted by G[W]. For the rest of this section
we use “x” to mean approximately equal, deferring precise statements to the next section.

We give a rough version of our coloring algorithm only for the “canonical case” that the
graph G is D-regular and all S(v) are the same. In general, the idea is similar, but we need
some auxiliary structures (see the last part of this section) to make the evolution as in canonical
case. (Note that it is no loss of generality to assume G is D-regular.)

Fix a small 6 > 0. First, we define parameters: ag = g = 1 and for L = D/s ~ log D
Qi1 = exp(—@ﬂie_eﬁi)ai
Biyr = (1—(0/L)e "B (6)
1=0,1,---.

Our first algorithm is:

Algorithm 1 (idea)
Initially we set Hy = G, To(v) = S(v), to = |To(v)| = s and i = 0.

(Step 1) In general at the beginning of each stage we will have H; the subgraph of G induced by
the set of uncolored vertices, a list Tj(v) of still-legal colors for each v € V(H;). The properties
we seek to maintain are

d;(v) = ;D
ti(v) ~ s
di(viy) =~ afBiD

for all v € V(H;) and v € T;(v). (Note these are obvious initially, i.e. i=0.)
Assuming these properties hold, we define the random coloring 7; according to

p, =0/(a,D) if v € T;(v)
Pr(ri(v)=~)=4 1-p|Li(v)] ify=A
0 otherwise

(note that p;|T;(v)| = a;s(0/a; D) ~ 6/log D < 1) independently of all other colors 7;(w), and
set
Xi={veV(H):nr(v)#A, v~y w= ) # 7w}

For the next stage, we should consider the induced subgraph H;y; := H;[V(H;) \ X;] and
the sets T;;1(v) of still legal colors for each v € V(H;)!, defined in the obvious way:

Ti1(v) = Ti(0) \ {ma(w) : w € Xiyw . ).

Also let t,, (v) = |Tiy1(v)].

Mt is enough for us to consider these sets only for v € V(H;41), but it is convenient to consider them for all
NS V(Hl)



We then want
dit1(v) =~ Biy1D
tz'_:,_l(?}) X Q418 (7)
dit1(v;y) = aip1fi1 D

The definitions of aj;+1 and ;41 come from analyzing the (probable) behavior of the
parameters under the random coloring specified above. Namely,

ajp1/o; = Pr(y € Tipa(v)) (v € Ti(v)), (8)
Bir1/Bi = Pr(weV(Hit)) (w € V(Hi)). (9)

(These are not hard to see, but for (8) we need the fact that the girth of H; is at least 5.)
Furthermore,

@B /(8;) = Pr(y € Tipi(w), weV(Hin)), (veTi(w) (10)
reflecting the idea that the events “y € T;41(w)” and “w € V(H;41)” are almost independent.
Once we have X; and 7, satisfying the properties (7), we proceed to
(Step 2) Set i =i+ 1 and go to step 1.
The number of stages will be
a:=min{i: B < D7 Y/(2L)} (11)

(note that a is some power of log D).

The goal of the above algorithm is to reach a situation in which each color degree d(v;~) is
small enough relative to t(v). (See (13) below.) To achieve this goal the role of # is important
though it is somewhat technical. Note that for v € V(H;)

Pr(ve X) = Pr(r(v) # A)Pr(r(w) # 7(v) Yw ~v|r(v) # A).

and that as 6 increases the first factor of the right hand side increases but the second factor
decreases. Thus some optimization of € is in order.
What is left now is to prove that the properties (7) are feasible, that is,

Pr(%(7) happens”) > 0. (12)

To prove (12), we will consider the following three steps:

(a) Prove the properties (7) at the level of expectations.

(b) Prove that the random variables d;;(v) etc. are highly concentrated near their means.
(c) Prove (12) using (b) and the Lovédsz Local Lemma. (Here it is very easy to show that we
have enough independence for the local lemma.)

Parts (a) and (c) are not hard. The only hard part is (b). Though the martingale in-
equalities of [23], [15], and [14] are quite powerful, we cannot use them directly for d’(v;~v). In
Section 5 we will develop some martingale inequalities which are useful in our situation.



After running the above algorithm a times we will have
da(v;7) S D™%ta(v)/2 (13)

by the definition of a. We then run the following more efficient algorithm which prevents
excessive error accumulation. Actually, we may not expect any nice behavior of d;(v;v) (i > a)
since these might be too small to disregard error terms. Thus we need a new phase:

Algorithm 2 (idea)

We randomly color all remaining vertices as in Step 1 with p, = 1/t;(v) (i > a). (We may
delete colors from the larger T;(v)’s so that all ¢;(v)’s are equal.) It turns out that in this
phase the degrees will shrink rapidly while the numbers ¢(v) remain almost constant.

More precisely, the properties we will have are:

dz(v) S %le(ifa+l)0 (14)
ti(v) =~ s . (15)

i=a,..bwhere b:=a+ 601+ 3. (Note that for i = a these are obvious by the definition of
a. Also, it turns out that we can not run this algorithm more than = + 3 times since the
expected degrees E|d,, (v)], if possible, might be smaller than error terms.) To prove these
we do not need any information about d(v;~) other than (13).
Assuming (14) and (15) it is clear that we can achieve our main goal (i.e d, (v) < t,(v) for
all uncolored v) provided
a,s > D% (16)

which is possible by choosing suitable 6.

In the general (i.e. non-canonical) case, we do not have (7). Instead, we will have

di(v) < BiD

ti(v) 2 s (17)
S wBiD

for all v € V(H;) and v € T;(v).

The first two properties are in our favor. For example, we may throw away some colors
from T;(v) so that ¢;(v) =~ a;s. But the last property may cause some trouble in the next
stage. Roughly speaking, the reason is that we cannot control the ¢;(v)’s well if some color
degrees are small and the others are relatively big. To avoid such problems we add some new
(artificial) vertices to H;. These extra vertices are used to force the t;(v)’s (for v € V/(H;)) to
behave as in the canonical case, and are then discarded before the beginning of the next stage.

For each v € V(H;), v € T;(v) with d;(v;y) < d;, we add d; — d;(v;7y) new vertices
{w,, ..., w } =: A(v;7) all joined to v. (The precise value of d; ~ «;3;D will be given

d;—d;(v,7)

below.) For each of these new vertices w,, we add d; — 1 more new vertices {uij) ;Jl =

B(v;v,w,) all joined to w;. Finally, set Tj(z) = {7} for all z € A(v;) UUC-li:Edi(v"Y)B(v,'y, j).
All sets {A(v;7) } vy and {B(v Y, W;) }(v,y,5) Must be mutually disjoint.

J
 From now on, we write H; = H;(d;) for the extended graph just defined. Also, we write
N;i(v), Ni(v;7) ete. for Ny (v), Ny (v; ) etc. (see (5)). Note that if each d;(v;7y) is at most

d; then d;(v;~y) = dforallveV( ) UN(V(H;)) with v € Tj(v).



3 Main Lemma

In this section we define our parameters and algorithms precisely, and give the proof of Theorem
1.1 modulo our Main Lemma (Lemma 3.3) on the behavior of our random coloring procedure.

First, we need some parameters. Let 0 < n < 1, and then choose 0 < # < 0.1 with #~! an
integer and ¢ such that

1
5(1+ne9+29)<5<1. (18)

Set A(G) =D and L =nlogD. Also, let p, =v, =1 and for i = 0,1, ...

Pit1 | _ 1 Bi Wi
Vit+1 1/L 1+ﬁl/L Vi
(these parameters are to be used to control the error terms precisely), where as in (6), o, =

B, =1 and
aiy1 = exp(—0Bie "oy
Biy1 = (L—(0/L)e )3, .
Furthermore, for notational convenience set
a:=min{i: f; < D?/(20L)} ,

and for i =0,1,...a

A; = Bi(1+vD "D
ti = Oéi(l - MiD6_1>D/L (19)
d; = Oéiﬁi(l + l/Z'D(S_l)D

except
dy := D%, . (20)

As mentioned in the previous section, we use a two-part coloring procedure to prove that
x.(G) < [t,] <D/L . (21)

Notice that to prove Theorem 1.1 it is enough to prove this for each fixed n and large enough
D.

Suppose we are given sets S(v) of size tg, v € V(G). (Of course, we should really write
|t,| here.) First we describe Algorithm 1 which colors many of the vertices of G and leaves an
(induced) subgraph in which the color degrees are significantly smaller than the sizes of the
sets of legal colors.

Algorithm 1
Initially we set Hy = G, To(v) = S(v), and ¢ = 0. We run the following Steps a times.

(Step 1) Define the random coloring 7; from V(I:[i), H; = H;(d;), to the set of all colors
according to
p, '=0/(c;D) if v € T;(v)
Prini(v) =) =4 1-p|Ti(w)|  ify=A
0 otherwise



independently of the other colors 7;(w). Also set

X, = {veV(H) n(w)#A, vew inAI:Ii = 7;(v) # 1i(w)}
Tivi(v) = Tiw)\{r(z):2z€X;, z~v inH; }.

The properties we want are:

div1(v) < A
tiv1(v) > tiqa (22)
div1(v;y) < dipa

for all v € V(H;) and v € T;(v) except
da(v;y) < @afa(l + VaD(s_l)D'

Define an event @Q; = { (22) holds Vv € V(H;) and v € T;(v) }. As mentioned, we need to
show
Pr(Q;)>0. (23)

Supposing (23) is established, we choose 7; so that (22) holds and proceed to Step 2.

(Step 2) Discard some colors, if necessary, from the sets Tj11(v) (v € V(H;t1)) so that
|Ti41(v)| = tir1. (By this modification d;11(v;~) never increases.)

(Step 3) If i < a — 1 then set ¢ =i+ 1 (i.e. replace H; by H;y; etc.) and go to Step 1. Stop
otherwise.
We will show below that values of ug, v, satisfy

e D?Y, 1, DL = 0(1), (24)
where o(1) tends to zero as D tends to infinity. Thus by 3, < D~%/(2L) we have

D791 + v,D°~Y\D/(2L) (25)

Ay
d (2/3)D~%%, (cf. (20)). (26)

<
<

a

We now continue with a modified algorithm better suited to the current values of our

parameters. First, set b:=a+60"' —3 and fori=a,---,b
Az‘—l—l = (1 + 1/10g D)D_HAZ
tit1 = (1 — 2D_0)ti
disn = D7 %, .

We run the following steps ¢ := §~! — 3 times.

Algorithm 2

Initially, i = a.



(Step 1) Do step 1 of the first algorithm with p, = 1/t;. (Note p,t;(v) =1 for v € V(H;).)
The properties we seek are:

dipv1(v) < A
tiv1(v) = tipa (27)
div1(v;y) < dipa

for all v € V(H;) and v € T;(v). Note that the last inequality is trivial since by (26)
dit1(v;y) < da(viy) < D% (28)

(because the number of stages is less than the fixed constant #~!). Define an event Q; = {
(27) holds Vv € V(H;) and v € T;(v) }. Again, we need to show

Pr(Qi) > 0. (29)

Supposing (29) is established, we choose 7; so that (27) holds and proceed to Step 2.
(Step 2) As in Algorithm 1.
(Step 3) If i <@+ 60! — 4 then set i =i+ 1 and go to step 1. Otherwise, stop.

Notice that once
d,(v) <t,(v) forallveV(H,) (30)

we may color the remaining vertices greedily. So to prove (21) (for large enough D), we just
need to prove (23), (29), (24) and (30). We first dispose of the last two of these and then turn
to the more difficult (23) and (29).

Lemma 3.1

ag > D (31)
max{iq, vo} = D°W, (32)

where o(1) goes to zero as D goes to infinity. In particular, we have (24).

Proof. Since
a; = exp(—06;_1e7 %),y > exp(—0Bi_1) i1
we have

a—1

aq > exp(—0) B .
i=0
On the other hand, since
Bi=(1—(0/L)e )5 1 < (1= (8/L)e™")Bi1 < (1—(6/L)e™)’ (33)

we have

aiﬂi < i(l —0e?/L)' =€°L/6,

=1 1=0



which implies
a—1

@ > exp(—0 ;) > exp(—8e°L/§) = D" .
i=0
To prove (32), let us define a, to be the maximum i such that 3; > L=2. Then by (33), we
have
a, <207'’Llog L .

a, 1 1\ (1
()= (e e ) (1)

(meaning, as usual, that p, (resp. v, ) is at most the first (resp. second) component of the
right hand side). Similarly we have

Note that, trivially,

a < e’Llog D+ 6~ log(2L)) + 1,

Ha | 1 1/L? o Ha,
ve ]~ \ 1/L 1+1/L3 Va,

since 3; < L2 for i > a,. Furthermore, the matrices

1 1 1 1/L?
1/L 1+1/L |’ 1/L 1+1/L3
have diagonal Jordan forms with eigenvalues approximately 141/v/L, 141/(L+/L) respectively,
and these with the above bounds on a, a, imply

max{iq, , Ve, } < 2WIL(1+42/VL)" = D°W)

and

and
max{fia, Va} < 2L(1 +2/(LVL))*D°V = Do),

|
Proof of Theorem 1.1 Suppose now that we have run Algorithm 2 ¢ times. Then by (24)

and (25)
A, = (1+1/log D)*D™A, < exp(¢/log D)D~ V9D /I, < D? .

On the other hand, by (24), (31) and (18) we have
1
t,=(1—-2D"%¢,>(1-2D"%¢,D/(2L) > gD*"‘fGD/L > D% (34)

Thus we are done.

O

We have already mentioned in Section 2 the methods to be used in proving (23) and (29).
The following lemmas are precise statements. We will prove them in last two sections.

From now on, we fix i € [b] := {1,...,b} and for simplicity, we do not write the subscript
i (le. H = H;,d(v) = d;j(v),a = o etc.). Also, we write H', o/ etc. for H;y1, 41 etc.
(respectively).

10



Lemma 3.2 Forv e V(H) and v € T(v),

Eld(v)] = (1-pt(l—p))d(v) < (1-pt(1-p)A,
E[f ()] = (1-p(-p)")*+0(1),
Bld ()] < (- p(1— )1 - pi(1 - p))d + O(1).

The proof of Lemma 3.2 is quite straight forward. Our main lemma is:

Lemma 3.3 (Main Lemma)

Pr(d'(v) — E[d'(v)] > AY?log A) < exp(—(log A)?/4) (35)
Pr(t(v) — E[t'(v)] < —t"/*logt) < exp(—(logt)?/2) (36)
Pr(d'(v;y) — E[d'(v;~)] > d*/?(logd)?) < 3Dzexp(—%logdloglogd) (37)

Our proof will give bounds on the probabilities in (35), (36) of other direction — e.g.
Pr(d'(v) — Eld' (v)] < —AY?1log A) < exp(—(log A)?/4)

— but we restrict the formal statement to the values we will actually use.

Once the above lemmas are proved, it is easy to prove (23) and (29). Before doing so, we
summarize some inequalities already established. Here we write z < y if there is a constant
€ > 0 depending only on 6,4 and n such that xD® < y.

1
5—1 > 5(neo +20—1) by (18) (38)
t; > D'n’'~ol) 5 p¥ Vo jeb by (34) and (18) (39)
B; > D90 vV j€ld] by the definition of a (40)
1
5 < D'l « pi=20-1 Y j €[] by (31) and (18) (41)
J
Moreover, by (40) and (39)
—60—o0 —ne? —0—o .
d; > D797 Wy; > plnet=0—ol) 5, pb v e [p] (42)
and by the definitions of Ap_1, A and b=a+6"' —3forall j=1,2,....0—1
A > Ab—l > (1 + 1/ log D)b—l—aD—Q(b—l—a)Aa > D—6(9*1—4)D1—0—0(1) > D26 ) (43)

Proofs of (23) and (29). For each v € V(H) consider the event @), that we do not have
the required properties for v, that is,

Qv = {d(v)> E[d(v)]+AY2log A} | J {t'(v) < E[t'(v)] — t'/*logt}
U {d'(v;~) > E[d'(v;~)] + d*/*(log d)? for some ~ € T(v) }

Since (by (43), (39) and (42))
min{A,t,d} > D’

11



Lemma 3.3 implies , e.g., (since D is large)
Pr(Q,) < 3tD?exp(—(#/3)log Dloglog D) < D?exp(—(#/3)log Dloglog D) .

Furthermore, note that the event @, is independent of all events {Q,} for which the
distance between v and w is more than 6 (since for all v, d'(v),t(v) and all d’'(v;7)’s are
determined by the values of 7 on vertices within distance 3 of v). Thus the Lovasz Local
Lemma [9], (see also [27]) together with the inequalities

4D°Pr(Q,) < D°D3exp(—(0/3)log Dloglog D) <1 Vv € V(H)

guarantees

(N Q>

veV(H)

Therefore, (using the values in Lemma 3.2) we can find a coloring 7 on V(H) such that for
every v and v € T'(v)

dw) < (1-pt1=p)HA+ A 2logA
t'(v) > (1=p1—p)h)* -t logt—O(1) (44)
d(v;7y) < (1=p(1—p)H)'(1 = pt(1 - p)*)d +d"*(logd)” + O(1) .

Thus to show (22), (27) we just have to show that the inequalities in (44) imply those in (22)
if we are in Algorithm 1 and those in (27) if we are in Algorithm 2.

We analyze the two cases separately. In Algorithm 1 we have two kinds of error terms other
than the trivial errors O(1). The first kind is from accumulation of errors in the expectations.
(Note that ¢ and d already contain such error terms.) The other kind is, of course, from
concentration errors (Al/ 2log A etc.). As will appear below, we have chosen the parameters
— see (18) — so that the errors of the first type dominate those of the second. Though not
hard, the estimates are somewhat complicated and tedious. We will frequently use (41)-(43).

Suppose first that we are in Algorithm 1. Let us recall

pd =08(1+vD1) <011, pt=6(1—puD*Y)/L <01 (45)

We claim
(1—pt(1—p)*) — (1= (/L)) < (0/L) (1 + 68v)D°~" + 60p (46)
0 < exp(—08e™"") = (1 = p(1 - p)*)* < 96vD*~ (47)

For (46), since 1 —p > e P~7* we have

< 11— pte Pl

< 1 —pte P41 — p2d) by e Pd>1—p2d
< 1—pte P +0pp by (45) and (24).

1—pt(1 - p)*

Now set

flz,y) =1—(0/L)(1 — z)e ?P0+y)

12



If 0 <z, < 0.1 then by Taylor’s theorem

F(@.y) = £(0,0) < fo(0,0)z + £,(0,0)y = (8/L)e” "z + (0°8/L)e™"y < (6/L)(x + 63y)

since all second order derivatives are non positive (for 0 < x,y < 0.1). Setting = pD°~! and
y =vD°"! we have (46).
For the upper bound of (47), consider

(1—p(1—p)H*

(1~ pe !
exp(—pde P? — p?de2P)
(1 — p*de™?) exp(—pde )
exp(—pde ) —p . (48)
Set h(y) = —06(1 4 y)e?(+¥) Then by the similar argument we have
h(y) = h(0) > 1 (0)y = (=08~ + 0*5%~ ")y > —(08 - 6°5)y , (49)

for 0 < y < 0.1. Moreover, we have by (40) and (41)

VvV IV IV IV

p< 022D (50)

(note p = 6/(aD) here). Again setting y = vD%~! we finally have

(1—p(1-p)H? > exp(h(y)) — by (48)
> p(h( ) — (96 0°8%)y) — by (49)
> exp(—08e ") (1 — (68 - 9%2) ) —
> p( e %) — (08 — 6°5*)vD°~ 1—p
> exp(—08e %) — 9pvD° ! by (50),

which is exactly what we want for the upper bound.

Note that the upper bound is quite tight. Thus we may easily modify the estimation to
show the lower bound. We leave this to the reader.

Now we claim the following to control the second kind of errors.

AY2log A+pA < (0/L)(p+ 0Bv)D° LA (51)
tY2logt+0(1) < 0pvD’ ¢ (52)
dY?(log d)? +pd +O(1) < (0/L)(u+08v)D°~d . (53)

We already saw p is small enough in (50). Thus it is enough for us to show
maX{A—l/Q’ B-11/2, d—1/2} < DL,

(We can not disregard 3 here because it can be as small as D~%/(2L).) For (51), it is enough
for us to note that by (40) and (38)

A~12 < (BD)"V/? < plO-1/2+o() « pi-1
Similarly, we have by (39), (40) and (38)

6’115’1/2 < e’ +26-1)/2+0(1) < D1

13



Finally, by (42) and (38)
d-1/2 < D(7769+9—1)/2+O(1) < D1 ’

which completes the proof of our claims.
Using the above claims and the fact that 3/ is almost 1, we have

d'(v) (1—(0/L)e YA +2(0/L) (1 + 06v) DO LA
B'(1+vD~ ) (1+2(8/8)(0/L) (1 + 68v) DD
B+ v+ (30/L) (1 + 06v)) D’ D

B'(1+ v+ (u+ Br)/L) DD

= f1+v/D"HD.

VAN VAN VAR VAN

Here we do not have to be so careful about the product of the error terms since we already
know p, v = D°M . Similarly,

t'(v)
d'(v;v)

(1= (p+pBv)DY)YD/L =o' (1 — /D" )D/L
oB'(1+ (v + (u+ Br)/L)D° D = o/ (1+'D°~")D.

>
<
Suppose now we are in Algorithm 2. Then since (1 —p)? > 1 — pd =1 — D~ we have
L-pt(l-p)f=1-(1-p)? <D’

and
1-pl-pH*>1-p*>1-D"7.

Since by (43)

A—l/? < D—(39—0(1))/2 — D—GD—9/2+O(1) < D_e/(IOgAIOgD)

we have
d@w) < DA+ AY%logA
< (1+DA"Y210g A)DTIA
< (1+1/logD)D7 A = A'(=Aiy1) .

Similarly, by (39), we have

t'(v)

v

(1 —D %t —t'/%1ogt
(1—=D7 —t"21ogt)t
(1 — 2D_9)t = t/(: ti+1) .

Vv

14



4 Expectations

In this section we prove Lemma 3.2. Let us recall the lemma.

Lemma 3.2 (restatement) For v € V(H) and v € T(v),

Bld()] = (1-pt(l—p)H)d(v), (54)
E[f'(v)] = (1-p(1-p)")%+0(1), (55)
Eld(v:7)] < (1=p(t—p)H(1—pt(l —p)?)d+O(1). (56)

Proof. (a) For degrees,
E[d@)]= > (1-PriweX)).

But

Prlwe X) = Z Pr(t(w) =v,7(2) # v Vz e N(w;v))

Therefore, we have (54).

(b) For the number of legal colors,

E[t'(v)] = Z Pr(y e T'(v)).

~eT (v)

On the other hand, for fixed v and v € T'(v), we have v € T"(v) if and only if there is no
w € N(v) for which the event

Ayi={r(w) =7, T(z)#7 Vzr~uw)

happens. If we condition on 7(v) # 7, then, since g(G) > 5, the event A, (w € N(v;v)) are
independent, and we have

PriyeT'(w)lr(w)#7) = ] Pr(4dw)lr(v) #7)

weN (v37)
= (1-p(1—p)*H? (57)

Thus since Pr(7(v) =) = p,

Pr(yeT'(v)) = Pr(r(v) =7)Pr(y €T (v)|r(v) =7)
+ Pr(r(v) #7)(1 —p(1 —p)*=)?
= (1—p(1-p)" M+ 0(p)
= (1-p(1=p)H)*+0() , (58)

which (since pt < 1) gives (55).

15



(c) For color degree,

Eldwy)] = ) PrwgX,yeT (w)
wEN (vyy)
= Z (Pr(y € T'(w)) — Pr(y € T'(w),w € X)) .
weN (viy)
We claim
Pr(y e T'(w),w € X) > pt(1 = p)*(1 = p(1 = p))* + O(p). (59)

Since we know Pr(y € T'(w)) = (1 — p(1 — p))% + O(p) and pd < 0.11 (see (45)), (56) follows
if we prove (59).

To do so, we need only consider the case 7(w) # =, since the other case has the probability
p. First note that since w € X implies 7(w) # A we have

Pr(y e T(w),w € X)
= >, Pr(r(w) =v)Pr(y € T'(w),w € X|r(w) =) + O(p)
v €T (w)\{~}
= p Z Pr(w e X|r(w) =+)P(y € T'(w)|lw € X, 7(w) =) + O(p)
v eT(w)\{7}
= p(l-p)* Y PHeT(w)lweX,r(w)=9)+0(p).
v ET(w)\{~}

Thus it is enough to show that
Pr(y e T'(w)lw € X,7(w) =) > (1 - (1—p)Y)*+ O(p) (60)

Without the extra condition “w € X”, we may easily prove (60) as in (57). On the other
hand, the extra condition is nothing but 7(z) # +' for all z € N(w;~’) and does not affect the
mutual independence of events “7(z) = 4”. The only change required here is replacement of

p= Pr(r(z) =7) by

if z € N(w;v')

._ _ n_ ) p/(1-p)
p(2) == Pr(t(2) =9[7(2) #9') = { ) if 2 ¢ N(wiv)

Then as in (57)

PriyeT'(w)lwe X,7(w) =)= J[ (1-p)01-p)"")
zeN(wyy)

Since p(z) = p + O(p?) we have (60).

5 Martingales

In this section, we develop Azuma-Hoeffding-type martingale inequalities which form the basis
for our proofs of high concentrations of the random variables d’'(v), t'(v), and d’'(v;y) near their
expectations. For general probability theory and martingales, see e.g. [6], [19] and [27].
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Here we define finite martingales briefly:

Let Y be a random variable and By, By, ..., B, a non-decreasing sequence of o-fields on a
probability space, where By is the trivial o-field (i.e. By = {), Whole Set}). Suppose Y is
B,-measurable, that is,

ElY|B, =Y .

Then the martingale generated by Y with respect to {B;}I" is the sequence
{Yi:= E[Y|Bi]}i -
Note that Yy = E[Y], ¥, =Y and
E[Y;|Bi—1] =Y Vi=1,2,...n (61)

(actually, (61) is the general definition of martingales). Also, we define martingale difference
sequence
Zk = Yk_Yk—l for k = 1,...,n,

and set Z =31, Zr =Y — E[Y].

From now on when we refer martingales we always assume that {B;}, Z;’s etc. are taken
for granted. We first introduce the following lemma from [15].

Lemma 5.1 Let {Y;}!', be a martingale. Suppose that
Ele*Z|Bj_1] < Cp  Vk=1,...,n (62)
for some positive w and C1, ...,Cy. Then

(a) E[e*?] < ﬁ Cyr and
k=1

(b) Pr(Y —E[Y] > \) < e * f[ Ch
k=1

for all real number .

Proof. First, note that (a) implies (b) since Z =Y — E[Y] and
Pr(Z > \) = Pr(e¥? > ¢*?) < e " E[e¥?]
by Markov’s inequality. For (a), we show

k
ElewT 2 < T] €

=1

for all k =1, ...,n by induction. If k =1,

E[e?'] = E[E[e“?|Bo]] < C4

17



For k£ > 1 using the induction hypothesis,

E[ew(Zﬁ-“'-l-Zk)] — E[E[ew(21+"'+Zk)|Bk_1H
E[ew(Z1+---+Zk,1)E[eka ’Bk—l]]
E[ew(zl+"'+zk71)c’k]

I1¢ -

=1

IN

IN

As mentioned in Section 2, we need something a little more general than Lemma 5.1 which
allows the bounds (62) to fail occasionally.

Lemma 5.2 If there are Ai_1 € Bi_1 such that
Ele?|By]l;,_, <Cp  Vk=1.2,---n (63)

with Cy, > 1 for all k, then

n n—1
Pr(Y —E[Y] =\ < e ][ Cr+ Pr(lJ 4r).
k=1 k=0

When the Pr(Ayg) is small enough we may roughly speak of C} as an “essential upper
bound” on E[e“Z?|By_1].

Proof. First we define a stopping time

n—1
min{klr € Ay} ifzx e U Ay
k=0
n otherwise.

o(x) =

Then by the Optional Sampling Theorem (see e.g. [6]), the sequence {Yis }1_ is a martingale,
where, as usual, k A o := min{k,o}. In particular, we have for Y/ = Yz,

E[Y'|Bi] = Yine Vk=0,---,n. (64)

In particular E[Y'] = E[Y].
Furthermore, for Z := E[Y'|Bi] — E[Y'|By_1] = Yino — Y(k—1)r0> We know

g 40 ifo<k-1
F7Y YY1 =2, ifo>k.

Thus we have

¢k = il pap 1y + Pl gz = Lgap 1y + ¢y -

Since {0 <k —1},{oc >k} € By_1, {0 > k} C A1 and Cy > 1,, we have

E[e“Zk[By 1] = 1g<p1y + Ele*?* By 1]l {o2py < C -
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Therefore, by Lemma 5.1 we have
n
PriY —EY| =N <e ][] C,
k=1

which implies the result since E[Y'] = E[Y] and Y/ = Y0, = Y, = Y except on {0 < n} =
UrZo Ak

O

_ 2
Of course if we know, say, |Z]| < ¢, on Aj_1 then we can take Cj = e*“% or e ek /2 (by
E[Zy|Br-1] = 0) in (5.2). But if (on Ag_1) Z is only rarely near its maximum, then we should
be able to do better. A typical example for us (and also, e.g., in [14], [15]) is that Zj takes

only two values, say
7 = { Cf on By,
¢, on By

for some low probability set Br € Bg. In this case, if By is independent of Bi_q then
E[Zy|By—1] = 0 implies that ¢ is small (no more than ¢, Pr(B}) in absolute value). This
situation is described in the next lemma.

Lemma 5.3 Suppose that there is a set I C [n], such that

1Zk14,_,
ZklAk-1

cglp, + CkPT‘(Bk), Vk el (65)

<
< ¢ Vk e J:=[n]\I (66)

for some constants ci, and some sets Ap_1 € Bp_1 and By independent of Bi_1. Then we
have for all positive w with w maxger{ck} < %

n—1
Pr(Y —E[Y] > )\) < Pr( U Ag) + exp(—w(A — Z cr) + 3w? ZciPr(Bk)).
k=0 keJ kel

Proof. By Lemma 5.2 it is enough to show that

Bl (Bia]ly, | < &P4rB for kel (67)

and
E[e‘UZk‘kal]lgk,l < Wk for ke J. (68)

Note that (68) is immediate from (66), we really only need to prove (67).
For (67), set V.= Zyls, ., B= By_1, ¢k = ¢, By = B and b = Pr(B) (for fixed k € I).
Then
E[ewzk|8k_1]1A 1 E[lgkilewzﬂlgk_l] < E[ewv‘B] .

k—
Also we know
E[V|B] = E[Zklﬁk,lmk—l] = E[Zk|l3k_1]1gk71 =0. (69)
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Thus by (69) and (65) we have
E[e*V|B] = Z (W V78] /4!

< wE[V|B] + = ZwJE [VI| |B]
] =2

IN

14 ijdE (15 +b)|B] .
] =2

On the other hand, since

Bl(15Y 8] - { Ll

(since By is independent of By_1), we have

El(lp+by |18 = i( ) E (1) B
=0
_ i:(? )bl—H b] b]-i—l)
=0
= b1+ +v(1—b).

Furthermore, since we < 1/6 and b <1

Y WIJE[(1p+b)|B] = ijd (1+b) +(1-0))
j=2
= waﬂ'of(Hb)j +(1-b)> WY
3=2 j=2
bw?c2(1+b)2 (1 —b)w?c?h?
1 —we(l+0) 1 —web

Thus

b 22(l—i-b) +b(1 —0)
1 —we(1+b)
1430

— b2
we 1 —we(l +b)

< 6bw?c?

ichjE[(IB +b)|B] <
Jj=2

Therefore
E[e*V|B] <1+ 3bw?c® < exp(3bw?c?) .
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6 More Lemmas

In the previous section, we developed martingale inequalities which are useful when we know
nice (essential) upper bounds on Zy = E[Y|B;] — E[Y|Bi—_1]. It is relatively easy to find nice
upper bounds if the random variable Y has the typical form

Y =Y(r,,7, s Tn)

where 7,,7,, ..., T, are mutually independent random variables such that for every k the o-field
generated by 7,,7,,...,7, is exactly By. As all examples we require will look like this, we
restrict our attention to such Y’s from now on.

For

T = (T177_27 ---;Tn) and 7'/ = (7—, 7-/ ) 7_/)’

define equivalence relations =, by
T=p7 ifandonlyif 7, = T; for all j € [n]\ {k}.

Lemma 6.1 With the above notation, suppose for some k € [n] there is a random variable W
such that
Y (1) =Y ()| <W(r)+W(r')  whenever =7 (70)

Then
|Zx| < E[W|By] + E[W|Bi—1] -

(Recall Zk = E[Y|Bk] - E[Y|Bk_1])

Proof. First note that for fixed kK = (K, ..., kp)

EY|By1)(k) = Z Y(’iu"'vﬁk—177k7""7n)PT(Tk =Y Th = V)5

’Yk: 7...7,yn
and
E[Y’Bk](ﬁ) = Z Y(ﬁp”'7’Qka’7k+17"'7’7n)PT(Tk+1 :7k+17"'77_n:7n)
’Yk_;'_l?'“v/Yn
= Z Y(’%la"'?’%ka'yqua" : 77n)P7‘(7_k =Y Tn = Yn)
Yo n

since ZPT(Tk =Y T =) = Pr(7,., = Vi1 s Tn = ). Thus by (70) we have

Tk
1Ze(k)] = [(E[Y|Bi] — E[Y[Bk-1])()|
< Z ‘Y(HN”'7"€k77k+17"'7'7n)_Y(K/lf"’Kk—177k7"'77n)‘
Voo
X Pr(t, =7, T, =7,)
< Z (W(K’l’”"ﬁk77k+1"”7/yn)+W(K’17”"Iik—U’)/k"”?’Yn))

Vo n
X Pr(T, =7,y Tn = Tn)
= E[W|B|(r) + E[W|By-1](x) .
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Now we come back our own problem. Before developing some inequalities of the form (70),
we introduce more convenient notation: For V(H) := {v,,v,,...,0,} we write 7, := 7(v,),
k € [n]. We will specify the order of the vertices later depending on our purpose. From now
on, By, is the o-field generated by 7,,---,7, and By is the trivial o-field that consists of the
empty set and the whole set. We also write

Ni:=N(v,), Tp:=T(,), Tp:=T'(v,) and N, :=N(v;7).

(Notice that T}, is in fact T;(v, ).)
We define new random variables

1 ifv, ~v and 7, =7, #A
0 otherwise.

Qjk(T) = {

and

R (r) = 1 if (1) 7, =, and (2) v; ~v, or J v, EN}HN,Z DT, =7
ik 0 otherwise.

Remark 1. If j # k then ]NJ N N;| < 1 because g(H) > 5. Thus the second condition of
(2) is very strong in most cases.

2. We could replace the condition v, € ]\7; NN ; by v, € Nj N N, since the requirement 7, = vy
then forces v, € ]\7; N ]\Af;

As we saw in Section 4, our random variables are sums of 0-1 random variables. We first
consider the 0-1 random variables.

Lemma 6.2 Suppose 7 =, 7. Then we have

Lo, ex3(7) = Lpuexy (T <0 Qir(7) + Quk(7') + 1=y (71)
Lyery (1) = Lyperp (7)< R (1) + R (7) (72)
and
11y, QX,'yeT]’.}(T) — 1, eX,veTJf}(T,N
< Qik(7) + Qui(™) + R, (1) + R (7)) + 1{j—n (73)
for € Tj.

Proof. (a) For (71) suppose

Liuexy () = Lyexy () = 1.

Then we claim
Qik(T) + 1yj=py 2 1,
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which means

1{vj¢X}(7—) - l{ngx}(Tl) < ij(T) + 1{j:k} . (74)
Proof of claim. First note that

1{vj€X}(7') =1 = 7,=Aor 75=r1 for some v, € Nj and
Logxy(t) =0 = 7/ #A and 7 #7), for all v, € Nj .
We consider two cases.
(1) If 7, # 77 then k = j. Thus {4 = 1.
(2) Suppose 7, = T]’(;é A). Then we know 7, # A and there is v, € Nj such that 7, = 7, # 7.
Thus =k and 7, =7, # Aie Qu(r) =1
Similarly, we may have
Lo gx (') = L gx3 (1) < Qin(7) + 1gjmny

which completes the proof.

(b) For (72) suppose that

Liyery (7) = Lperpy(7) = 1.
Then we claim
Rv_,c (1) + R;_k (y>1.

J

Proof of claim. First we have

1{76T;}(7):1$VvlEA::{vlwvj:Tl:'y} Jvg~v, -3 1,=7 and
l{veT;}(T/):O:ElvlGA/::{vlwvj:Tl/:»y} -3 Té?é’)/ V ovg~u, .

We again consider two cases.

(1) If A"\ A # 0 then it is clear by 7 = 7’ that A"\ A = {v, }. Thus v, ~ v, and 7, = 7 by
the definition of A’. This means R:_k () =1.

(2) Suppose A’ C A. Then take v, € A’ such that 7, # v for all v, ~ v,. Since v, is also in A
(= 7, =), we know there is vy ~ v, such that 7, =~. Thus it is clear to see that ¢, = k
and so Rj_k (1) = 1. (Note that this includes the case k = j.)

Similarly, we have the same claim when the other case happens, which completes the proof.
(c) The inequality (73) follows from (71) and (72) via the triangle inequality, since

Lo, gxqer (T) = L, &X,VET;}(T,”
< guyexy (1) = Lyexy (M) + [Lpern (7) = e (7))

Finally we have the following easy lemma.
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Lemma 6.3 Ifv, ~v, and j > k then we have

ElQjklBr] = plir ery
EQjkBi1] = pT;NTyl .

Also, if all vertices in Nj follow v, then we have

B[R, B < pIN; NNy (S 1gr —y)
E[R,|Bi-1] < PINj N N{[1eny (S plyeny)

with equality unless j = k.

Proof. Suppose v; ~ v, and j > k. Then
E[Q]k|8k] = P’I”(Tk = 7']. 75 A’Bk) .
Since 7; is independent of By, we get

p ifr, €T}
0 otherwise.

Pr(r, =1, #A|By) = {

And since 7, is independent of Bj_1, it is clear that

EQjk|Br—1] = E[E[Q;k|B]|Br-1]
= pE[l{; er;y|Br-1]
= PT;NTy .

For the second part, suppose all vertices in Nj follow v, , in particular v, 7 v,. Then

E[R;k][)’k] = Pr(, € N; NN, -5 1= ’Y’Bk)l{szy}
< D8 NNy (1)
since
Pr(3v, ENJONIZ -5 1, =7|By) = Pr(3y, GN;ﬁNg ST, =7)
< pIN; NN
And

E[R;k‘kal] = P*IN; N N [Lpyeny - (76)

Furthermore, in (75), we have equality whenever ]N; N ]\7,: | = 0 or 1, which happens unless

j =k (since g(H) > 5).
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In what follows we will treat concentrations of the random variables d'(v), ¢'(v) and d’(v; )
separately. Since we would like to apply Lemma 5.3 the main goal is to establish inequalities of
the form (65) or (66). In most cases Ay = () and I = [n], but in the proof of the concentration
result for d(v;v) we use Lemma 5.2 essentially (i.e. Ay # 0 in some cases) and I is no longer
[n]. In each case we first choose the order of vertices carefully. Next we apply lemmas 6.1 and
6.2, and analyze the resulting upper bounds case by case (using Lemma 6.3 in most cases).
Again in the the proof of the concentration result for d(v;~y), we need to consider R:,k under
more complicated conditions, which will be developed in Section 7.3.

In the following section we always assume

— /
T=r T

when £k is clear.

7 Proof of the Main Lemma

In this section we prove (35), (36) and (37) in the Main Lemma.

7.1 Degrees
Fix v, = v € V(H). Since N(N(v)) N N(v) = 0 by g(H) > 5, we may label all vertices so that

N(N@)\ {v} ={v,, ..., vm_1} and N(©) = {vm, ..., 00}

(recall N(v) = {w € V(H) : w ~ v}). Note that v, # v, if j # k since g(H) > 5. Our random
variable Y is, of course,

Y=d@)= > lugx}= Zl{vﬂX}'

weN (v)

We do not even define the order of the other vertices because Y does not depend on their
colors.
We look for inequalities of the form (70). For 7 =5 7" we easily see that by (71)

[M]=

Y(r)-Y()| < Lo, ¢x3(T) = Loy (7))

Iy
3

IN
[M]=

(Qji(T) + Qi) + 1j=iy) -

T
3

and by Lemma 6.1 we have

n

1Zk| <> (E1Qjk|Brk] + ElQjk|Be—1] + Lij—py) - (77)

Jj=m

Now we claim that
Pr(Y — E[Y] > A) < exp(~(log A)2/4)

where X := Al/2]og A.
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First recall
pt <1 (by the definition of p) pd < 0.11 (by (45) or (28)). (78)

We consider three cases to get inequalities of the form (65). In what follows, we always assume
m<j<n.

(Case 1) k=1

Then using Lemma 6.3, (77) and the fact that |N(v;~)| < |N(v;7)| = d for all v € T(v), we
have

| Z1]

IN

n
p D (L ery +o|T; N T

j=m
= p(IN(v;7,)| + ptd)
< p(d+ ptd) < 2pd
Therefore, we have
|Z1| <2pd <1=1/2+1/2,
i.e.
¢, =1/2,  Pr(B;)=1. (79)

in terms of parameters in (65).

(Case2) 2<k<m-—1.
In this case there is only one j (m < j < n), say j(k), such that v, ~v,. By (77) and Lemma
6.3 we have

|Zk] < Plir, e001 + 22Tk N Ty | -
That is, for (65) we may take By := {7, € Tj()} and

C, =p and  Pr(Bg) = p|Tk N Tjyl - (80)

(Case 3) m <k <mn,
Since v, ~ v and v, ~ v we know v, 7 v,. Thus all Q terms in (77) disappear. Therefore, we
have

|Zp| <1 e ¢, =1/2 and Pr(Bg)=1. (81)

Therefore, by (79), (80) and (81), we know that

n 1 m—1 1
3w° Y Pr(By) = 3&(1 +0° > 1T N Ty + SN -
k=1 k=2
Furthermore,
IN()| < A
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and by (78)

m—1

n
P> TN Tl PPy > TNy

k=2 j=m v GNJ‘

= 0> D D lpeny

Jj=m vy ENJ‘ €T}
n
_ 3
= P22 2 Lpery
j:m ’YETJ ’Uk ENJ'

< pdAtd < pA . (82)

IN

Finally, setting w = A\/(2A) and using Lemma 5.3 we have

Pr(Y — E[Y] > \) < exp(—w + w?A) = exp(—(log A)?/4) .

7.2 Sizes of sets of legal colors

We define an order similar to that of the previous section. Fix v € V(H) and set v, = v and
N2(v) = {vy, s vm_1}t, N®) = {vm,..;vn},

where, in general, for a subset (or vertex) A of V(H)
A~ A A~ A . jil A~
N°(A)=A and N/(A):=NN'A)\ JN(A) forl=12---.
=0

Notice that by the definition
NI(ANA=0 forallj=1,2,... (83)

We do not define any order on the other vertices because they are irrelevant.
If we set

Y =—t'(v1) ==Y lppery

YETL

then for 7 =, 7’ we have by (72)

V() =Y ()|

IN

> per (1) = e (7))

veT1

Z <Rfk (1) + R:k () .

yeT1

IN

Hence by Lemma 6.1
Y Y
Zl < Y (BIR,, |Bi] + B[R], |Bk—1]) - (84)
yeTh

We claim
Pr(Y — E[Y] > A) < exp((log£)2/2)

for X :=tY/2logt.
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Again we first consider three cases.
(Case 1) k=1
Then by (84), Lemma 6.3 and the fact that |N, | = d, we have

‘Z1| <pd Z (1{71:')/} +p) <1
YETY

ie.

¢, =1/2, Pr(B)=1. (85)

in terms of the parameters in (65).

(Case2) 2<k<m-—1

Then there is only one element in N1 N Ng, say vj(;). By (84) and Lemma 6.3 (using j(k) > k)
we have

’Zk’ < Z(p’N:lezH{Tk:'y}"i_pQ’N:mNIZH’YETk)
yeT1

2
= > (Plyeryot =t + P 1 ner; oy Lveny)
YETL

= pl{TkeTmTj(k)} +p*Ti N Ty N Tl -
Thus we may say By := {7 € T1 N T} and
¢, =p,  Pr(By)=p|Ti 0 Tjuy N Tl (86)

(case 3) m<k<n
Then by (84) and Lemma 6.3 we have

1Zkl <> (Lmey +Pliyery) = Limeery + 0171 N Tl
yeT1

that is, B := {7, € T} and

¢, =1, Pr(By)=plTiNTy . (87)

Now by (85), (86) and (87), we have

n 1 m—1 n
3023 Pr(By) = ?,w?(1 +p° Y TN Ty N Tl +p Y TN T -
k=1 k=2 k=m

Moreover, by (78) we have

n
p > |Ti N Ty = pdt <0.11

k=m
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and

m—1
Y IMiNTjnTil < 9° > > > lyernnmy
k=2 v; eN, vkENj veT

=2 > ) lpen

‘. o
V€T v €Ny v, €N;

= phd*<1.
So setting w = A/t and using Lemma 5.3, we have

Pr(Y — E[Y] > )\) < exp(—w + w?t/2) = exp(—(logt)?/2) .

7.3 Color degrees

As we saw before, this case is a combination of the preceding two cases. One might guess
that the upper bound we try to get is more and less the sum of the two previous upper
bounds. However, our situation here is somewhat different so that we need a more subtle and
complicated analysis. The reason will be briefly explained after we order vertices.

Fix v € V(H) and v € T(v). Set

{v,,,v, |} = N

(v v} = N(N(u)N{z€V(H):v&€T(2)}
N )
N

{UH B Umfl} =

{U'm,?"'?Un—l} = (U§7)
and v, = v. Also set
n—1
Y=d(wr) = 3. lggx sere) = 2 Hyex, qer) -
z€N (vyy) j=m
Then as in the previous sections for 7 =, 7/ we have
n—1
Y(r) =Y ()| < D ex, ver3 (1) = Ly ex, 'yeTJf}(T/)‘
j=m
n—1
Y Y
< Y Qi)+ Qi(T) + R, (1) + R (7)) + 1y
j=m
and so by Lemma 6.1
n—1
Y 2l
Zk] < >~ ElQjklBi] + E[Qjk|Bi—1] + B[R |Bi] + E[R,, |Br—1] + 1} - (88)
j=m

For the ) terms we may use the same estimation as in Section 7.1. However for the R
terms we need new analysis. Shortly speaking, one (possibly main) reason is that we must
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take account into edges between vertices U := {v,,---,vp—1}. For example, it may happen
that there is a vertex v, in U such that almost all vertices in NI: are in U and precede v, .
Furthermore, it seems to be impossible to find a suitable order to avoid this kind of problem.
Thus we are considering essential maximums. The next two lemmas are presented mainly for
this purpose.

First we define new (random) sets

AZ:AZ(T) = {viele:lgiSk—l, T, =7}
Cl=C'(r) = {v,eNy :k<i<n, 7,=17}.

Then it easy to see that for v, € Nj
.
Rjk = 1{Tk:’)’} (89)

and for v, & Nj
Y Y vy Y 2l
Rjk < (]N] N Ag|+ |Nj mOk‘D]‘{Tk:’y} .

Furthermore, since AZ € Bj_1 C B, and C’; is independent of By, we have

E[IN; nA]|1B] = |N;nA]|
E[IN; nC)||By] < p|N; nN{|.

Thus for v, ¢ N, we have
BIR 1B < (IN] 0 Al +pIN] 0 N1 oy - (90)
The next lemma is easy to get using the above inequalities.

Lemma 7.1 With the notation as above we have

n—1 Ckl{Tk:’Y} if 1<k<h
Y ER, B <{ @+ A4 D=y f h<k<m-—1
j=m 14 pd if m<k<n-1

where for 1 <k <h

n—1
c :CZ =D | U NJQNN

k
j=m

Proof. For 1 < k < h we know N J N AZ = () since the all vertices in N J follow v, . Also it is
easy to see that

n—1 n—1
p Y IN; N Ngl=pl U Nj nNg|=¢, (<pd) (91)
j=m j=m

because the sets in the sum are disjoint by g(H) > 5. Thus by (90) we have

n—1 n—1
D EIRL B <p 3 IN] N Nkl =) = €1, =)
j=m

Jj=m
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Or} the other hand, for h < k < m — 1 there is only one j between m and n — 1 such that
v, € Nj. Hence by (89), (90) and (91) we get

n—1 n—1
YOER, B < (14 IN;NA|+pd)ly —y
j=m j=m

again because of the disjointness of the sets.
Finally, for m < k <n — 1 we know that if j # k then N; N N, = {v,}, which also means
N;jN A’ =0. Thus by (90), we get

n—1

> E[Rj|By] < B[R} [B] + (d — )plyp—py <1+ pd.

j=m

d

In the above lemma, the size of AZ can be as large as d. But the size is essentially small
enough for our purpose. (Note that F HAZH < pd < 0.11.) The following lemma gives the
exact meaning of this.

Lemma 7.2 For all v, € T}, we have
Pr(]AZO| > logd) < dexp(—logdloglogd)

Proof. Set Y/ = |AZ° |. For ' =loglogd we get

Elexp@'Y")] < Elexp(w’ Y lr—y3)]

UieNZO

= H E[exp(w’l{ﬂ.:%})]

UiENZO

< (1—p+pe)

< exp(pde®’)

< exp(e”)=d.

Thus using Markov inequality we have
Pr(Y' >logd) = Pr(exp(W'Y’) > exp(w'logd))

< dexp(—w'logd) .

Now we claim for X := d*/?(log d)?,
1
Pr(Y —E[Y] >\ < exp(—i log dlog log d) (92)

using Lemma 5.3. That is, we first show that (65) and (66) with appropriate ¢,’s, By’s, Ax_1’s
which satisfy the conditions in Lemma 5.3.
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We consider five cases. In what follows we always assume m < j <n — 1.

(Case 1) 1 <k<h-1
Note that j # k, and by (83) v; o vy, for all m < j <n—1. Thus all @ terms in (88) disappear
as well as the term 17;_;;. By (88) and Lemma 7.1, we have

|Zk| < ¢ gz, =y + P {yemy -

(Case 2) h<k<Il-—-1
By v & Ty, all R terms in (88) disappear. Furthermore because there is only one j, say j(k),
such that v, ~ v;, we have

|Zk] < Plimeny oy + 01 Tjgy N Til (< 2p) - (93)

as in the Case 2 of Section 7.1.
Hence By, := {7}, € Tj(,} and

ck=p,  Pr(By)=p|Tju NTkl - (94)

(Case 3) I <k<m-—1
Let j(k) as in (Case 2). Then we have the same bound in (93) for @ terms. Now we set

A1 = {7 : |A(7)| = logd} € By .
Then by (88) and Lemma 7.1 we have
1 Zk|L4,_, <2p+ (24 logd)li;, —yy +p(2+logd) < (4 +1logd)1(; —\y + p(4 +1logd) .
Hence we may say that By := {7, =~} and
¢, =4 +logd, Pr(Ax-1) <a,, Pr(By)=p (95)
where ay, := exp(—dlog dloglogd) (see Lemma 7.2).

(Cased) m<k<n-1
Note that v; € Nj and for k # j, N;N N = {v,} (m < j <n—1). So all Q terms disappear.
Therefore, by (88) and Lemma 7.1, we get

1Z| <2+ 2pd+1<4 (96)

That is, ¢, =2 and Pr(By) = 1.

(Case 5) k=mn
For
Pyp— FYO
My (7) = vlglgjzi{!fln (™I}
we define

Ap_1:={7: My(1) > logd} € B,_1 .
Then it is easy to check by Lemma 7.2 that

Pr(A,—1) < tdexp(—logdloglogd) .
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We now claim
Znli, | <2+logd,

that is, J = {n} and
cp =2+ logd (97)

in terms of parameters in Lemma 5.3.

Proof of claim. For () terms, note that

n—1 n—1
Z an(T) = Z l{Tj:TnyéA}(T) < Mn(T)
j=m j=m

and .
Y EQjn|Bn1] <pd <1
j=c
Hence by (88) we have
n—1
Za1y . < logd+1+ Y (I{n—y +0)
j=m
< logd+1+dly, _y+pd
2+ logd + d1{7_n:7} (98)

If 7, # v then we get
‘Zn’12n71 < 2+10gd .

When 7,, = 7, the upper bound in (98) is no longer good. Actually the (essential) maximum
of |Z,| is quite big. (Note that p is not so small.) But we can find a nice essential upper bound
of Z,,. To do so we need a lemma, which is to be proved later. Our result is an easy corollary
of the lemma.

Recall that it is enough for us to consider only the case 7, = 7.

Lemma 7.3 With the same notation as above, suppose T =, T and 1, = 7. Then for
m<j<n—1
Loex ver (T) = Luygxpern (T) < Lgr 2y (1) (99)

Corollary 7.4 If 1, = then
anzn_l <logd .

Proof. We use the same method in the proof of Lemma 6.1. For 7 = (74, ..., 7, ,,7) we know

Zn(t) = Y(r)—EY|r,....,7, ]
= Y (Y(r)-Y()Pr(r, =7
v €T, U{A}

n—1
= >y (Lo, gx ey (T) = L gx yery (7)) Pr(7, =)
 ETnU{A} j=m
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where 7/ = (74, ...,7,_,,7"). Thus by Lemma 7.3 we have

n—1
v eTR,U{A} j=m

n—1
= Y lg=pla,, > Prn=7)
Jj=m

v €T, U{A}

= Z 1{Tj:’7}1zn,1 < logd .
j=m

We now have
n—1 h—1 -1
3w? Z ciPr(Bk) = 3u¥(p Z Cil{yeTk} +p° Z T () 0 T |
k=1 k=1 k=h
m—1 n—1
+p > (d4logd)?+ > 4).
k=l k=m

Also, it is easy to check that

-1 m—1
P Ty NTil < p*td> <1, p > (4+logd)® < pd*(4+logd)® < 0.12d(log d)*
k=h k=l
and
h—1 h—1 n—1
Y Y
Py & lpery = Py | U N NN Plyen,
k=1 k=1 j=m
h—1 n—1
Y Y
< pPd)y [ U N 0 Nellpeny
k=1 j=m

< pidd*d = p3d*

since the last sum is less than the number of edges between U" L N and its neighbors v, with
v € Tk.
Hence setting w = d~'/2 and using Lemma 5.3 (recall A = d'/?(log d)?) we have

Pr(Y —E[Y]>)\) < exp(—w(A—2—logd) + 3uw?(p3d* + 1 + 0.12d(log d)* + 4d))
m—1

+ Pr(J Aim1U A1)
k=l

1
exp(—i(log d)?) + (d® + td) exp(—log dloglog d)
< exp(—logdloglogd/2) .

IN

A
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We complete the proof of the Main Lemma by proving Lemma 7.3.

Proof of Lemma 7.3. First recall v, ~ v;. We consider two cases.
If v, € X(7) (i.e. 1fy,ex}(7) = 1) then since 7, = 7, we have v ¢ Tj(7) (i.e. 1{’YETJ/-}(7-) =
0), which implies
Ly, gxyery (1) =0
Thus the left hand side of (99) is less than 0 while 1 {(r;=7} = 0.
If v, ¢ X(7) then it is easy to see

vy € Tj(r) ifand only if Ju; € N;NX(1) st. 7,=r

if and only if Jv; € Nj NX(r') st. 7i=7
if and only if & Tj(7')

because T =, 7’ and g(H) > 5. That is, 1{76T;}(7) = 1{7€T]{}(T,).
Thus by (74) we have

1{vj€X,'y€TJ{}(T) - 1{ngzx;yeT]f}(T') = (Lpgxy(1) — 1{ngx}(7/))1{weT;}(7)
an(T) = 1{7']-:7} .

IN

8 Further discussion

Our result (Theorem 1.1) gives the correct order of magnitude for both chromatic and list-
chromatic numbers (cf. (2)). However, the original question regarding triangle-free graph (i.e.
girth at least 4) is still open. Here we (J. Kahn and the author) would like conjecture that the
same result holds for girth 4:

Conjecture 8.1 Let G be a graph. If g(G) > 4 then

0(G) < (1+o(1)) 2

where o(1) goes to zero as A(G) goes to infinity.

Remark Recently, R. Haggkvist said that A. Johansson and S. McGuiness had just (inde-
pendently) proved our result and were pretty sure that for girth 4 they could show x(G) =
O(A(G)/log A(G)) and x,(G) = o(A(G)).

Acknowledgments The author is very grateful to Professor J. Kahn for Lemma 5.2 which
was jointly obtained with him.
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