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Abstract

We propose a quadratically convergent algorithm for computing the invariant subspaces
of an Hermitian matrix. Each iteration of the algorithm consists of one matrix-matrix
multiplication and one QR decomposition. We present an accurate convergence analysis
of the algorithm without using the big O notation. We also propose a general framework
based on implicit rational transformations which allows us to make connections with several
existing algorithms and to derive classes of extensions to our basic algorithm with faster
convergence rates. Several numerical examples are given which compare some aspects of
the existing algorithms and the new algorithms.

Mathematics subject classification: 15A18, 65F05, 65F35.
Key words: Eigenvalue, Invariant subspace, Hermitian matrix, QR method, Parallelizable
method.

1. Introduction

In [15] we proposed a cubically convergent algorithm for computing the two invariant sub-
spaces of an Hermitian matrix A corresponding to the eigenvalues of A inside and outside the
unit interval [—1, 1], respectively. There we also presented a detailed convergence analysis which
proved the cubic convergence of the algorithm. The derivation of the algorithm is inspired by
the work in [1, 2, 3, 4, 6, 10, 11, 12] and the algorithm only uses matrix-matrix multiplications
and QR decompositions as building blocks which are highly parallelizable primitive operations
in libraries such as ScalaPack [14]. In this paper, we continue along the same line of research
and concentrate on deriving new algorithms that can substantially reduce the amount of storage
and the number of matrix-matrix multiplications. By exploiting the symmetry of the eigen-
value problem, we succeeded in deriving a new algorithm that employs only one matrix-matrix
multiplication and one QR decomposition in each iteration. The presentation of the algorithm
is the topic of Section 2. The structure of the new algorithm is extremely simple which allows
us to give a much refined convergence analysis of the algorithm in Section 3. In particular, we
were able to remove all of the big O expressions which were heavily used in [15]. The resulting
bounds are cleaner and more concise. In Section 4, we analyze our proposed algorithm from the
point of view of implicit rational transformations. This approach allows us to propose classes
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of extensions of our basic algorithm which have higher convergence rates. To test the power of
the implicit rational transformation framework, we will derive a simple version of the matrix
sign function scheme from the general framework. We then discuss the relations of our new
algorithms with Algorithm ISDA proposed in [1, 3, 10] and Algorithm CUBIC proposed in [15].
We focus on the accuracy of the invariant subspaces that are computed by those algorithms for
a variety of numerical examples.

Remark. We want to emphasize that when the matrix A is non-Hermitian, then all the
algorithms proposed in the sequel can be converted into algorithms for computing the singular
subspaces of A.

2. The Algorithms

Our focus is to derive new algorithms which use as few matrix-matrix multiplications as
possible in each iteration for computing an invariant subspace V(, ;) of an Hermitian matrix
A € C™*" corresponding to the eigenvalues inside a preassigned interval (a, b).?)

Theoretically, such an invariant subspace of A can be obtained by the following three steps.
First, construct a function f that maps the complement of interval [a, b] to zero and keep the
image of [a, b] far from zero. Second, compute the matrix function f(A). Finally, compute the
range space of f(A) using QR algorithm column-pivoting to obtain the invariant subspace as
required.

However, it is difficult to design such a function explicitly A feasible approach is to construct
a function that has such properties approximately. We consider a sequence of functions {fx}
that converges to an ideal f. One of the approaches for designing fx is that we use a multiple
composite of a fixed function g together with a scaling function £,

fa=go--ogol=g® ot with ¢ =go---0g, (2.1)
—— N——
k times k times

where the iterative function g should be chosen such that 1) it has two invariant intervals I
and I that cover the real space, i.e., R = I; U I3, and 2) it shrinks one of the intervals, say I,
as k increases, i.e., ¢*)(I) — {a} as k — co. The scaling function ¢ maps the inside of (a, b)
into I and the outside to I;. This approach leads to an iterative method for computing the
invariant subspace as follows.

Basic Iteration for Computing an Invariant Subspace.
1. Initial scaling. Set By = ¢(A).
2. Tteration. For k = 0,..., compute Biy1 = g(By) until convergence.

3. Column-pivoting QR. Compute an orthogonal basis matrix of the range space of B,
for a convergent iterator B,,.

Obviously, By = fr(A) with fi defined in (2.1). For ease of computation, the iterative
function g should be chosen such that the matrix function g(A) can be computed easily. In

2) We assume that a and b are not eigenvalues of A.
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[10], a normalized incomplete Beta function §; is used as the iterative function g.

fula) = o LAV Z(Q * .1> ( jj) (—1)igi i+,

Jo (1 —tyidt S\t
where (f) k ]), Indeed, only 31 and (5 are suggested, because the computational costs
of 5;(4) in rease substantially for large i. A Beta function maps [0, %) — [0, 3), (3.1] — (3,1],

in
and 3;(1) = 1. Moreover,

. 0 2€10,%)
1 (k) )

Jim 57 (z) I
To determine a linear scaling function ¢, an estimated interval (w, ) is required to bound the
eigenvalues \;(A) of A, w < \;(A) < Q. £ is then chosen to be a linear function such that

{(lw,al) < [0,5), Al ) <[5,

1]
for a given a € (w, 2). Here we assume that « is not an eigenvalue of A. This method named as
ISDA in [10] should be applied twice for computing the invariant subspace V(, ) corresponding
to eigenvalues in the interval (a,b) if (a, b) C (w, Q). We remark that ISDA can be applied for
computing an invariant subspace of a real diagonalizable matrix [10] as well.

In this paper, we consider the following rational function as an iterative function g,

o(x) = (2.2)

22+ (1 —12)%
Similar to 8;, ¢ has two invariant intervals [0, 1) and (4, 1]. Note that 1 is a fixed point of ¢.
Furthermore, ¢(®)([0, 1)) — {0} and ¢®)((3, }) — {1} as k — oo. The scaling function ¢ can
be a rational function such that it maps (a,b) into ( , 1] and maps its complement set [a, b]®
to [0, 2) It is not difficult to verify that such an ¢ can be chosen as the following:

c? b—a b+a

1 = ) C2 = 2

Uz) = oy s 5

Here ¢ and ¢ have similar representations. A question follows immediately: How can we compute
the rational matrix function ¢(A) or ¢(B) for a given matrix A or B?
For an Hermitian matrix B, the matrix function ¢(B) can be represented in the form

6(B)(B(B*+ (I — B)?)~Y/2)(B(B? + (I - B)g),l/g)H

Notice that B(B? + (I — B)?)~/2 is the top block of the normalized long matrix

[I ?B} (B*+ (I - B)*)~Y/?

that is an orthogonal basis matrix of the range space of [ I_BB] Obviously, it can be obtained
by the QR decomposition of [ IfB} within an orthogonal transformation. In practice, let

[I?B} =QR= [gﬂ R be the QR decomposition. Then there is an orthogonal matrix M such

that
Q1 ]

) [2

I-B
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It gives that B(B? + (I — B)?)~'/2 = Q1M and hence ¢(B) = Q1Q1.
This observation motivates us to use QR decomposition for computing the matrix function
¢(B) for an Hermitian matrix B. Similarly, let

al | @
|:A_CQI:| =eh= [Q2]R

be the QR decomposition of [Acll ] We have £(A) = Q;Q¥. The discussion above leads to

702[
the following algorithm for computing the invariant subspace V(, ;) of A with eigenvalues in

(a, b).

Algorithm QUAD.
1. Initialization. By = %521, Zg = A — “£21.

2. Iteration. For Kk =0,1,2,..., until convergence

2.1 Compute QR decomposition [ Zk ]
k

2.2 Update Bjy1 = Q¥ (Q)H | Zp,1 =T — Biys.
2.3 If || Bg+1 — Bgllr < tol, set p =k + 1 and terminate the iterations.

3. Compute the QR decomposition with column pivoting Byl = QR. The subspace
spanned by the first 7 columns of @ is an approximate of V(, ) as required.

Here tol is a user supplied tolerance which will influence the accuracy of the computed
approximate invariant subspace, r is the number of the largest diagonal entries of R far from the
other diagonal elements. We have the following proposition that will be used in our convergence
analysis proposed in the next section.

Proposition 2.1. Denote C = %(A — ¢coI). Using the notation in Algorithm QUAD, we have
that for k> 1, By, = (I + CQk)_l and there are unitary matrices My, such that

W — (1412, QW =0 1+ 022 M, k=0,1,.. .. (2.3)

(0)
Proof. We prove the proposition using induction. Since both {g}o)] and [é] (I4+C*)~1/?
2
c1

are orthogonal basis matrices of the column space of [ P 612 1]7 there exists a unitary matrix M
such that

0
ol le

X ] = [ ! ](I+02)1/2M0.

Hence (2.3) holds for k¥ = 0. By definition, By = gO)(ng))H.
) (m)
In general, if By = (I + C?")~! for some k = m > 1, then [I’_Bg ] Therefore, both {Q}m)}
m 2

and [Cﬁm] (I + C’2m+1)_1/2 are orthogonal basis matrices of the column space of {Ifg } It
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follows that there is a unitary matrix M, such that

ng) I 2mtly_1/2
[ ng) = oo (I+cC ) M,,,

which implies Byy1 = Q™ (Q™)H = (I + ¢2"")~L. By induction, the proposition holds.

3. Convergence Analysis

There are some interesting properties for the quantities in Algorithm QUAD. For example,
By, is an approximation of the orthogonal projection on to the invariant subspace V() and
M, in Proposition 1 and R*) approximate the identity matrix I. In this section we provide a
detailed convergence analysis of Algorithm QUAD. All the quantities in Algorithm QUAD are
carefully analyzed and rigorous bounds are given.

The eigenvalue decomposition of A is denoted by A = QAQ™, where A = diag(\1,--+, \,)
with the first r eigenvalues inside (a,b) and the others outside [a, b]. We assume throughout
the paper that a and b are not eigenvalues of A. Denote a(\) = é()\ —¢z). Then C = «a(A)
and it has the eigen-decomposition C = QDQ with

D:diag(dl,...,dn), dzz()l(AZ),Zzl,,’l’L

Obviously, |d;| < 1 for ¢ < r and |d;| > 1if j > r. Partition A = diag(A1,As) and D =
diag(D1, Ds) with D; = a(A;) if required. Tt gives ||D1||2 < 1 and ||[Dy |2 < 1.

Theorem 3.1. Let P, ) be the orthogonal projection onto the invariant subspace Vi, p)- If a
and b are not eigenvalues of A, then

|Bi = Pl < 7"
where 1) = max {|a()\i)|, lae(Aj)] 71 | i € (a,b), A\j ¢ [a,b] } < 1. Moreover, if nzk < 0.16, then
1Bis1 — Bill < |1Bk — Prapyll < |1Brs1 — Bl + 2||Bey1 — Bl
Proof. By Proposition 2.1, B, = (I + C’2k)_1 =Q(I+ Dzk)_lQH. It follows that

k — .
1Bk = Payyllz = (I +D*)~" — diag(Z, 0)]l2

AU
= max T =
L+d" 1+d;°

i§r<j} (3.1)
< max{d?k, dj_zk li<r<j}= an.

Furthermore, we have

k1, N
(I +D* )"t = (I +D*)7 2

] =) 4% (- d*)
(I+d)1+d?™) Q+d; )1 +d;2 )

| Br+1 — Bill2

i§r<j}(3m
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Comparing (3.1) and (3.2), we obtain that ||Byy1 — Bgll2 < |[[Br — Plq,.1)ll2- To show the upper

bound of || By — P4, 1)|l2, let us denote t = % and we write
€ 1+ ¢ e(l+¢) 1+e\° 9
Tre 1o ST Tilr=e) U

2
It is not difficult to verify that for e € [0, 0.16], (}J_f) (14 €*) < 2. Thus 75 < #(1 + 21).

Setting € = )\?k and € = ()\]._1)2k for i < r < j, respectively, and comparing (3.1) and (3.2)
again yields

Bk — Plapyll2 < [ Br+1 — Brll2(1 + 2| Brt1 — Bkll2)
which completes the proof.

The above theorem gives a rigorous upper and lower bound for the approximation error
| B — Playll2- It justifies the use of |[Byy1 — Bgll2 as the stopping criterion in Algorithm
QuaD. (Actually, || Bx+1 — Bg||r is used in the algorithm.)

In the next theorem we examine the block-diagonalization aspect of Algorithm QUAD.

Theorem 3.2. Let Ay and As be the diagonal matrices of the eigenvalues of A inside (a, b)
and outside [a, b], respectively, and Billy = QxRy be QR decompositions with column pivoting
of Bi. Then, there exist two unitary matrices Uy € C™*" and Uy € C*=")*("=7) sych that

QI AQy, — diag(UIT A Uy, U AsUs)|| < %nﬁk, (3.3)

where Rﬁ) is the leading principal submatriz of Ry of order v and ne = max;{|a(\;)|71,\; ¢

[a, b]}.
Proof. Let A = Qdiag(A1, A2)Q™ be the eigenvalue decomposition of A. Partition

Qll Q12 :| )

Hery
Q7= [ Q21 Qa2

We can write
Qu =U1 + AUy, Q2 =U;+ AU,

where Uj; is an optimal unitary matrix approximation of Q;;, ¢« = 1,2. It is not difficult to verify
that [7]

IAUL |2 = max |o:(Q11) — 1| = [(Qf1Q11) ™2 = Il = I = Q31 Q21) " = I}z < [| Q2.

Similarly, ||AUs|l2 < [|Q12]l2 = ||Q21]]2- The last equality holds because Q¥ Qy, is unitary. So
we have

H U 0 ] [ AU Q12 } _
+ =U + AU,
@ Qk[ 0 U Q21 AU,
AU, 0 0 Q2
< < .
||AU||2 N H |: 0 AU2 :| 2 - H |: QQI 0 :| 2 - 2||Q21H2

Substituting the splitting above into Q AQy = QF QAQT Qy, gives

QIAQ, = UTAU + UTAAU + AU AQY Q.
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Therefore,
1QF AQ), — UM AU||o = [[UTAAU + AUTAQH Q1|2 < 2||All2| AU |2 < 4| Al2[|Qa1ll2- (3:4)
To estimate ||Q21[|2, we use Proposition 2.1 again,
QY QiR = QB I, = Q7 (I + C*") 'L, = (I + D*") ' Q1.
Ry R

0 RY

Partition D = diag(D1, D) and Ry = with Ry € C"*". The equality for the

(2,1)-block reads
k
QuRYY = (I +D5) Q" ).
Hence ||Q21Rﬁ)|| < ||(I + D%k)’lﬂ < n%k, where (Q11;)2; denotes the (2,1)-block of QTI}.
It follows that

k k)\ — k k
1Qa1ll2 < Qe RENRE) " < 3" Jomin(RE). (3.5)

Substituting (3.5) into (3.4), we obtain the bound (3.3).

REMARK. The minimal singular value o,in(R11) depends on the particular pivoting strategy
used in computing the QR decomposition of By. Instead of using QR decomposition with
column pivoting, we may also use some of the variants of the so-called rank-revealing QR
decompositions or even the more general two-sided orthogonal decompositions.

The results given in the following theorem analyze the structures of the matrices R(*) and
Mj,. In particular we can show that both of them converge to the identity matrix quadratically.

Theorem 3.3. Let R%) be the upper triangular matriz in Algorithm QUAD and M, be the
unitary matriz in Proposition 2.1. Then, using the notation of Theorem 3.2, we have

MyR® =1+ QE.Q",
where By, = diag(’y;k)7 . ,%(Lk)) with |7i(k)| < 772k. Furthermore, if all the diagonal elements of
R%) are nonnegative, we have

IR — I||; < (41ogyn + 8)n",
1M — 2 < (41ogy n + 9)n?".

Proof. Algorithm QUAD gives By = ng)R(k). Substituting the representations of ng) and
By, given in Proposition 2.1 into the equality above and using the decomposition of C' = QDQ¥,
we have that

QU+ D*)7'Q" = QI + D*"" ) 2Q" MyR™®,
which implies that
MR® = Q(I +D?" )21+ D*)'Q¥ = Q(I + Ex)QYI + QEQ™, (3.6)

where By = (I + D¥ )V/2(1 + D¥)~1 — | = diag(wik), . ,’y,(f)) and

" _ 7/1 +d12k+1 2d12k

i 1 dzk -1 k k Ktiy
+d; (1+d)1+d? +/14+a2")
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It is easy to see that for i < r, |7i(k)| < dfk < n2k. For ¢ > r, we can write
2d; 2"
(L+d7 ) (1 +d7" 4y /1+d7)

giving |'yi(k)| < d;zk < an. Hence we have that ||Ex|2 < n2k.
Now let Ay = 2QFE} (I + E;,)Q. The representation (3.6) gives

k
= -

(RMNTR® = Q(I + E)*Q™ = QI + 2Ex(I + Ex))Q™ =1+ Ay,

the Cholesky decomposition of I + Ag, a perturbation of the identity matrix. By the pertur-
bation theory derived in [5], we get the error bound

|R® —Ill> < (21ogy n + 4) | Aklz < 4(logy -+ 2"
Here we have used the bound ||Ag|l2 < n?" that can be easily obtained. Finally, by (3.6),
k k
1My, = 1|2 = M = Iz = |R® = I+ QE QM| < 4(logyn + 2)1> + 17",
completing the proof.

As a consequence of Theorem 3.3, the following corollary shows that ng) can also be an
approximation of the orthogonal projection on to the invariant subspace. The proof is similar
and hence is omitted.

Corollary 3.1. Using the notation in Algorithm QUAD, we have
k
1YY = Playll2 < wi + (41ogy n + 9)n?
where wy, = max{%|a()\i)|2k+1, \oz()\j)|_2k li<r<j} <L

REMARK. The block diagonalizing unitary matrix @ in the last step of Algorithm QUAD
does not have to come from the matrix B,. Corollary 3.1 shows that it can be obtained by the

QR decompositions with column pivoting of ng). We omit the further analysis.

4. Acceleration

The above discussion opens up many possible avenues for accelerating Algorithm QUAD,
and we discuss several possibilities in this section. First we can replace the two matrices By
and I — By in Step 2.1 by their powers, i.e., Step 2.1. becomes

By! Q”
{ (I = By)™ } &

2

R(k),

and Step 2.2. becomes By = ng)( §k))H. This gives other rational iterations for { By} as
Bi+1 = ¢m(Bg), k=1,2,...,

with ¢, (z) = 7T —mz= that has the properties ¢m([0,1/2]) = [0,1/2] and ¢, ((1/2,1]) =
(1/2,1]. An interesting observation is the following nested iteration relation among those ra-
tional functions:

$pr=pop=0?, ¢ =go-0p=00 ().
N————

(s41) times
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It is easy to see that the larger m is the faster the convergence.?) However, we should also
pay attention to the possibility that B;" may overflow for large m. On the other hand forming
B} and (I — By)™ involves extra matrix-matrix multiplications. The best compromise seems
to be for m = 2 where we can get away with just one extra matrix-matrix multiplication and
two matrix additions. This is because we can write (I — By)? = I — 2By, + B. We summarize
the above in the following algorithm.

Algorithm QUART.
1. Initialization. By = b_T“I, Zyg=A— QT'H’I.

2. For k=0,1,2,..., until convergence

2.1 Compute QR decomposition [ Zk ] R,
k

2.2 Update Vi, = Q" (Q{")H, Broy = Y2, and Ziyq = I — 2V + Biyy.
2.3 If || Bg+1 — Bi|lr < tol, then set p = k + 1 and terminate.

3. Compute the column pivoting QR decomposition of B,II = QR.

Ay B

Eo  Ag

S

. Compute Q7T AQ as Q7 AQ = . with Ay € C™7, r = rank(R).

)
Another possibility for devising acceleration schemes is to use [ P(B) ] = {Z}k)] R®),
2

q(I—By)
and Bt = gk)(ng))H , where p(z) and ¢(x) are two polynomials. This gives the rational
transformation of By as
By+1 =9 (Bx)
with ¥(z) = m. We can tailor the polynomials p and ¢ to accommodate the

computation of eigenvalues in other regions in the real line.

5. Comparisons

5.1 Comparison with ISDA

As we mentioned, ISDA uses the incomplete Beta function 31 (z) = x2(3—2x) as the iteration
function [1, 3, 10]. Two matrix-matrix multiplications are needed in each iteration. The Beta
function Ba(x) = 102% — 152% + 625 is suggested for acceleration [1, 3, 10]. It requires at least
three matrix-matrix multiplications for computing G2(B).

In this section we compare several properties of the functions ¢ = ¢; or ¢o with 31 and (2
used as the iteration functions in ISDA. Notice that the eigenvalues of A will be first transformed

to the interval [0, 1] by the scaling transformation B = £(A).?) The convergence of iteration

3) The convergence rate of ¢y, is 2m now.

4) As a side issue, this step can be accomplished using the QR decomposition of [I, A]* instead of explicitly
estimating the largest and smallest eigenvalues of A using some version of the Geeshgorin Circle Theorem and
resorting to a linear transformation as is done in [1, 3].
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Iteration Functions Ratios
1 = 1.07
-~
- - B, -

0.9 — ;/' 1.06

0.8H - -- B, J 1
7 1.05

0.7 H - Py 7, i

7

o.6 i 1.04
0.5 b 1.03

0.4 B
1.02

Z

0.3 4 4
G 1.01

0.2 G i
./. 1

Oo.1r P4 4

-
el

o = - 0.99

(o] 0.5 1

Fig. 5.1. (left) The functions 1 ~ ¢, with s = 3V/4 and 8 ~ ¢». (right) The rations ri = (¢s —
D)/(Br— %) and r2 = (¢1 — 3)/(B2 — 3).

B = ¢4(B) or B = $;(B) depends on the distance min; |A\;(B) — 1| of the eigenvalues of B
to the middle point 3 of the interval [0,1]. The larger the distance is, the faster the iteration
converges. ¢1(x) seems to have a slight edge over 8 (x) around 1/2 since

4 32 1

2 1.
=g @) el 3)),

=
[y
—
&
S~—
I
(SIS

implying that ¢;(x) expels away any point close to 1/2 about 4/3 as fast as 51 (x).
We now compare the function ¢, (z) and the iterated version of §1(x) and found that for a
not too small z € (0, 1],

a(z) ~ (B1 0 B1 o Bi)(z) = B (2).

This implies that ; is approximately equal to ¢ with s = %\3/41 ~ 0.7937 and the convergence
rate of ISDA using 3; is about /4 ~ 1.5874. The accelerated iteration of ISDA using 2 seems
to be quadratically convergent, because 83 (x) =~ ¢1(z) for not small z in (0, 1). Figure 5.1 plots
the graphs of ¢1, ¢, with s = %\?/41, (1, and ¢2 on the left and the ratios 1 = (¢s — %)/(/6’1 - %)
and ry = (¢1 — 3)/(B2 — 1) on the right. For numerical examples, see Example 2 and Example
3 below. For our test cases we can conclude that Algorithm QUART is about three times as fast
as ISDA and also gives comparable or better accuracy for the computed invariant subspaces.

5.2 Comparison with Algorithm

In this section we compare the accuracy and convergence behavior of the two algorithms:
Algorithm 5.2 and Algorithm QUAD. For a detailed discussion of Algorithm CUBIC, the reader

is referred to [15]. The main difference between the two algorithms is in Step 2, where the

matrices By, and Zj, are constructed. For Algorithm CUBIC, Step 2 has the following form:)

(k)
1

k
) R®&)
2

2.1 Compute QR decomposition [ g/k }
k

2.2 Update Wit = QP Wi(QI)T,  Ziyy = Q8 Z1(Q5) 7.

5) Actually, Algorithm CUBIC used a different but equivalent form as is presented here. The form presented
here is used to make the comparison with Algorithm QUAD easier.
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The initial values are the same as in Algorithm QUAD. It requires 4 matrix-matrix multiplica-
tions. The following table shows the essential characteristics of the algorithms.%

Algorithms | Storage | Matrix-matrix | QR | Convergence rate
QUAD 3n? 1 1 2
CuBIC 5n? 4 1 3
QUART 3n? 2 1 4

ISDA (1) 3n? 2 0 ~ 1.59

ISDA (B2) 4n? 3 0 ~

6. Numerical Experiments

In this section, we show some numerical results to illustrate the efficiency of our proposed
algorithms for computing an invariant subspace V(, ;) for the given interval (a, b). We use
synthetic test matrices.

EXAMPLE 1. We construct the test matrix A as follows (in MATLAB notation).

n = 500;

[Q,temp] = gr(1-2*rand(n));
d = sort(1-2*rand(n,1));

A = Q*xdiag(d)*Q’;

We compute the invariant subspace corresponding to the right half-eigenvalues, i.e., setting
a= %tr(A) and b = 2 where () is the estimated bound of the eigenvalues of A using Geeshgorin
Circle Theorem. Notice that ISDA is convenient for computing an invariant subspace corre-
sponding to extreme eigenvalues. As we have shown in the last section, the iteration number
of ISDA with f; is about three times of that for Algorithm QUART, while ISDA with 35 and
Algorithm QUAD has almost the same number of iterations. However, since ISDA requires
additional two matrix-matrix multipliers than QUAD and two matrix-matrix multiplications
cost much more than on QR decomposition, ISDA with (5 is generally slower than QUAD. In
the following table, we list the experimental results, where erry, erry, and errs denote the
block-diagonalizing error, the approximate error of the computed eigenvalues in (a, b), and the
distance between the compute invariant subspace span(Ql) and the true one V(4 p)span(Q1),

respectively,
erry = Q5 AQu,  erry = Mo (A) = MQTAQY)||, errs = [|Q1 — Q1.
n=>500 | CPU time (s) | iter errl err2 err3 Flops/n?
QUAD 19.89 19 | 1.09e-14 | 2.10e-14 | 3.06e-14 194
QUART 14.61 11 | 9.50e-15 | 2.31e-14 | 2.84e-14 135
ISDA (ﬁl) 20.02 30 | 1.84e-14 | 2.39e-14 | 4.18e-14 183
ISDA (82) 21.92 20 | 5.77e-14 | 2.17e-14 | 5.08e-14 203

EXAMPLE 2. In this test, we show the efficiency of our methods for computing an invariant
subspace associate the middle eigenvalues of A. We set

1 1
a= §(>\100 + Xo1), b= 5()\200 + A201)-

6) When we count the number of matrix-matrix multiplications and the amount of storage, we do not take
into account of the symmetry of some of the quantities. This is mainly because it is still not very clear how to
handle symmetry in a parallel environment.
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For ISDA, if a linear transformation is used for the initial scaling ¢, it requires that one applies
ISDA twice, one for the invariant subspace V, o) of A and the other for the invariant subspace
Vap) of the truncated matrix QT AQ;. In the following table, we show the CPU times and
iteration numbers, respectively.

n=>500 | CPU time (s) | iter errl err2 err3 Flops/n®
QuAD 11.75 11 3.56e-15 | 9.53e-15 | 2.56e-14 113
QUART 9.08 7 3.58e-15 | 8.15e-15 | 2.53e-14 87

ISDA (61) | 27.73+18.16 | 27426 | 8.57e-15 | 1.19e-14 | 9.19e-14 251
ISDA (B2) | 29.98+19.80 | 18417 | 2.00e-14 | 9.12e-15 | 8.54e-14 276
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