SPECTRAL PROPERTIES OF THE ALIGNMENT MATRICES
IN MANIFOLD LEARNING
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Abstract. Local methods for manifold learning generate a collection of local parameterizations
which is then aligned to produce a global parameterization of the underlying manifold. The alignment
procedure is carried out through the computation of a partial eigendecomposition of a so-called
alignment matrix. In this paper, we present an analysis of the eigen-structure of the alignment
matrix giving both necessary and sufficient conditions under which the null space of the alignment
matrix recovers the global parameterization. We show that the gap in the spectrum of the alignment
matrix is proportional to the square of the sizel of the overlap of the local parameterizations thus
deriving a quantitative measure of how stably the null space can be computed numerically. We also
give a perturbation analysis of the null space of the alignment matrix when the computation of the
local parameterizations is subject to error. Our analysis provides insights into the behaviors and
performance of local manifold learning algorithms.

1. Introduction. Consider the following unsupervised learning problem: we are
given a parameterized manifold M of dimension d embedded into the m-dimensional
Euclidean space R™, d < m, and M = f(Q) with a mapping f : @ — R™, where 2
is open in R [9, section 5.22]; suppose we have a set of points 1, - - -, xy, sampled
possibly with noise from the manifold M,

(1.1) ;= f(ri) +e, i=1,...,N,

where the {¢;} represent noise; we are interested in recovering the {7;} and/or the
mapping f(-) from the noisy data {x;}. This problem is generally known as manifold
learning or nonlinear dimension reduction, and has generated much research interest
in the machine learning and statistics communities [10, 12]. A class of local methods
for manifold learning starts with estimating a collection of local structures around each
sample point x; and then aligns (either implicitly or explicitly) those local structures to
obtain estimates for {7;} by computing a partial eigendecomposition of an alignment
matrix. Examples of local methods include LLE (Locally Linear Embedding) [10],
manifold charting [2], geodesic null space analysis [3], Hessian LLE [5], LTSA (Local
Tangent Space Alignment) [17], and the modified LLE (MLLE) [13]. Those methods
have been applied to analyzing high-dimensional data arising from application areas
such as computer vision, speech analysis as well as molecular dynamics simulations.
In contrast to the ever-increasing use of manifold learning methods and the fre-
quent appearance of new algorithms, little has been done to assess the performance of
those methods, even though manifold learning methods in general tend to be rather
sensitive to the selection of several tuning parameters [3, 4, 17]. Usually one applies
a manifold learning algorithm to a high-dimensional data set, sometimes one recovers
satisfactory parameter vectors, sometimes one obtains catastrophic folds in the com-
puted parameterization and one needs to tune the parameters and try again. This
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IThe precise definition of the size of the overlap is given in section 6.
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is a rather unsatisfactory situation which calls for more research into the robustness
issues and the performance issues of manifold learning algorithms.

One source of the catastrophic folds in the computed parameterization is the
variety of errors involved in manifold learning including the noise in the data, the
approximation errors in learning the local structures, and the numerical errors in
computing the eigenspace of the alignment matrix. It is not surprising that these
errors will degrade the accuracy of the computed parameter vectors. However, in
addition to those issues, there is another important question that has been largely
ignored in the past: assuming, in the ideal noise-free case, that the local structures are
exactly known and the eigenvector space is exactly computed, will the local manifold
learning algorithms produce the true parameter vectors? The answer may actually be
negative: it very much depends on how the local structures overlap with one another.
If we cannot obtain the true parameter vectors in the noise-free case with all the
computations done without error, then we cannot expect to do something reasonable
when the data as well as the computations are subject to error.

The objective of this paper is to gain a better understanding of the key alignment
procedure used in local manifold learning methods by analyzing the eigen-structure
of the alignment matrix. We focus on the representative alignment matrix used in
LTSA, and we address two questions in particular: 1) under what conditions wa can
recover the parameter vectors {7;} from the null space of the alignment matrix if
the alignment matrix is computed exactly, and 2) how stable this null space is if the
computation of the alignment matrix is subject to error. We motivate the importance
of addressing the two problems using a simple example in section 3 after a brief review
of LTSA in section 2. We then approach the two problems as follows: in section 4, we
address the issue of how errors in computing the local parameterizations will affect the
null space of the alignment matrix. This allows us to focus on the spectral properties
of the ideal alignment matrices and separate the local error issues from the rest of the
discussions; section 5 is the main part of the paper, where we propose the concept of
affine rigidity to precisely address the first question above. We then establish a variety
of conditions to characterize when an alignment matrix is affinely rigid. Along the way
we also prove some properties of the alignment matrix that will have computational
significance; in section 6, we address the second question by proving a lower bound
for the smallest nonzero eigenvalue of the alignment matrix.

REMARK. Though only the alignment matrices of LTSA are discussed in detail, we
believe that similar approaches can be applied to the analysis of other local methods
such as LLE, Hessian LLE, or even Laplacian eigenmap [1]. (See Appendix A for a
brief discussion of the alignment matrices used in LLE and Laplacian eigenmap.)

NoTATION. We use e to denote a column vector of all 1’s the dimension of which
should be clear from the context. N () and span(-) denote the null space and the range
space of a matrix, respectively. For an index set I; = {i1,...,it}, A(:,I;) denotes
the submatrix of A consisting of columns of A with indices in ;. A similar definition
A(I;, ) is for the rows. We also represent the submatrix consisting of vectors z;, j € I;

by X; =[...,zj,...] with j € I; (in the increasing order of the index j). For a set of
submatrices T; = T'(:, I;), i € J;j, we denote by Ty, the submatrix T'(:, Uiy, I;). || - |2
is the spectrum norm and || - |z is the Frobenius norm of a matrix. The superscript

T denotes matrix transpose. AT denotes the Moore-Penrose generalized inverse of A.
For an Hermitian matrix A of order n, A\;(A) < --- < A\, (A) denote the eigenvalues
of A in nondecreasing order. The identity matrix is denoted by I or I(?) if its order
d is indicated. Finally, AT (A) denotes the smallest nonzero eigenvalue of a positive
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semi-definite matrix.

2. Alignment Matrices of LTSA. We first review how the LTSA alignment
matrices are constructed [17]. For a given set of sample points {z;}, we begin with
building a connectivity graph on top of those sample points which specifies, for each
sample point, which subset of the sample points constitutes its neighborhood [10].
Let the set of neighbors for the sample point x; be X; = [z;,, ... ,xiki}, including z;
itself. We approximate those neighbors using a d-dimensional (affine) linear subspace,

xzjr’ui.z—’—Qze‘gZ)? Ql_[ql 7"'7q£l)]7 leavkl

Here d is the dimension of the manifold,? z; € R™, Q; € R™*% is orthonormal, and

Gj(-i) € R* are the local coordinates of x;,’s associated with the basis matrix Q;. The
optimal least-square-fitting is determined by solving the following problem

min T; (c+ Q0;
c,Q,{Oj}:QTQ:ﬂd)ZH Ean Q0I5

That is, 7; is the mean of the z;,’s and 95-1) = QiT(xj — Z;). Using the singular value
decomposition of the centered matrix X; —Z;e”, Q; can be computed as the matrix of
the right singular vectors corresponding to the d largest singular values of X; — Z;e”
[6]. We postulate that in each neighborhood, the corresponding global parameter
vectors T; = [7y,,..., 73, ] of T' € RN differ from the local ones ©; = [9@, e ,9,&?]
by a local affine transformation. The errors of the optimal affine transformation are
then given by

(21) min D7 |17, — (e + Lib))5 = min |Ts — (coe” + Li®0) [} = | Tidil

where ‘51 is the orthogonal projection whose null space is spanned by the columns
of [e,©F].2 Note that if ©; is affinely equal to T}, i.e., span([e, ©F]) = span([e, T}']),
then Ticfn = 0. In general, TZ—CT%- # 0, and we seek to compute the parameter vectors
{7;} by minimizing the following objective function,

(2.2) Z (

over T'=[ry,...,Tn]. Here

N
mmz Imi, = (ci + Lo")3) = 3 ITdil = (717

¢, L

N
(2.3) P = Z S;®; 5]
i=1

is the alignment matriz with S; € RN**:_the 0-1 selection matriz, such that T; = T'S;.
Imposing certain normalization conditions on T such as TTT = I¥) and Te = 0, the
corresponding optimization problem,

(2.4) min  tr(T®TT)
TTT=[(d) Te=0

2We assume d is known which can be estimated using a number of of existing methods [8, 15].
3®; can be represented as ®; = I — [e, 07 ][e, OF]F € RFixki,
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Fi1G. 3.1. The spiral data points (left column) and the second eigenvector u of @ when & has
two small eigenvalues (middle column) or more than two small eigenvalues (right column) close to
zero.

is solved by computing the eigenvectors corresponding to Ag, - -+, Agy1 of CT), here the
eigenvalues are arranged in nondecreasing order, i.e., Ay =0 < dg < -2 < Agyy <
-+ < An. We remark that if T is a solution to the problem (2.4), then QT is also a
solution for any orthogonal matrix @ of order d.

3. An Illustrative Example. In the ideal case when we have span([e, ©7]) =
span([e, TT]), it is not difficult to see that T belongs to the null space of the align-
ment matrix (cf. section 4), and it looks like we can just use the (approximate) null
space of the alignment matrix to compute the parameter vectors as suggested be-
fore. Unfortunately, the null space may contain unwanted information in addition to
span([e, T7]), depending on how the neighborhoods overlap with each other. In the
following, we present a simple example to illustrate this phenomenon.

In what follows, we call each X; (or the corresponding T;) a section. Our analysis
is general enough that the X; can correspond to an arbitrary subset of the sample
points. So henceforth, the sample points x1,...,xyx are grouped into s (possibly
overlapping) sections X7,..., X, and the i-th section X; is denoted by the points
{z;|j € I} with the index subset I; C {1,...,N}.

ExaMpPLE 1. We generate N = 100 two-dimensional points

Ty = [ti COS(ti), t; sin(ti)]T, 1= 1, ceay 1007

sampled from the one-dimensional spiral curve with ¢q,... ¢y equally spaced in the
interval [7/5,2n] with tg = 7/5 and ¢y = 27. See the upper-left panel of Figure
3.1 for the set of the two-dimensional sample points. It is well known that a regular
smooth curve is isometric to its arc length. The exact arc length coordinate 7; for the

t;
sample point x; on the spiral curve is given by 7; = / VvV 1+ t2dt.
to
First we choose 19 sections X; = X (:,1;), i = 1,...,19, with the index subsets,

L=0G—-1)+1):(5i+2), i=1,...,18, Ijg=091:100.



Thus, each pair of two consecutive sections share exactly two points. We construct the
alignment matrix ® as defined by (2.3): initially set & = 0 and update its principle
submatrix ®(I;, I;) one-by-one as follows,

(I, L) := O(L;, L) + ®;, i=1,---,19.

The orthogonal projection ®; is given by o, =1— P,PF with P, = [\/%e, v;]. Here
v; is the eigenvector of (X; — z;eT)T(X; — z;eT) corresponding its largest eigenvalue.
The resulting alignment matrix ® has two smallest eigenvalues 10'¢ in magnitude
and the third smallest eigenvalue is about 10~°, distinguishable from the two smallest
eigenvalues. The solution of problem (2.4) with d = 1 is given by the eigenvector
u = [uy,...,un]T of ® corresponding to the second smallest eigenvalue, that is an
affine approximation of the arc length coordinates of the sample points. Ideally, u is
affinely equivalent to the arc length 7, i.e., there are a # 0 and b such that u; = am; +b
for all 4. In the middle panel of the top row of Figure 3.1, we plot the computed {u;}
against the arc length coordinates {7;}. The plotted points are approximately on a
straight line, indicating an accurate recovery of {7;} within an affine transformation.

If the minimal number of the shared points among some of the consecutive sections
is reduced to one, ® may have more than two small eigenvalues close to zero. The
corresponding eigenvectors contain not only e and 7 = [ry,...,7y5]7 but also other
unwanted vectors. For example, if we delete the last columns in the two sections Xg
and X3, respectively, then the two consecutive sections Xg and X7 share one point
only. So do X3 and X14. This weakens the overlap between Xg and X7, as well as
that between X33 and X14. As a result, ® has four eigenvalues close to zero (there are
four computed smallest eigenvalues of magnitude 10716) and four linearly independent
eigenvectors which include e, 7 and two other vectors. Since the computed eigenvector
of the second smallest eigenvalue is a linear combination of the four eigenvectors, it
generally will not give the correct approximation to 7. In the top right panel of Figure
3.1, we plot such a computed eigenvector u against 7, showing that it is no longer
proportional to 7. Similar phenomenon occurs for noisy data as well, see the bottom
row of Figure 3.1 where we added noise to the spiral curve data.

This example clearly shows the importance of the null space structure of the
alignment matrix in recovering the parameter vectors. In particular, lack of overlap
among the sections will result in a null space producing incorrect parameter vectors.

4. Perturbation Analysis of the Alignment Matrix. Affine errors intro-
duced in the local coordinates will produce an inaccurate alignment matrix which
determines if the resulting parameter vectors acceptable or not. In this section, we
consider the effects of local approximation errors on the alignment matrix and its null
space. We will make use of matrix perturbation analysis on the alignment matrix. Our
approach consists of the following two parts: 1) error estimation of the approximation
of alignment matrix in terms of the local errors and 2) perturbation analysis of null
space of the alignment matrix resulted by the approximation error. In particular, we
will show that the local errors are magnified by the condition numbers of the centered
sections Ti = T, — t;eT, where t; is the mean of columns in 7. In addition to the
error in the alignment matrix due to the local approximations, the nonzero smallest
eigenvalue of the exact alignment matrix @ is also crucial to the determination of the
accuracy of the computed parameter vectors.

To this end, let X1, ..., X, be s sections of the sample points z1,...,zy given in
(1.1) and T3, ...,Ts the corresponding sections of the parameter vectors 7i,...,7n.
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Denote by I; the index subset of the section i with size k; = |I;], i.e.,
XZ:{SL‘J|]€IZ}, TZ:{TJL]EIl}

The local coordinates, denoted by ©;, of points in section X; are generally not equal
to T; within an affine transformation. The optimal affine error is

(4.1) I E; |2 :r?iLnHTi — (ce” + LO))|2.

As shown in (2.1), || E;||2 = ||T;®; 2. We now consider how the local errors affect the
alignment matrix.

Denote by @ the alignment matrix constructed by the exact parameter vector
sections T7,...,Ts, and ® the alignment matrix constructed by the sections of local
coordinates O1,...,0,, as in (2.3),

(5 = iSZE)ZSZT, P = iS,L¢,LS;T,
=1

i=1
where, 51 and ®; are the orthogonal projections with null spaces
N (®;) = span([e, O] ]), N(®;) = span([e, T}"]),

respectively. We assume that both [e, ©7] and [e,T]] are of full-column rank, and
k; > d+2 for all i to insure that ®; and ®; are not identically zero. It is easy to verlfy
that [e, T] is of full column rank if and only if the centered matrix Ty =T — teT
is of full row rank. In that case, T} has a finite condition number defined by x(7}) =
HTlHQHTZTHQ, which will appear in our error bound below.

THEOREM 4.1. Let ||E;|2 denote the local error defined in (4.1) and k(T}) the
condition number of T;. Then

Els -
&2 ZI|T ”2 w1

Proof. The error matrix ® — ® is clearly given by ® — ® = Soi_ Si(@ (~ ®,;)ST,
and hence, |[® — ®||, < Z |[®; — ®;]l. What we need to do is to bound the errors
[|[®; — ®]|o. Since both ®; and ®; are orthogonal projections with the same rank, by

Theorem 2.6.1 of [6] we have that
@i — @il = [|(7 — @) il |2

We can write [ — ®; = %eeT + T;Ti, because I — ®; is the orthogonal projection onto

span([e, TT]). Tt follows from eZ®; = 0 that

1Eill2
1732

1@ = ®sl2 = | T} Ti®illa < | T (|2 T3l = k(T5).

The error bound in (4.2) follows immediately by summing the above error bounds. O
It is gratifying to see that the local errors affect the alignment matrix in a linear

fashion, albeit by a factor which is the condition number of T;. We remark that these

condition numbers may be made smaller if we increase the size of the neighborhoods.
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Now we consider the perturbation analysis of the null space of the alignment
matrix. The following theorem gives an error bound for this approximation (related

to Theorem 4.1 in [18]) in terms of the the smallest nonzero eigenvalue A\’ (®) of ®

and the approximation error ||® — ®|,.
THEOREM 4.2. Let r = dim(N(®)) and let U be an eigenvector matrix of ®

corresponding to the r smallest eigenvalues. Denote A, = A\t (®), e = D — B[,
Ife < AN and 4€2(1 — XF, 4 2€) < (AL, — 2€)3, then there exists an orthonormal
basis matriz G of N (®) such that

2e
4.3 U-Gls £ —/—.
(43) e

min

Proof. Let Gg be an orthonormal basis matrix of A(®) and G the orthogonal
complement of Gy, i.e., [Go, G1] is an orthogonal matrix. By the standard perturba-
tion theory [11, Theorem V.2.7] for invariant subspaces, there is a matrix P satisfying

(4.4) [ Pll2 <

such that U = (Go+G1P)(I+PT P)~1/2 is an orthogonal basis matrix of an invariant
subspace of ®. By simple calculation, we have that

(I+PpPTp)~1/2 -
1T = Goll = H[ A
1/2
I+PTP -2t (I+PTP)—1/2—I
P(I+ PTP)~1/2 P(I+ PTP)~-1/2

= |21 — (I + PTP)~1/2)|3/°
<[Pl

The error bound (4.3) follows from the above bound and (4.4) if we can prove that
U=U QT holds with an orthogonal matrix @ of order r and we also set G = GoQT.
This is equivalent to proving that the invariant subspace span(U ) of ® is associated
with the r smallest eigenvalues of ®. We just need to show that || ®U]|y < A1 (®).

We first estimate )\r+1(‘5)~ By eigenvalue perturbation theory of symmetric ma-
trices [11], [As (D) — Ai(®@)| < ||® — ®||2. It follows that

)‘T+1( ) > A

min — &

since ® is positive semidefinite and A, 1(®) = A'. . On the other hand, by (4.4),

min*

|0T |2 = [|UT®T |2 < |UT(® — @)Tl|2 + |TT@U||2

z I1PI3
<@ =@l + ——5s
1+ Pl
<eq 4€?
€
N 4e? + (/\I_;m - )2
< >\r—~r_11n )

because 4¢2(1 — AT+ 2¢) < (AL, —2€)3. Thus [|[BU || < Apy1(®). O

min min



We now explain why Theorem 4.2 illustrates the importance of N'(®) and AT, (®)
in understanding the alignment procedure in manifold learning. As we will show in
the next section, it is always true that span([e,T7]) C N(®). Theorem 4.2 shows
that the true parameter vectors can be obtained, up to the error bound in (4.3),
from the invariant subspace of the computed alignment matrix ® corresponding to
its smallest eigenvalues, provided the errors introduced to the alignment matrix are
relatively small. The smallest positive eigenvalue A, (@) of the true alignment matrix
determines how much error is allowed in the computed alignment matrix for a reliable
recovery of the parameter vectors by LTSA. Specifically, if N'(®) = span([e,T7)),
good approximation in the local coordinate matrices ©; and a not too small A (®)
will guarantee that the eigenvector matrix of d corresponding to the d 4+ 1 smallest
eigenvalues will give a good approximation of the parameter vectors T up to an affine

transformation.

5. The Null Space of the Alignment Matrix. This section focuses on the
null space of the ideal alignment matrix ®. We will establish conditions under which
the equality A'(®) = span([e,TT]) holds. The section is divided into the following
five parts: 1) we first establish some general properties about the null space of the
alignment matrix; 2) we then present a necessary and sufficient condition for A/ (®) =
span([e, TT]) in the special case when we have two sections, i.e., s = 2; 3) we give
necessary conditions for the general case s > 3; 4) we also present sufficient conditions
for the general case s > 3, and 5) finally we establish an interesting contraction
property of N (®) when some sections are merged into super-sections.

5.1. General properties of N(®). It follows from the definition of ® that

Ole, T = 80,8 e, T"] =Y Si®ile. T[] = 0,

which implies that
(5.1) span([e, TT]) € N(®).

Consider a null vector v € N(®). Denote by v; = S;v the restriction of v to
the section T}, i = 1,...,s. Since each term S;®;SI in ® is positive semidefinite,
®v = 0 implies S;®; 57 v = 0, hence the restriction v; must be a null vector of ®;. So
v; € span([e, T]) by the definition of ®;, and therefore, it can be represented as

(5.2) v = e, T wi,  w; € R

The vector w; defines an affine transformation from R? to R, w; : 7 — [1,77]w; =
w; (7). Notice that the common part of each pair v; and v; should be equal, i.e.,

(5.3) le, T Jwi = [e, T Jw,

where Tj; is the intersection of T; and Tj.
DEFINITION 5.1. Let w = {wsy,...,ws} be a set of (d+ 1)-dimensional vectors.
We call w a certificate for the collection {T1,...,Ts} if the conditions (5.3) hold for
all i # j. In particular, w is a trivial certificate if all w;’s are equal to each other.
As we mentioned above, each certificate w = {w1,...,ws} defines a collection of
s linear affine maps from R to R: 7 — [1,77]w;. If we restrict the i-th map w; on
the columns of T}, then w defines a function on the N columns of T to R:

w: T€T — 1,7 |w;, i=1,---,s,
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where 7 € T; means that 7 is a column of T;. There is no ambiguity for vectors
belonging to the intersection of two sections, say T; and T}, since the conditions (5.3)
hold. Thus, w maps T € R¥¥ to a vector v € RN whose j-th component is defined
by w(7;) = [1, 7] Jw; if the j-th column 7; € T}, i.e.,

v=uw(T) = [w(r), - wry)]’.

What we are interested is the set YW = Wyr, of all certificates of a fized collection
{T;} of T. It is easy to verify that W is a linear space with the usual addition and
scalar multiplication operations. For the fixed collection {T;} of T, let us denote by
¢ the mapping from W to RY determined by w(T):

(5.4) ¢:w—v=w(T),

and denote it as v = ¢(w). It is easy to verify that ¢ is a linear map.

There is a close relation between N (®) and the certificate space W through the
linear map ¢ for the considered collection {T1,...,Ts}: for a given w € W, consider
the restriction v; of vector v = ¢(w) to T;. By definition, v; is given by (5.2) for
i =1,---,s5. It follows that v is a null vector of ®. On the other hand, we have
shown that for each v € N(®), there is a certificate w = {w1, ..., w,} satisfying (5.2).
This implies v = ¢(w). Therefore, ¢ is an onto-map from W to N(®). Since we
always assume that each [e, T} ] is of full column rank, ¢ is also one-to-one and hence
isomorphic. Specially, ¢ maps a trivial certificate to a vector in span([e, T7]) C N(®).

THEOREM 5.2. 1) The null space N'(®) and the certificate space W are isomor-
phic to each other and the linear transformation ¢ defined above is an isomorphism
between the two linear spaces. Moreover, the subspace of all trivial certificates is
isomorphic to the subspace span(le, TT]) of N'(®).

2) The equality N'(®) = span([e, T7]) holds if and only if {T1,...,Ts} has only
trivial certificates.

We single out those collections that have only trivial certificates.

DEFINITION 5.3. We call a collection {T1,...,Ts} affinely rigid if it has only
trivial certificates.

Geometrically, those are the collections the overlaps among their sections are
strong and exhibit certain rigidity reminiscent of graph rigidity discussed in [7]. In
particular, part 2) of Theorem 5.2 can be restated as

N (®) = span(le, TT)) if and only if {T1,...,Ts} is affinely rigid.

5.2. Necessary and sufficient conditions of affine rigidity for s = 2.
Consider the case when s = 2, i.e., ® = S;®; 57 + S2®257 for two sections T} and
Ts. In this case, we can characterize affine rigidity using an intuitive geometric notion
defined below.

DEFINITION 5.4. We say two sections T; and T; are fully overlapped if the
intersection Ty = T; N'Ty is not empty and [e,Tg] is of full column-rank.

Clearly, T; and T} are fully overlapped if they share at least two distinct points
in the one-dimensional case d = 1, or if they share at least three points that are
not, co-linear in the two-dimensional case. Using this concept, we can establish the
following result.

THEOREM 5.5. {T1,T>} is affinely rigid if and only if Ty and Ty are fully over-
lapped.
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Fic. 5.1. Two possible layouts for the global coordinates.

Proof. We only show the necessity. Let us assume that 77 and T5 are not fully
overlapped. Since [e, T1] is not of full column rank, we can find distinct w; and wy
such that Tjow; = Thawse. Thus w = {wy,ws} is a non-trivial certificate for {T1,T5}.
Hence, {T1,T5>} is not affinely rigid by Theorem 5.2. O

We now illustrate the case when a pair of sections are not fully overlapped by a
simple example with d = 1.

EXAMPLE 2. Consider the situation depicted in Figure 5.1. The data set has
five points marked by short vertical bars. Two sections are considered as shown in
panel (a) of Figure 5.1 with a thick line segment and a thin line segment connecting
the points in each section. The first section consists of the left three points, and the
second one consists of the right three points. The two sections share a single point
denoted by a circle. We can fold the second section around the point marked by circle,
while keeping the first section unchanged, see the resulting layout shown in the panel
(b). This example clearly shows that the collection of the two sections is not affinely
rigid.

The algebraic picture of the above is also clear. Let 7y,...,75 be real numbers
denoting the five different points. T = [r1,...,75], T1 = [11, T2, 73] and Ta = [73, T4, T5),
giving Tho = 73. It is easy to verify that [e, 7] and [e, T§ | are of full rank. However
[e, TL] has a nonzero null vector wy = [r3,—1]7. Thus, for each certificate w =
{w1,wa} of {T1,To}, w' = {w1,ws + wo} is a different certificate of {T7,7%}. One of
w and w’ must be non-trivial, and hence the collection of sections is not affinely rigid.

5.3. Necessary conditions of affine rigidity for s > 3. For the case when a
collection has three or more sections, we can partition the sections into two subsets,
say {T;,, ..., T;. } and {T; .., T3, }, and consider the union of the sections in each
subset,

k+10 "

lek:T“U...UTik, Tii1:s = U...UT;,.

Tht1
The following theorem shows that affine rigidity of T" implies that 7., and Tjy1.s are
fully overlapped.

THEOREM 5.6. If the collection {T,...,Ts} is affinely rigid, then for any parti-
tions {T;,, ..., T3, } and {T; o T} with1 <k <s, UF_\T;, and Ui Ly, are
fully overlapped.

Proof. We prove this theorem by reduction to absurdity. If there is a partition,
without loss of generality we denote the partition as, {71, -+, T} and {Tgy1, ..., Ts}
(k < s) such that the two super-sections T7., = UleTj and Tit1:s = Uj_y 1T are
not fully overlapped, then there are (d 4 1)-dimensional vectors w’ # w” such that

k417 °

[67T17;k,k+1:s]w, = [e’TEk,k+1:s]w//v

where Tk g+1:s is the intersection of T4., and Tj41.s. Define w = {wy, ..., w,} with

/ "
Wy == wp =W, Wep = =ws =w',
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section 4

section 1 section 2 section 3

Fic. 5.2. Overlapping patterns of four sections.

It is obvious that w = {wy,...,ws} is a non-trivial certificate for {T1,...,Ts}. By
Definition 5.3, {17, ...,Ts} is not an affinely rigid, a contradiction to the assumption
of the theorem. O

The necessary condition shown above is, however, not sufficient if s > 2. Below
is a counterexample for s = 4 and an arbitrary k with 1 < k < s.

ExAMPLE 3. Consider a data set of seven one-dimensional points

{737 725 717 07 1a 23 3}
and an associated collection of four sections (s = 4),
T =[-3,-2-1], Tr=[-10,1], T3=[1,23], Ty=[-2,0,2]

See Figure 5.2 for each section denoted by arrows emitting from a single point. Clearly
each section 7T; and the union of the rest are fully overlapped. Let & = 1,2 or
3. Consider any partitions {Tj,, ..., T;, } and {T,,, ..., T, }. It is easy to verify
that the union U?ZlTij and U;*: pr11i; are always fully overlapped, since they share
two or more distinct points in the line. We show, however, that {17, --,T4} is not
1
affinely rigid. To this end, we represent each ®; explicitly as follows: ®; = équ
with ¢ = [1,-2,1]7, due to each [e,T{]T has the same null space span(q). Let

2z =1[0,0,0,1,2,2,2]7. The restrictions z; = SZ-TZ of z corresponding to T; are

0 0 2 0
sz: 0, ng: 11, ng: 21, SZZ: 11,
0 2 2 2
respectively. Since 2l g =0 for i = 1,---,4, we conclude that z is a null vector of ®.

However, z ¢ span([e, T7]). So N(®) # span([e, TT]), or equivalently, {7}, -, Ty} is
not affinely rigid.

In the above example, any pair of sections are not fully overlapped. However, it
is also possible that a collection is affinely rigid even if any pair of its sections are not
fully overlapped. Here is a simple example: Let T be the matrix of three vertices of
a regular triangle and 77,75, T3 be three sections each consists of two vertices. The
resulting collection is affinely rigid but 7; and T} are not fully overlapped for i # j.

5.4. Sufficient conditions of affine rigidity for s > 3. We associate a col-
lection of sections {T7,...,Ts} with a graph G constructed as follows: its s vertices
represent the s sections, where there is an edge between vertices ¢ and j if sections
T; and Tj are fully overlapped. The following theorem gives a sufficient condition for
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affine rigidity of a collection of sections based on the connectedness of its associated
graph G.

THEOREM 5.7. The collection {T},...,Ts} is affinely rigid if its associated graph
G is connected.

Proof. We need to show if w = {wy,...,ws} is a certificate of T, then G is
connected implies that w is a trivial certificate.

Consider any pair of w; and w;. Because G is connected, there is a path, say
i1 = 4,---,i, = j, connecting vertices ¢ and j. The adjacency between i; and ig41
implies that T and T;, ., are fully overlapped, i.e., N'([e, ;. ina)) = {0}. It follows
from (5.3) Wlth i =iy and j = dgqq that w;, = w;,,, for k = 1,---,r — 1. Hence
Wy = Wi, = Wiy, = ... =w;, =w;. O

Now we consider the case when the graph G of {T1,...,Ts} is not connected. Let
the connected components of G be {G1,---,G,}, i.e., each G; is a connected subgraph
of G and there are no edges between vertices in different subgraphs. We denote by J;
the index set of the vertices in subgraph G;, and merge the sections T}, k € J; into
a super-section

1y = Ukes; Tk,

i.e., the matrix consisting of column vectors in {7}, k € J;}. This collection of super-

sections {Ty,, ..., T} produces an alignment matrix ®. We show that both ® and ®
share a common null space.

THEOREM 5.8. Let {Ty,, -+, Ty} be the super-sections obtained by merging con-
nected components of {T1,---,Ts}. Then N (®) = N(®).
Proof. Consider a null vector v of &, v = ¢(w) with a certificate w = {wy, ..., ws}

of {T1,...,Ts}. Due to the connectedness of subgraphs G, the sub-collection {1}, k €
J;} is affinely rigid by Theorem 5.7, and hence, each subset {wy, k € J;} is a trivial
certificate for the sub-collection {Ty, k € J;}, ie., all wg, k € J; are equal to each
other. We simply denote them by wy,, i.e., wy = wy, for k € J;, j = 1,---,7. The
set w = {wy,,...,wy,} is clearly a certificate of {T},,...,T;.}. It is easy to verify
that ¢(w) = g%(u?), where ¢ is the isomorphic mapping from the certificate space of
{1}1, ..., Ty} to the null space of the alignment, matrix ®. Thus v = d(w) = () €
N(®). On the other hand, any null vector of ® also belongs to A/(®). O

The above theorem says that merging sections with connected associated graphs
does not change the null space of the alignment matrix. Equivalently, the affine
rigidity of the original sections can be detected from the affine rigidity of the resulting
super-sections. This fact motivates us to consider the connectedness of the associated
graph G for the collection of the super-sections {17, ,- -+, Ty}, where there is an edge
between two vertices if the associated super sections are fully overlapped. We call G
a coarsening of G. By Theorem 5.7 and Theorem 5.8, {T4,...,Ts} is affinely rigid
if G is connected. This coarsening procedure can be repeated, i.e., by finding the
connected components of G and so on. This coarsening procedure terminates, if

1) the current graph has only one vertex, or

2) the current graph has two or more vertices and all vertices are isolated.
We call the graph obtained in the last step of the above coarsening procedure the
coarsest graph and denote it by G*. We also use |G| to denote the number of vertices
in a graph G. One can easily prove the following result by Theorems 5.5 and 5.7.

THEOREM 5.9. Let G* be the coarsest graph of the collection {T1,...,Ts}. Then

(1) {T1,...,Ts} is affinely rigid if |G*| =1, and

(2) {T1,...,Ts} is not affinely rigid if |G*| =2, or if |G*| =3 and d = 1.
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Proof. We just prove that if d = 1 and |G*| = 3, then {T1,T5,T5} is not affinely
rigid. We show this by constructing a non-trivial certificate for T

Without loss of generality, we assume that the intersection 7Tj; between T; and
T; is not empty for ¢ # j. Since T; and Tj are not fully overlapped for i # j,
rank([e, T;7]) < d + 1 = 2 and hence rank([e, T}]) = 1.

Now for the construction of a non-trivial certificate w = {wy, w2, w3}, we can
assume wz = 0 without loss of generality. Thus, w = {wy,ws, w3} is non-trivial if and
only if either w; or ws is not zero. The conditions given in (5.3) now state

le, Thwy = [e, T wa, [e, Toglwa =0, [e, T3 ]wy = 0.

We rewrite the equations in the following matrix form:

e TH eTH ] 1,
(5.5) 0 e Th {_ ] )
e, Ts] 0 2

Because the rank of the coefficient matrix is less than or equal to three and its column
number is no less than four, the above linear equations have a nonzero solution [7“’132} .

Therefore, a non-trivial certificate exists for the collection {71, T%,T5}. By Theorem
5.2, {T1,T5, T3} is not affinely rigid. O

Unfortunately, we still cannot conclude that the original collection is not affinely
rigid for the more general case |G*| > 3. Here is a counterexample with d = 1 from
Example 3.

ExaMpPLE 4. We change the first section in Example 3 by adding the last point
to it, and keep other sections unchanged,

= [*37 *2,*173}7 T; = [*1,07 1]7 T3 = [17233]7 Ty = [72,072]'

Any two sections in the collection are not fully overlapped since the size of each
intersection T;; is one and [e, TZ] is a 1 x 2 matrix that is not of full collum rank. So
there are no edges in the associated graph, i.e., G* = G and |G*| = 4. However, the
collection is still affinely rigid.

Appendix B shows the existence of an affinely rigid collection with |G*| = s for
any s and d satisfying 3 < s < d+ 1. Of course, one can also construct a collection
with |G*| = s that is not affinely rigid. Appendix C gives geometric conditions for
affinely rigid collections with |G*| =3 and d = 2.

5.5. Merging sections. In the last subsection, we discuss a coarsening pro-
cedure that involves merging connected components, i.e., merging the sections in a
connected component into a super-section. This kind of coarsening procedure pre-
serves the null space (cf. Theorem 5.8). In this subsection, we further discuss the
merging process with regard to: 1) merging components that are not necessarily con-
nected; and 2) merging sections that do not form a connected component but the
corresponding sub-collection is affinely rigid. We will show that for 1) the size of null
space does not increase while for 2) the null space remains unchanged.

THEOREM 5.10. Let ® and ® be the two alignment matrices of {Tt, ..., Ts} and

{Ty,,...,1},}, respectively, where Ty, is the super-section merging sections {Tj, i €
Ji}, i=1,...,t. Then N(®) C N(®).
Proof. Given a certificate w = {wy,,...,wy,} for the collection {Ty,,...,T},}.

It can be split to a certificate w = {wy,...,ws} of {T1,..., T} with wy = wy,, for
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ke J;, j=1,...,t. By definition, ¢(w) = é(w) with the isomorphic mappings ¢ and
¢ as defined in (5.4). So each null vector ¢(w) of d is also a null vector of ®, i.e.,
N(®) C N(®). O

Theorem 5.10 suggests that one can modify the alignment matrix ® by merging
the sections in order to push the null space to the desired subspace span([e, T7]). For
example, if merge any two sections given in Example 3, the graph of the resulting
sections can be recursively coarsened to a connected graph and hence for the modified
®, N (®) = span([e, TT]) holds by Theorem 5.9.

The following theorem shows that merging affinely rigid sub-collections cannot
change the null space of the alignment matrix. It generalizes Theorem 5.8 slightly
and has a similar proof which will not be repeated here.

THEOREM 5.11. Let ® and ® be the two alignment matrices of {T1,...,Ts} and
{T},,..., Ty}, respectively. If each sub-collection {T;, i € J;} is affinely rigid for
j=1,....t, then N(®) = N (D).

6. The Smallest Nonzero Eigenvalue(s) of the Alignment Matrix. How
well A/(®) can be determined numerically depends on the magnitude of its smallest
nonzero eigenvalue(s). This has significant ramifications when we need to use eigen-
vectors of an approximation of ® corresponding to small eigenvalues to recover the
parameter vectors {7;}. Theorem 4.2 gives further elaboration in this regard. The
objective of this section is to establish bounds for the smallest nonzero eigenvalue.
We first give a characterization of the smallest nonzero eigenvalue A*. (®) of ®.

THEOREM 6.1. Let ®; = Q;QT be the orthogonal projections such that N'(®;) =
span([e, T/']) and Q; orthonormal. Let H = (H;;) be a block matriz with blocks
Hy = (8:Q:)T(S;Q;), Si is the selection matriz for T;. Then A} (®) = \T. (H).

min
Furthermore, if s = 2, then

A (@) =1-max{c: o€ o(Hp), o<1},

min

where o(+) denotes the set of singular values of a matriz.

Proof. Let R = [S1Q1, -+, S5Qs]. By definition, ® = RRT and H = RTR. It is
well known that ® and H have the same nonzero eigenvalues, since 1) the eigenvalue
equation RRTx = Az implies RTRy = Ay with y = RTz # 0, while RTRy = \y
yields RRTz = Az with z = Ry, and 2) the condition A # 0 guarantees that z, y, and
z are nonzero simultaneously. So AT, (®) = A1, (H).

For the case when s =2, H =1+ ;T 1182 . Notice that the eigenvalues of
12
0 H12 .
oL 0 are given by {o1,...,04+1,—01,...,—04+1}, where o1 > ... > o441
12
are the singular values of Hio [6]. Assume that 1 =01 = ... =0y > 0pqy1 > -+ >
Od+1, then )\xln(H) =1- Op4+1- 0

6.1. Submatrices H; of H. Now we focus on the matrix H, and proceed to
derive an expression of its submatrices H; = (5;Q:)7(9;Q;) = QY SI'S;Q;. Denote
by T the remainder of T; by deleting Tj;. Without loss of generality, we write
T, = [TU,T ]

We first derive an expression for @); which will allow us to relate the centered
matrix T —t; e to Hy, here tj is the mean of the columns in 7. To this end, we

VRl
partition

e (T — tge™)T] = | (TG —te ) ) } _ [ gj }

Y



15

and split it as [e, (T; — tijeT)T] = A1 + As, where
B§B, By } 7
Y

Al = [6, (Tz — tijeT)T]BJjBij = |:

c T
Ay = e, (T — tyze")"](I — B By) = [ By (1 _OB@Bij) } .
It is known that Q; is orthogonal to [e, TT] if and only if Q; is orthogonal to [e, (T; —
tieT)T], or equivalently, Q; is orthogonal to both A; and As since span([e, (T; —
tieT)T]) = span(A;) Uspan(Az). Because of the structures of A; and A, one can
construct such a @; as follows: Let Vj; be an orthogonal basis matrix of the orthogonal
complement space of Bj;, and V; an orthogonal basis matrix of the subspace orthogonal

to ij (I — B;sz) Then the two matrices

Vi

0
01_[%} wd G sl

are orthogonal to both A; and As. Note that C; and Cy are orthogonal to each other
since the columns of (B;)T are still in the range space of By;. C] is also orthonormal
and C can be normalized by multiplying it with D; = (I+VZT(BZBZ)(B; B;rj)TV;—)’l/2
from the right. So we can set @); to be the following orthonormal matrix,

0 —-ViD,

i =[C1,09D;) =
Q [C1,CoDy) Vi (B%B;)T‘/;Di

)

It follows that Qy = [Vy, (B BJ)TViD;). Similarly, Q;; = [Vy, (BSBJ,)TV;D;), where
B, = [e, (15 — tieT)T], V; is the basis matrix of the subspace orthogonal to Bi(I -
B;Bij), and D; = (I + ‘/;T(BjﬁB;rj)(BjﬁBZTj)T‘/})*l/Q. Now we can represent Hy =
Qngz‘ as

%
Y I’Lj

1. — | (ViDi)"BgBL(B;B))"ViD; ]E{sz ]
I
Note that
1B By 1311 B5 By 13

(L+ B BYII3) (L + || B BYII3)

(6.1) 12315 <

Therefore, the singular values of Hy; less than one consist of the singular values of P.

6.2. Estimation of the singular values of F;;. The matrix B;D is given by

Bl = ef ,
(T — tge™)T
since the first column of By = [e, (T —t;e?)T] is orthogonal to the other columns. It
follows that B%ng =eel + ((Ty — tijeT)T(Tg - tijeT))T. Define 1y = opmin(Ty — tzel),
the smallest nonzero singular value of Tj; — t;;e7. We obtain
IBEBLIE < 1+ |[(Ty — tye") ' (T5 — tye”)II3
< 1+ ||[(Ty — tye)TIBNTS — tye |13
=1+ 175 — tye"[I3/n5.
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Similarly, ||BJCZB;||§ < 1+ ||T5 — tye®||3/n7. Substituting this bound into (6.1), we
obtain that

Iy < BTt IR0 T oI,y
RS g+ T — IR @+ 1T — tgeT )~ \ 202+ 8]

where 0 = max{|| T} — tye” ||o, | T — t;e" ||2}. We have

nZ
Pilla <1 - —2—..
” ZJ||2 = 2771'2j+5i2j
For the case s = 2, we have

)\-I-

min

n?
> 1 — || P; > _ 'y

i
Therefore we have proved the following quantitative result giving a lower bound on
the smallest nonzero eigenvalue of the alignment matrix for s = 2.

THEOREM 6.2. Assume s = 2 and let §12 = max{|| T}, —t12eT ||2, |15 —tiaeT |2}
Then

o2 (Tya — t12eT) - (Gmin(le — t126T))2

A (@) > ~
min(®) (Th2 — t12€T) + 63, 012

N 20’1?nin

Recall from Definition 5.4 that Ty and T, are fully overlapped if [e, 5] is of
full column rank. This condition is equivalent to oin(T12 — tlgeT) > 0. Therefore,
Omin(T12 — t126T) can be considered as a quantitative measure of the size of the
overlap between T and T,. The above theorem states that the null space can be well
determined if 77 and T» have a reasonably large overlap.

REMARK. For s > 2 case, it is still not clear how to formulate the concept of the
size of overlaps and derive a similar bound.

6.3. Merging sections improves spectral gap. In section 5.5, we showed
that merging sections to super-sections may reduce the null space of the alignment
matrix. A natural question to ask is what effects merging sections will have on the
smallest nonzero eigenvalue of the alignment matrix. To address this issue we look at
a slightly more general notion of alignment matrix, we consider weighted alignment
matrix defined as

P(a) = Z%Si@isg, a; >0, i=1,...,s.
i=1

Obviously, N (®(a)) = N(®), but At (®(a)) and AL, (®) may be different. We
remark that the results in the previous sections also hold for the weighted alignment
matrices with trivial modifications.

THEOREM 6.3. Let ®(«) be a weighted alignment matriz of {Ty,...,Ts} defined

above, and Ty, the super-section merging {Ty, k € J;}, j=1,...,7. Let

T
(I)(&):Z@jsj(p] JT, dj: Z:OL]C7 j:l,...,r
j=1 keJ;
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be the weighted alignment matriz of {Ty,,...,Ts.}. If each sub-collection {Ty, k € J;}
is affinely rigid, j = 1,...,r, then

Proof. Let k € J;, Sy, = STy and @, = Su®iSh. We show ®; > ®yy, ie.,
&Jj — @, is positive semidefinite. It is known that N@J) C N(®jk). So R(®jx) C
R(EI;j).‘1 We see that ffj — @, is the orthogonal projection onto the orthogonal
complement R(®,;)+ of R(®;;) restricted to R(P;). So &, > ®,y.

Applying the above result and using SA’jS;'k = S, we see that

r

&\)(OAZ) = Z Z Oékgj&\)j A;r Z Z Z akgj@jkgf = Z Z Oszk@kSg = @(Oé)

J=1keJ; J=1keJ; Jj=1lkeld;

It yields that A; (:13(07)) > A/ (®(c)) for all i. The result of the theorem follows
immediately since by Theorem 5.11, V'(®(&)) = N(®) = N(®) = NV(®(a)). O

7. Concluding Remarks. The spectral properties of the alignment matrix play
an essential role in using local methods for manifold learning. The results proved in
this paper represent the first step towards a better understanding of those spectral
properties and their interplay with the geometric properties of the set of the local
neighborhoods. There are still several issues that deserve further investigation. One
of the issues is how to derive a set of conditions which are both necessary and sufficient
for the null space of the alignment matrix to recover the parameter vectors. In a sense,
the problem is akin to the graph rigidity problem [7]. The other issue is how to improve
the quantitative results proved in section 6 under more general conditions, i.e., for
cases s > 2.

Several algorithmic implications of our analysis can be further explored. Larger
overlaps among the local neighborhoods tend to give better conditioned null spaces of
the alignment matrices and thus larger sections are favored. However, the accuracy
of the local linear fitting methods used in LLE or LTSA generally will suffer on large
sections, especially in high curvature regions. One possibility is to use Isomap [12] or
a high-order local fitting for larger sections. The alignment matrix framework used in
this paper is quite versatile and can serve as the basis for incorporating several kinds
of prior information in manifold learning, for example, we may know a priori, the low
dimensional parameters {7;} for a subset of the sample points [14]. Those possibilities
will be further investigated in future research.

Acknowledgement. We thank the anonymous referees for their detailed and
insightful comments, suggestions and corrections that greatly improved the presen-
tation of the paper. We also thank one of the referees for the ideas resulting in the
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Appendix A. Alignment matrices in LLE and Laplacian eigenmap. The
algorithm LLE [10] solves the following optimization problem

(1.1) ymin >y - Zj:ijjillgv

7

where Y = [y1,...,yn] € RPN and {wj;} are the local weights determined by the
optimal linear combination of x; using its neighbors (not including x; itself) with the
constraint Zj wj; = 1. Using the notation for the index set J; = {i1,..., i} of the
neighbors including x; itself, we can write

Yi — Zijji =YSw;, w; €R",
J
where the ¢-th component of w;, t =1,...,k, is 1 if i =4, or —wj; if j =i #i. So
lyi = > yywiill3 = te(Y Spwpw STYT) = te(Y 5,022 STYT)
J

with ®LLE = w,w! | a rank-one semidefinite matrix. So LLE minimizes the trace of

YOLLEYT under the normalization constraint YY7 = I; with the alignment matrix

PLLE — 3 5. phLEST,
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Obviously, ®XLF has null vector e.
In Laplacian eigenmap [1], the optimal problem solved is

(1.2) om0 Ny = vil3wsi.

i jeEJ;

where w;; are also local positive weights and A = diag(dq,...,dn) with §;, = Z Wy s

j€J;
We have with Y; = [y, ..., i, ]
Z lyi — vj szﬂ = [(yi = yis )W Wir o> - -+ (i — yik)\/wimi]H%
JjeJ;
= |[Yilewe” = D%
= tr(YS;(ee’ — IDy(ere” — DT STYT),
where, as before, ¢ the index such that i = i, and D; = diag(w;, 4, ..., w;,,;), Thus we

can represent the problem (1.2) as

min tr(Y(Z Si(ecel — I)Dy(ere — I)TSiT)YT).

YDYT=I,

Denoting Z = Y A'/2, the above problem is equivalent to

énTmIdtr< ZA 128, (ere” — 1D (eteTfI)TSiTA*Iﬂ)ZT).

We can write A~Y/235, = SiAi_l/Q with A; = diag(d;,,...,0;,). The optimization
problem now reads

tr(z®twrzT), olw =" gplrgl
i, TR, a5

is the alignment matrix with the local ones
oLor — ATV2 (e — I)Di(ere” — 1)TA]?

Note that is the normalization constraint YAY T = I, is replaced by the orthogonal
normalization YYT = I, then ®"% = (e,e” — I'D;(e;e” — I)T and &7 has a null
vector e as ®LLE,

Appendix B. Existence of Affinely Rigid Collections. The following propo-
sition shows the existence of an affinely rigid collection with |G*| = s for any s and d
satisfying 3 < s < d + 1.

PROPOSITION B.1. Let s and d satisfy 3 < s < d+ 1. Then there is an affinely
rigid collection in d-dimensional space such that |G*| = s.

Proof. We construct the required collection with sd points in the d-dimensional
space RY, explicitly. Let ay,---,aq_1 € R? be d — 1 linearly independent vectors
orthogonal to e € Rd, and let by, - -+, by € R% be s vectors such that bo —by, -, bs—b1
are linearly independent and each b; — b; has no zero components for i # j. Now we
have sd different points

T . .
[ail7ai27"'uai,d717bij] 3 Z:17"'7d7 ]:17"'787
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that form T, where ay = [a1g, -, aqx]? and by = [bik, -, bar]’. Denoting A =
[a1, -+, aq—1], we see that T = H’gf} , [‘2;] R [fTTH We consider the collection
1 2 s

of the s sections

AT AT
CZ-‘Z:|:|: :|’|: :|:|7 i:1"..787
i) Lot

with by = b, each has 2d points. This collection has the overlapping T; ;41 = [fTT},

i=1,...,s—1,Ts1 = [’2;}, and other Tj;’s, ¢ # j, are empty. Denoting B = [e, A],
a nonsingular matrix of order d, we see that [e,T]] = {g bibfl} are of full column

rank. However, for nonempty intersections 7T; ; of the sections, none of the matrices
(2.1) le, )] =[B,b], i=1,....s—1, [e,T)]=[B,by

has full column rank since the column number is larger than the row number. Hence
the associated graph G = G* and |G*| = s.

Now we consider the collection rigidness. Let w = {w1,...,ws} be a certificate
of the collection. The overlap conditions (5.3) now become

22)  [e T )(wi—wipa) =0, i=1,...,s—1, [e,T];](ws—wy)=0.

We partition

62’ . 68
wi_wi+1:|: ],@:1,...,8—1, ws—wlz[ ]
i s

with §; € R%, n; € R, conforming to the column partition in (2.1). Substituting them
and (2.1) into (2.2), we obtain

(23) Béz = —’I]ibi, 1= 1, ..y S

It follows from ). 6; = 0 and ) n; = 0 that
> milbi —b1) =-BY 6 =0,

which implies that 7o = ... = ny = 0 since by — by, ..., bs — by are linearly independent,
giving 17, = 0 since > . n; = 0. By (2.3),6; =0, i =1,...,s, because B is nonsingular.
It follows that w must be trivial. Therefore, the collection is affinely rigid. O

Appendix C. Geometric conditions for affinely rigid collections. We
now give geometric conditions characterizing affinely rigid collections with |D*| = 3
and d = 2. Consider a collection of three sections {T7,T», T3} in R? such that the
associated graph G is already the coarsest, i.e., each [e,T}'] is of full column rank
while [e, T;] is not of full column rank for i # j.

If there is a Tj; such that it is empty or contains only one point, then the coefficient
matrix in (5.5) will be of column rank less than 6; additionally, there is nonzero
[wT, —wI T satisfying the equation in (5.5). Thus w = {wy, ws, w3} with wz = 0 is
a nontrivial certificate of the collection and hence the collection is not affinely rigid.
So in the following discussion, we can assume that each intersection 7j; contains at
least two different points. In fact, all the points in Tj; must be on a line segment
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(d) (e) ()

Fic. C.1. Illustrations of the geometry analysis of the rigidity of collections with |G*| =3 and
d=2.

lij, because [e, T}5] is not of full column rank. Whether the collection is affinely rigid
depends on the geometric positions of these line segments as illustrated in Figure C.1
with the following three situations: 1) the line segments are parallel to each others,
2) the line segments are not parallel and they do not meet at a point, and 3) the line
segments are not parallel but they meet at a point. We discuss these cases below.

Let w = {w1,ws, w3} be a certificate of the collection {T4,T,T5}. Because all
the points in T;; must be on the line segment ¢;;, the certificate conditions (5.3)
(1,77 w; = [1,77]w; for 7 € T;; are equivalent to

[l,ug](wl —w;) =0, [O,viTj](wi —w;) =0

with a point u;; € T;; and v;;, a vector gives the direction of £;;. Writing the equations
above in terms of z; = w; — w3 and 29 = wy — w3 (w1 — we = 21 — 22), we have six
equations with respect to z1 and zo for determining the certificate w = {w1, we, w3}.

(3.1) [, ufo](21 — 22) =0, [Lufzlzs =0, [1,u53)22 =0,
(3.2) 0, v5](z1 — 22) =0, [0, vi)z1 =0, [0,vL]20 = 0.

Obviously, w is trivial if and only if [21, zo] is zero.

For case 1) {12, 13,23 are parallel to each others, then v15 = v13 = vo3 and the
three equations in (3.2) reduce to the two equations [0,v7]z; = 0 and [0,v7 ]2 = 0 (v
is the common direction for the three line segments). So (3.1-3.2) give at most five
equations for the six variables in the two vectors z; and z. For case 2) {12, (13, {23
are not parallel but meet at a point u, we can set w12 = u13 = u23 = u. The three
equations with respect to u;; in (3.1) reduce to the two equations [1,uT]z; = 0 and
[1,uT]25 = 0. Thus, (3.1-3.2) also give at most five equations for six variables. There-
fore, in both the cases, (3.1-3.2) must be underdetermined and have a nonzero solution
on (21, z2). Thus, we have a nontrivial certificate and the collection {17, 7%, T3} is not
affinely rigid.
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For case 3) {12, {13, {23 are not parallel and they do not meet at a common point.
Without loss of generality, assume that ¢13 and ¢33 are not parallel and they meet at
7o. Of course, 7o ¢ ¢15. Consider a certificate w = {wy, ws, w3}. We denote w;(7) =
[1,77]w; and use the equality w;(X) = w;(X) which means that w;(z) = w;(z) for
all z € X. By (5.3),

(3.3) wy(b12) = wa(l12), wi(l13) = w3(l13), wa(f23) = ws(la3).

The last two equalities imply that

wy (10) £ ws (7o) PE wy(rp).

Together with wy(£12) = wa(f12), we see that w(7) = wa(7) holds for at least three
points which are not co-linear. We conclude that w; = wq. It follows that w; (€13 U
la3) = ws(l13 U fa3). Since £13 # a3, we also have that w; = ws. Therefore, w must
be trivial and the collection is affinely rigid.

We summarize the above discussions in the following result.

THEOREM C.1. The collection with |G*| = 3 and d = 2 is affinely rigid if and
only if the three line segments {12,013, 23 corresponding to the super sections of the
associated coarsest graph are not parallel to each other and they do not meet at one
point.



