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Generative Models:
Denoising Diffusion Probabilistic Models (DDPMs)

Slides adapted from those by Danfei Xu



Assignment 4 — Generative models
e Due March 30th 11:59pm EST

Projects
* Project proposal due March 14th

Meta office hours
*  Wed. 3pm ET on Machine Translation
* Friday 3pm ET on Embeddings



Taxonomy of Generative Models Direct

GAN

Generative models

/\

Explicit E:iensity Implicit density

T [ ——

Tractable density

Approximate density Markov Chain

Fully Visible Belief Nets
- NADE
-  MADE
- PixelRNN/CNN
-  NICE/ RealNVP
- Glow
- Ffjord

/ \ GSN

Variational Markov Chain

Variational Autoencoder Boltzmann Machine
Denoising Diffusion Models

Figure copyright and adapted from lan Goodfellow, Tutorial on Generative Adversarial Networks, 2017.




Denoising Diffusion Probabillistic
Models (DDPMs)

And Conditional Diffusion Models



TEXT DESCRIPTION

DALL-E 2

An astronaut

riding a horse

in a photorealistic style

https://openai.com/dall-e-2/



Landscape Highlights of Diffusion Models (Nov 2022)

® Diffusion probabilistic models (Sohl-Dickstein et al., 2015)

basic

orinciples < ® Noise-conditioned score network (NCSN; Yang & Ermon, 2019)

L ® Denoising diffusion probabilistic models (DDPM; Ho et al. 2020)

conditional & | ®  Classifier-guided conditional generation (Dhariwal and Nichole, 2021)

high-res | o  (lassifier-free Diffusion Guidance (Ho and Salimans, 2022)
image

generation ® [atent-space Diffusion (StableDiffusion; Rombach and Blattmann et al., 2022)

® Planning with Diffusion for Flexible Behavior Synthesis (Diffuser; Janner et al., 2022)

new

applications T ® DreamFusion: Text-to-3D using 2D Diffusion (Poole and Jain et al., 2022)

® Make-A-Video: Text-to-Video Generation without Text-Video Data (Singer et al., 2022)



https://arxiv.org/abs/1503.03585
https://arxiv.org/abs/1907.05600
https://arxiv.org/abs/2006.11239
https://arxiv.org/abs/2105.05233
https://arxiv.org/abs/2207.12598
https://arxiv.org/abs/2112.10752
https://arxiv.org/abs/2205.09991
https://arxiv.org/abs/2209.14988
https://arxiv.org/abs/2209.14792

How to make a new generative model

Setting: Given unlabeled dataset of data, | want to learn to sample from P(x)
Define the generative process

Parameterize it

Maximum likelihood (often -> KL-divergence)

Approximations

Optimize parameters!

Add conditioning, e.g. text



Landscape Highlights of Diffusion Models (Nov 2022)

® Diffusion probabilistic models (Sohl-Dickstein et al., 2015)

basic

orinciples | ® Noise-conditioned score network (NCSN; Yang & Ermon, 2019)

Ll ® Denoising diffusion probabilistic models (DDPM; Ho et al. 2020)

conditional & || ®  Classifier-guided conditional generation (Dhariwal and Nichole, 2021)

high-res || o  Classifier-free Diffusion Guidance (Ho and Salimans, 2022)
image

generation ® [atent-space Diffusion (StableDiffusion; Rombach and Blattmann et al., 2022)

® Planning with Diffusion for Flexible Behavior Synthesis (Diffuser; Janner et al., 2022)

new

applications ™ ® DreamFusion: Text-to-3D using 2D Diffusion (Poole and Jain et al., 2022)

® Make-A-Video: Text-to-Video Generation without Text-Video Data (Singer et al., 2022)



https://arxiv.org/abs/1503.03585
https://arxiv.org/abs/1907.05600
https://arxiv.org/abs/2006.11239
https://arxiv.org/abs/2105.05233
https://arxiv.org/abs/2207.12598
https://arxiv.org/abs/2112.10752
https://arxiv.org/abs/2205.09991
https://arxiv.org/abs/2209.14988
https://arxiv.org/abs/2209.14792

The Denoising Diffusion Process

image from
dataset




The Denoising Diffusion Process

image from The “forward diffusion” process:
dataset add Gaussian noise each step




The Denoising Diffusion Process

image from The “forward diffusion” process: noise (0, 1)
dataset add Gaussian noise each step '

—> X171 — XT




The Denoising Diffusion Process

image from The “forward diffusion” process: noise (0, 1)
dataset add Gaussian noise each step '

XO — X1<—

The “denoising diffusion” process:

generate an image from noise by
denoising the gaussian noises

—> X171 — XT

—— X719 «— XT

Ties/inspiration form Annealed
Imporantce Sampling in physics



Comparison

GAN: Adversarial
training

VAE: maximize
variational lower bound

Flow-based models:
Invertible transform of
distributions

Diffusion models:
Gradually add Gaussian
noise and then reverse

Discriminator

Generator

b4 > VA >
D(x) G(z)
a N Encoder z Decoder N
q5(2z[x) pe(x|z)
Flow Z Inverse
X |—» — > _ -
f(x) f(2)
Xo—X1—X2——> ...... —




Forward/Reverse Processes

forward diffusion: encoding XT denoising diffusion: decoding




Forward/Reverse Processes

forward diffusion: encoding XT denoising diffusion: decoding

noise N'(0,1)
\ ) J
| |
Known / predefined: Unknown / learned:
q(x1.7]%0) r
\ / Output: Noise Pe (xO:T) - p(xT) 1_[ Pe (xt—l |xt)
InpUt: mean to remove, t_l
X U- sample & use w/ x; B
t Net toget x;_4
\

\



Forward/Reverse Processes

forward diffusion: encoding XT denoising diffusion: decoding

noise V'(0,1) X1
\ ) J

Known / predefined: Unknown / learned:
q(x1.7[%0)

T
po (xXo.7) = p(xT) 1_[ Po (X¢—1|x¢)
t=1

Use the denoising decoding process to
generate new images.



Forward/Reverse Processes

forward diffusion: encoding XT denoising diffusion: decoding

noise V'(0,1) X1
\ ) J

Known / predefined: Unknown / learned:
q(x1.7[%0)

T
po (xXo.7) = p(xT) 1_[ Po (X¢—1|x¢)
t=1



The Diffusion (Encoding) Process

The known forward process Xg —> X{—> 0o — X7



The Diffusion (Encoding) Process

The known forward process Xg —> X{—> 0o — X7
T

q(x1.71x0) = 1_[ q(xX¢|x¢—1) Probability Chain Rule (Markov Chain)
t=1



The Diffusion (Encoding) Process

The known forward process Xg —> X{—> 0o — X7
T

q(x1.71x0) = 1_[ q(xX¢|x¢—1) Probability Chain Rule (Markov Chain)
t=1

q(xilxi—q) = N(xg; (1 — B: )xe—q1,B:I) Conditional Gaussian



The Diffusion (Encoding) Process

The known forward process Xg —> X{—> 0o — X7
T

q(x1.71x0) = q(x¢|xt—1) Probability Chain Rule (Markov Chain)
t=1

q(xilxi—q) = N(xg; (1 — B: )xe—q1,B:I) Conditional Gaussian

Notation: A Gaussian distribution “for” x;



The Diffusion (Encoding) Process

The known forward process Xg —> X{—> 0o — X7
T

q(x1.71x0) = q(x¢|xt—1) Probability Chain Rule (Markov Chain)
t=1

q(xilxi—q) = N(xg; (1 — B: )xe—q1,B:I) Conditional Gaussian

[; is the variance schedule at the diffusion step t



The Diffusion (Encoding) Process

The known forward process Xg —> X{—> 0o — X7
T

q(x1.71x0) = 1_[ q(xX¢|x¢—1) Probability Chain Rule (Markov Chain)
t=1

q(xilxi—q) = N(xg; (1 — B: )xe—q1,B:I) Conditional Gaussian
[rist i

0<p

NAL

= 1000

https://www.voutube.com/watch?v=HoKDTa5iHve&t=517s



The Diffusion (Encoding) Process

The known forward process Xg —> X{—> 0o — X7
T

q(x1.71x0) = q(x¢|xt—1) Probability Chain Rule (Markov Chain)
t=1

q(xilxi—q) = N(xg; (1 — B: )xe—q1,B:I) Conditional Gaussian

[; is the variance schedule at the diffusion step t

0< By <Py <--<Br<1,typical value range [0.0001, 0.02], with T = 1000

Xo —> X1— —> X171 — XT




The Diffusion (Encoding) Process

The known forward process Xg —> X{—> 0o — X7
T

q(x1.71x0) = q(x¢|xt—1) Probability Chain Rule (Markov Chain)
t=1

q(xilxi—q) = N(xg; (1 — B: )xe—q1,B:I) Conditional Gaussian

Nice property: samples from an arbitrary forward step are also Gaussian-distributed!

q(xclxg) = N (x¢; \/C?_txO' (1—a))

,Where a;, = (1 —f;), a; = ngl as




<1\/|1/ 1) = N(zt, /1T = Bxe—1, Bl)

The Diffusion (Encoding I

The known forward process X0 = /a1 T2 + /T — ara;_| ¢
T
= /1042 Tp—3+y/1 —arap_1a4_2 €
Q(xl:Tle) — ‘ ‘ Q(xtlxt—l) Probal = JaaTa1ap 2o+y/T = arag_1-.ajag

q(x|r) = Nz Vag xg. (1 — ay)l) -—

q(xelxe—1) = N (xe; V1= B X108
Nice property: samples from an arbitrary forward step are also Gaussian-distributed!
q(xelxg) = N (x5 @exo, (1 — ap)l)

Gaussian reparameterization trick:
Zz=pu+ex*xo,e~N(0,1)

Intuition: We know all
distributions in forward
process, and can in fact
directly compute for any t

Xe =/ 0exg + /1 — Qt€, e~N(0,1) |icedon X,

(square root appears because reparameterization trick has just o)



The Diffusion and Denoising Process

forward diffusion: encoding XT denoising diffusion: decoding

noise V'(0,1) X1
\ ) J

Known / predefined: Unknown / learned:
q(x1.7[%0)

T
po (xXo.7) = p(xT) 1_[ Po (X¢—1|x¢)
t=1



The Denoising (Decoding) Process

The learned denoising process X0 X1



The Denoising (Decoding) Process

The learned denoising process X X1 Xt
T

po (xo.7) = p(x71) 1_[ Po(xX¢—1|x:)  Probability Chain Rule (Markov Chain)
t=1



The Denoising (Decoding) Process

The learned denoising process X X1 Xt
T

po (xo.7) = p(x71) 1_[ Po(xX¢—1|x:)  Probability Chain Rule (Markov Chain)
t=1
Po(xi_qlxs) = N (xe—q1; ug(xs, t), Z2g(xs,t))  Conditional Gaussian



The Denoising (Decoding) Process

The learned denoising process Xy «—— Xq<+«— s« «—— X7
T

po (xo.7) = p(x71) po(X¢—1|x:)  Probability Chain Rule (Markov Chain)
t=1
Po (xt_1|xt) = N(xt_l; Ho (xt, t), ZCI (t)) Conditional Gaussian
™~

Want to learn time-  Assume fixed / known variance
dependent mean (simplification)

What is the shape of
the mean?



The Denoising (Decoding) Process

The learned denoising process Xy «—— Xq<+«— s« «—— X7
T

po (xo.7) = p(x71) po(X¢—1|x:)  Probability Chain Rule (Markov Chain)
t=1
Po (xt_1|xt) = N(Xt_l; Ho (xt, t), ZCI (t)) Conditional Gaussian
™~

Want to learn time-  Assume fixed / known variance
dependent mean (simplification)

How do we form a learning objective?



The Denoising (Decoding) Process

The learned denoising process X0 X1

po (Xe—1lxt) = N (x¢—1; 2q(1))



The Denoising (Decoding) Process
The learned denoising process X5 «—— Xq<+«— oo «—— X7
P (Xe—1lx:) = N (xp—1; 1o (1t t);zq(t))

High-level intuition: derive a ground truth denoising distribution q(x;_1|x¢, xy) and
train a neural net pg (x;_1|x;) to match the distribution.



The Denoising (Decoding) Process
The learned denoising process X5 «—— Xq<+«— oo «—— X7
P (Xe—1lx:) = N (xp—1; 1o (1t t);zq(t))

High-level intuition: derive a ground truth denoising distribution q(x;_1|x¢, xy) and
train a neural net pg (x;_1|x;) to match the distribution.

The learning objective: argming Dy (q(x¢—1|%¢, X0) | |pg (xt—11x¢))



The Denoising (Decoding) Process

The learned denoising process X5 «—— Xq<+«— oo «—— X7
Po (Xt—1lxt) = N (xe—q; 11g (xs, t);zq(t))

High-level intuition: derive a ground truth denoising distribution q(x;_1|x¢, xy) and
train a neural net pg (x;_1|x;) to match the distribution.

The learning objective: argming Dy (q(x¢—1|%¢, X0) | |pg (xt—11x¢))
What does it look like? q(x,_,|x;,x,) = N (xt—l;.uq(t)izq(t))
Be

v —a)

N e) , e~N(0,1)
t

1
,uq(t) = _<xt -



The Denoising (Decoding) Process

The learned denoising process X5 «—— Xq<+«— oo «—— X7
Po (Xt—1lxt) = N (xe—q; 11g (xs, t);zq(t))

High-level intuition: derive a ground truth denoising distribution q(x;_1|x¢, xy) and
train a neural net pg (x;_1|x;) to match the distribution.

The learning objective: argming Dy (q(x¢—1|%¢, X0) | |pg (xt—11x¢))

What does it look like? g(x,_;|x;, x0) = NV (xt—l;.uq(t);zq(t))

1 Recall: Gaussian

Be
Hq (1) = \/_a—t <xt - \/ﬁe ) e~N(0,1)*— reparameterization trick
— Qg

q(t-1lxe) = a(%i-1]x0, %o) (markov assumption) The “ground truth” noise that brought x,_; to x;
_ a(Xe|Xe—1, X0)q (re—11%0)
= (Bayes rule)
q(x¢|xo)
— N ep/@gxe—1,BeDN (Xe—1y/@p—1%e—1, (1))
N (xg/@xo,(1=ap—1)I)
<N (xt_1; \/a_t(l—at—l)xt‘f'\/at—l(l—at)xo , Eq (t)) (Property Of GaUSSIaI’l)

1-/a¢




The Denoising (Decoding) Process

The learned denoising process X5 «—— Xq<+«— oo «—— X7
Po (Xt—1lxt) = N (xe—q; 11g (xs, t);zq(t))

High-level intuition: derive a ground truth denoising distribution q(x;_1|x¢, xy) and
train a neural net pg (x;_1|x;) to match the distribution.

The learning objective: argming Dy (q(x¢—1|%¢, X0) | |pg (xt—11x¢))

What does it look like? g(x,_;|x;, x0) = NV (xt—l;.uq(t);zq(t))

1 (B
Assuming identical variance X, (t), we have: a0 ?@(x‘ ,W-age)

argming Dy, (q(x¢-1]x¢, xo)||l99 (xe_1lxp)) = argmingw ||, (£) — pg (xg, O]

Should be variance-dependent, but constant
works better in practice



The Denoising (Decoding) Process

The learned denoising process X5 «—— Xq<+«— oo «—— X7
Po (Xt—1lxt) = N (xe—q; 11g (xs, t);zq(t))

High-level intuition: derive a ground truth denoising distribution q(x;_1|x¢, xy) and
train a neural net pg (x;_1|x;) to match the distribution.

The learning objective: argming Dy (q(x¢—1|%¢, X0) | |pg (xt—11x¢))
What does it look like? q(x,_,|x;,x,) = N (xt—l;.uq(t)izq(t))
Assuming identical variance X, (t), we have:

argming Dy, (q(x¢-1]x¢, xo)||l99 (xe_1lxp)) = argmingw ||, (t) — pg (xg, O]

Simplified learning objective: argming||e — €4(x,, t)||> = Predict the one-step
noise that was added

(and remove it)!



The Denoising (Decoding) Process

The learned denoising process Xy «—— Xq<+«— s« «—— X7
T

po (xo.7) = p(x71) po(X¢—1|x:)  Probability Chain Rule (Markov Chain)
t=1
Po (xt_l |Xt) = N(xt_l; Ho (xt, t), ZCI (t)) Conditional Gaussian
™~

Assume fixed / known variance

How did we arrive at the learning objective?
See slides at the end! Variational models ...



The Denoising (Decoding) Process
The learned denoising process X5 «—— Xq<+«— oo «—— X7

Po(xe—1lxt) = N (xe_q; 1o (1), Zg (8))

Simplified learning objective: argming||e — €4(x,, t)||> = Predict the one-step
noise that was added

(and remove it)!



The Denoising (Decoding) Process

The learned denoising process Xy «—— Xq<+«— s« «—— X7

T
po (xo.7) = p(x71) 1_[ po(X¢—1|x:)  Probability Chain Rule (Markov Chain)
t=1
Do (Xe—1lxe) = N (xe—1; 1o (xy, t),Zq (t)) Conditional Gaussian
™~

We know how to learn  Assume fixed / known variance

Inference time: ug (x4, t) = \/%t (xt — \/(f%c_rt)eg (x¢, t)) —
U-

xt Net

—
~——

_—

= Xt—1



The Denoising (Decoding) Process

The learned denoising process X5 «— Xq<+«— v «—— X7
T

po (xo.7) = p(x71) po(X¢—1|x:)  Probability Chain Rule (Markov Chain)
t=1
Do (Xe—1lxt) = N (xp—q; 1o (x4, t),Zq (t)) Conditional Gaussian
™~

We know how to learn  Assume fixed / known variance

xT~N(0, I) XT-1 Xo

p@(lexT—l)‘ ¥ po(xr—1lxr—3) Po (x1x0) -

»

Generate new images!



The Denoising Diffusion Algorithm

Algorithm 1 Training

1: repeat

2: xo ~ q(x0)

3: t ~ Uniform({1,...,T})
4: €~ N(0,I)

5: Take gradient descent step on

Vo ||e — €o(v/arxo + V1 — 64te,t)[|2

: until converged

@)

The Denoising Diffusion Probabilistic Models, Ho et al., 2020



The Denoising Diffusion Algorithm

Algorithm 1 Training | Algorithm 2 Sampling
1 repeat 1: x7 ~ N(0,1)
2: XONQ(_XO) 2: fort=T,...,1do
32 t~ %1(130}’)11({1’ - T}) 3. z~N(0,I)ift >1,elsez =0
e~ : "
5: Take gradient descent step on 4 Xi1 = \% Xt — \}ﬁGG(Xt, f)) + otz
Vo ||e — €o(v/arxo + V1 — &te,t)“2 5: end for
6: return xo

6: until converged

The Denoising Diffusion Probabilistic Models, Ho et al., 2020



The Denoising Diffusion Algorithm

: until converged

Algorithm 1 Training | Algorithm 2 Sampling
1 repeat 1: x7 ~N(0,T)
2: Xo ~ q(x0) 2 fort=T,...,1do
32 t~ Ij{;l(l(f)o?)n({l, o T 3 2z~ N(0,I)ift > 1,elsez =0
Doen E .
5: Take gradient descent step on 4 X1 = \% (xt - \}ﬁfﬂ(xt» f)) + otz
Vo ||€ — €o(v/arxo + V1 — aue, t)||2 5: end for
6 6: return xq

Po(xXe—1xt) = N (xp_q; ug(xt, t), Z(¢))
Xy = \/Etxo + /1 — a;e€, e~N(0,1)

The Denoising Diffusion Probabilistic Models, Ho et al., 2020



Conditional Diffusion Models

\ Conditional
An astronaut riding /
a horse in a

photorealistic style

Diffusion

Simple idea: just condition the model on some text labels !
€g(xt, 7, t)



Conditional Diffusion Models

\ Conditional
An astronaut riding /
a horse in a

photorealistic style

Diffusion

Simple idea: just condition the model on some text labels !

€p (xt; Vs t)
Problem: Very blurry generation



Classifier-guided Diffusion

\ Conditional
An astronaut riding /
a horse in a

photorealistic style

Diffusion

Better idea: use the gradients from a image captioning model £, (y|x;) to
guide the diffusion process!

é@ (xtl t) = €9 (xtr t) IR, 1-— CYththngD(ylxt)

Dhariwal & Nichol, 2021



Classifier guidance

Using the gradient of a trained classifier as guidance

Algorithm 1 Classifier guided diffusion sampling, given a diffusion model (g (), Xo(z:)), classi-
fier ps(y|z;), and gradient scale s.

Input: class label y, gradient scale s Score model Classifier gradient

x7 < sample from N(0,1)
for all ¢ from T to 1 do / /
s 24— #H(mt) EH SB,:

z¢—1 + sample from N (u + sX V, log ps(y|z:), &
end for
return z

- Train unconditional Diffusion model
- Take your favorite classifier, depending on the conditioning type

- During inference / sampling mix the gradients of the classifier with the predicted score
function of the unconditional diffusion model.

Slide by Soumyadip (Roni) Sengupta



Classifier guidance

Using the gradient of a trained classifier as guidance

V. logpy(z | y) = V:logp(z) + vV logp(y | z).

Samples from an unconditional diffusion model with classifier guidance, for guidance scales 1.0 (left) and
10.0 (right), taken from Dhariwal & Nichol (2021).

Slide by Soumyadip (Roni) Sengupta



Classifier-free Guided Diffusion

\ Conditional
An astronaut riding /
a horse in a

photorealistic style

Diffusion

Classifier-free Guided Diffusion: estimate the gradient of the classifier
model with conditional diffusion models!

1
V. l0gf Ylxe) = _ﬁ (eg(xp,t,y) — €g(xs, 1))
— Q¢

Ho and Salimans, 2022



Classifier-free guidance

Trade-off for sample quality and sample diversity

RIS ¢ K2R A~ eI
ENE2 FeEmERE® & FEkSis b S0
G of 8 A X &

s VA sl | Foioo Wk
(Tale /s Fllado o %600
| ISETERINET] BRSO

Non-guidance Guidance scale =1 Guidance scale = 3

Large guidance weight (w) usually leads to better individual sample quality but less sample diversity.

Ho & Salimans, “Classifier-Free Diffusion Guidance”, 2021.

Slide by Soumyadip (Roni) Sengupta



Classifier-free Guided Diffusion

\ Conditional
An astronaut riding /
a horse in a

photorealistic style

Diffusion

Classifier-free Guided Diffusion: estimate the gradient of the classifier
model with conditional diffusion models!

1
Ve logf,(ylxy) = ———=(eg(x1, t,y) — €g(x¢, t)
Xt gf(p YiXt m( o\t y o\t )
6_9 (xt' L, y) = (W + 1)68 (xt» L, y) — WE€g (xt; t)

Ho and Salimans, 2022



Latent-space Diffusion

Problem: Hard to learn diffusion process on high-resolution images

Solution: learn a low-dimensional latent space using a transformer-based
autoencoder and do diffusion on the latent space!

real/fake
2l B (7 B

P(S)=nip(8i|8<i)"...llllllll.!“ t]f : f

-~
a0
N

Codebook Z Transformer

ol
)

Si

CNN
Discriminator

CNN
Decoder {

The latent space autoencoder

Esser and Rombach et al., 2021



“StableDiffusion”

4 \ ( Latent space ) 60nditi0nina
s — Diffusion Process emanti
Ma
2z ( Denoising U-Net €g zp Text

Repres
entations

Pixel Space

C m - o

denoising step crossattention  switch  skip connection concat ~——

Rombach and Blattmann et al., 2022



“StableDiffusion”

Layout-Conditional Generation

Rombach and Blattmann et al., 2022



“StableDiffusion”

Segmentation-Conditional Generation

Rombach and Blattmann et al., 2022



“StableDiffusion”

Inpainting

Rombach and Blattmann et al., 2022



https://openai.cm/daII-e-2/



Additional resources / tutorials

e Overview of the research landscape: What are Diffusion Models?
e More math! Understanding Diffusion Models: A Unified Perspective

e Tutorial with hands-on example: The Annotated Diffusion Model
e Nice introduction videos:

@)

o Diffusion Models | Math Explained

o Three hours of the math!

e CVPR Tutorial: Denoising Diffusion-based Generative Modeling:
Foundations and Applications

e Score functions:

o In general
o For Diffusion models



https://lilianweng.github.io/posts/2021-07-11-diffusion-models/
https://calvinyluo.com/2022/08/26/diffusion-tutorial.html
https://huggingface.co/blog/annotated-diffusion
https://www.youtube.com/watch?v=fbLgFrlTnGU
https://www.youtube.com/watch?v=HoKDTa5jHvg&t=517s
https://www.youtube.com/watch?v=rLepfNziDPM
https://cvpr2022-tutorial-diffusion-models.github.io/
https://cvpr2022-tutorial-diffusion-models.github.io/
https://ericmjl.github.io/score-models/
https://cbmm.mit.edu/video/diffusion-and-score-based-generative-models

Summary

e Denoising Diffusion model is a type of generative model that learns the
process of “denoising” a known noise source (Gaussian).

e \We can construct a learning problem by deriving the evidence lower
bound (ELBO) of the denoising process.

e The learning objective is to minimize the KL divergence between the
“ground truth” and the learned denoising distribution.

e A simplified learning objective is to estimate the noise of the forward
diffusion process.

e The diffusion process can be guided to generate targeted samples.
e Can be applied to many different domains. Same underlying principle.
e \Very hot topic!



(Quick) Derivation!



e 7T =TI T wrmnnion e o

p(x) = [ p(x|z)p(z)dz Intractable to estimate!

Deep Unsupervised Learning using Nonequilibrium Thermodynamics, Sohl-Dickstein et al., 2015



Variational
Inference

p(x) = [ p(x|2)p(2)dz Intractable to estimate!

P(xIZ)p(Z)]
lo x)=E,|log————|+D Z|x Z|x
gp(x) q[ 8 ) k. (q(z|0)|[p(z]x))
p(X|Z)p(z) .
= Eq [logw Evidence Lower Bound (ELBO)

Deep Unsupervised Learning using Nonequilibrium Thermodynamics, Sohl-Dickstein et al., 2015



Variational — Simplify to
Inference KL

p(x) = [ p(x|2)p(2)dz Intractable to estimate!

P(xIZ)p(Z)]
lo x)=E,|log————|+D Z|x Z|x
gp(x) q[ 8 ) k. (q(z|0)|[p(z]x))
p(X|Z)p(z) .
= Eq [logw Evidence Lower Bound (ELBO)

p(Xo|X1.7)PCx1:1)
Q(xl:T|x0)

log p(xy) = E, [log X =Xg, Z=Xq1.T

Deep Unsupervised Learning using Nonequilibrium Thermodynamics, Sohl-Dickstein et al., 2015



Variational — Simplify to
Inference KL

p(x) = [ p(x|2)p(2)dz Intractable to estimate!

p(x|z)p(2)
q(z|x)

p(X|Z)p(2)
qa(Z|X)

log p(x) = Eq [log ] + Di1,(q(z|2)||p(zlx))

= Eq [log

p(Xo|X1.7)P(x1.7)
q(X1.7|%0)

log p(xy) = E, [log X =Xg, Z=Xq1.T

... (derivation omitted, see Sohl-Dickstein et al., 2015 Appendix B)

p(x7) ]_[Z:1 Po(xs—1|x;)| «— reverse denoising
<«— forward diffusion

= E, |log
K [ {=1 q(xe|xe-1)

Deep Unsupervised Learning using Nonequilibrium Thermodynamics, Sohl-Dickstein et al., 2015

Evidence Lower Bound (ELBO)



Variational — Simplify to
Inference KL

p(x) = [ p(x|2)p(2)dz Intractable to estimate!

P(xIZ)p(Z)]
lo x)=E,|log————|+D Z|x Z|x
gp(x) q[ 8 ) k. (q(z|0)|[p(z]x))
p(X|Z)p(z) .
= Eq [logw Evidence Lower Bound (ELBO)

p(Xo|X1.7)PCx1:1)
Q(xl:T|x0)

log p(xy) = E, [log X =Xg, Z=Xq1.T

... (derivation omitted, see Sohl-Dickstein et al., 2015 Appendix B)

Deep Unsupervised Learning using Nonequilibrium Thermodynamics, Sohl-Dickstein et al., 2015



Variational — Simplify to
Inference KL

p(x) = [ p(x|2)p(2)dz Intractable to estimate!

P(xIZ)p(Z)]
lo x)=E,|log————|+D Z|x Z|x
gp(x) q[ 8 ) k. (q(z|0)|[p(z]x))
p(X|Z)p(z) .
= Eq [logw Evidence Lower Bound (ELBO)

p(Xo|X1.7)p(x1.1)
Q(xl:T|x0)

log p(xy) = E, [log X =Xg, Z=Xq1.T

... (derivation omitted, see Sohl-Dickstein et al., 2015 Appendix B)

T
= _Eq[DKL(Q(xT|x0)||P(XT))] - thZDKL(Q(xt—llxtr x0)| 1P (x¢—11x¢)) + log pe (xo]x1)

Deep Unsupervised Learning using Nonequilibrium Thermodynamics, Sohl-Dickstein et al., 2015



Variational - Simplify to
Inference KL

p(x) = [ p(x|2)p(2)dz Intractable to estimate!

p(x|z)p(z)
log p(x) = Eq llogW + Dy, (q(z]0)||p(z]x))
= Eq [log% Evidence Lower Bound (ELBO)

p(Xo|X1.7)p(x1.1)
q(X1.7|%0)

log p(xy) = E, [log X =Xg, Z=Xq1.T

... (derivation omitted, see Sohl-Dickstein et al., 2015 Appendix B)

T
= _Eq[DKL(Q(xT|x0)||P(XT))] - thZDI(L(q(xt—llxtr x0)| 1P (x¢—11x¢)) + log pe (xo]x1)

/A \

Easy to optimize / sometimes omitted

Deep Unsupervised Learning using Nonequilibrium Thermodynamics, Sohl-Dickstein et al., 2015



Variational — Simplify to
Inference KL

p(x) = [ p(x|2)p(2)dz Intractable to estimate!

p(x|z)p(2)
q(z|x)

p(X|Z)p(2)
qa(Z|X)

] + Dy, (q(zlx)||p(z|x))

Evidence Lower Bound (ELBO)

logp(x) = E, [log

= Eq [log

p(Xo|X1.7)p(x1.1)
Q(xlzT|x0)

log p(xo) = Eq [log X =X, Z=Xy1

... (derivation omitted, see Sohl-Dickstein et al., 2015 Appendix B)

T

= _Eq[DKL(Q(xT|x0)||P(XT))] - tzzDKL(CI(xt—llxt: x0)| 1P (x¢—11x¢)) |+ log pe (x0]x1)

Maximize the agreement between the predicted reverse diffusion
distribution pg and the “ground truth” reverse diffusion distribution g

Deep Unsupervised Learning using Nonequilibrium Thermodynamics, Sohl-Dickstein et al., 2015



Variational Simplify to Reverse Process
Inference KL => Normal

p(x) = [ p(x|2)p(2)dz Intractable to estimate!

p(x|z)p(z)
log p(x) = Eq llogW + Dy, (q(z]0)||p(z]x))
= Eq [log% Evidence Lower Bound (ELBO)

p(Xo|X1.7)P(x1.7)
q(X1.7|%0)

log p(xy) = E, [log

X =Xo, Z =Xy

... (derivation omitted, see Sohl-Dickstein et al., 2015 Appendix B)

T
= _Eq[DKL(Q(xT|x0)||P(XT))] - ztzzDKL(Q(xt—ﬂxt» Xo)

Deep Unsupervised Learning using Nonequilibrium Thermodynamics, Sohl-Dickstein et al., 2015

|1pg (x¢-11x¢)) + log pg (xolx1)



Variational Simplify to Reverse Process
Inference KL => Normal

p(x) = [ p(x|2)p(2)dz Intractable to estimate!

p(x|z)p(2)
q(z|x)

p(X|Z)p(2)
qa(Z|X)

] + Dy, (q(zlx)||p(zlx))

Evidence Lower Bound (ELBO)

logp(x) = E, [log

= Eq [log

p(Xo|X1.7)p(x1.1)
Q(xl:T|x0)

log p(xy) = E, [log X =Xg, Z=Xq1.T

... (derivation omitted, see Sohl-Dickstein et al., 2015 Appendix B)

T
= _Eq[DKL(Q(xT|x0)||P(XT))] - thZDKL(Q(xt—llxtr xo)| 1P (x¢—11x¢)) + log pe (x0]x1)

q(xe—11xt) = q(x¢_1]x¢ x9) (markov assumption)
_a(xe|xe—1, X0)a(xe—11x0)
B q(x¢|%o)
N epapxe—1,BeDN (xp_1y/ @1 xe—1,(1—T_1)])
- N (xe/@exo,(1-&p—1)I)
< N (Xt—lF v %-1)162-1-/\{?_?(1 at)xo,zq(t))

(Bayes rule)

(Property of Gaussian)

Deep Unsupervised Learning using Nonequilibrium Thermodynamics, Sohl-Dickstein et al., 2015



Variational Simplify to Reverse Process Bayes +

Inference KL => Normal Reparameterization

p(x) = [ p(x|2)p(2)dz Intractable to estimate!

p(x|z)p(z)
log p(x) = Eq llogW + Dy, (q(z]0)||p(z]x))
= Eq [log% Evidence Lower Bound (ELBO)

p(Xo|X1.7)p(x1.1)
q(X1.7|%0)

log p(xy) = E, [log X =Xg, Z=Xq1.T

... (derivation omitted, see Sohl-Dickstein et al., 2015 Appendix B)

T
= _Eq[DKL(Q(xT|x0)||P(XT))] - thZDI(L(q(xt—llxtr xo)| 1P (x¢—11x¢)) + log pe (x0]x1)

q(xe—1lxe,x0) =N (xt—l;.uq(t)xzq(t))

\/a_t

SN

Gy
pe(t) = — —€|, e~N(0,1)

Deep Unsupervised Learning using Nonequilibrium Thermodynamics, Sohl-Dickstein et al., 2015

Proof using bayes rule and
gaussian reparameterization trick



Variational Simplify to Reverse Process Bayes +

Inference KL => Normal Reparameterization

p(x) = [ p(x|2)p(2)dz Intractable to estimate!

p(x|z)p(z)
log p(x) = Eq llogW + Dy, (q(z]0)||p(z]x))
= Eq [log% Evidence Lower Bound (ELBO)

p(Xo|X1.7)p(x1.1)
q(X1.7|%0)

log p(xy) = E, [log X =Xg, Z=Xq1.T

... (derivation omitted, see Sohl-Dickstein et al., 2015 Appendix B)

T
= _Eq[DKL(Q(xT|x0)||P(XT))] - thZDI(L(q(xt—llxtr xo)| 1P (x¢—11x¢)) + log pe (x0]x1)

q(xe—1lxe,x0) =N (xt—l;.uq(t)xzq(t))
1

Be
ﬂq(t)=\/—a—t<xt—\/ﬁ§9\; e~N(0,1)
N\

Proof using bayes rule and
gaussian reparameterization trick

The “ground truth” noise that brought x;_; to x;

Deep Unsupervised Learning using Nonequilibrium Thermodynamics, Sohl-Dickstein et al., 2015



e = = P = et

p(x) = [ p(x|z)p(z)dz Intractable to estimate!

p(x|z)p(z)

q(z|x)

p(X|Z2)p(2) .
= Eq [logw Evidence Lower Bound (ELBO)

log p(x) = Eq llog + Di1,(q(z|x)||p(z]x))

Xo|X1.7)p(err)

... (derivation omitted, see Sohl-Dickstein et al., 2015 Appendix B)

T

= _Eq[DKL(q(lexO)l|p(xT))] T tzzDKL(Q(xt—llxtr x0)| 1P (x¢—11x¢)) + log pe (x0]x1)

Minimize the difference of distribution means (assuming identical variance)

argmingw||ug (t) — po (x¢, t)||?

Deep Unsupervised Learning using Nonequilibrium Thermodynamics, Sohl-Dickstein et al., 2015




Variational Simplify to Reverse Process Bayes + Remove (variance-
Inference KL => Normal Reparameterization dependent) constant

Learning the Denoising Process

The learned denoising process Xy «—— Xq<+«— s« «—— X7
T
po (Xo.r) = p(x7) 1_[299 (xe—1lxe)
t=1
Po(xi_qlxs) = N (xp_q; g (xp, ), 2(t)) Conditional Gaussian

Learning objective: argming||u, (£) — pg (x¢, £)||?

B

ﬁE), ENN(O,I)

1
:uq(t) = \/_a—t<xt -

Predict the
noise!!!



Variational Simplify to Reverse Process Bayes + Remove (variance-
Inference KL => Normal Reparameterization dependent) constant

Learning the Denoising Process

The learned denoising process Xy «—— Xq<+«— s« «—— X7
T
po (Xo.r) = p(x7) 1_[299 (xe—1lxe)
t=1
Po(xi_qlxs) = N (xp_q; g (xp, ), 2(t)) Conditional Gaussian

Learning objective: argming||u, (£) — pg (x¢, £)||?

MZLG_L
TUvE\" A -

Do we actually need to learn the entire ug(x;, t)?

E) , e~N(0,1)

Predict the
noise!!!



Variational Simplify to Reverse Process Bayes + Remove (variance-
Inference KL => Normal Reparameterization dependent) constant

Learning the Denoising Process

The learned denoising process Xy «—— Xq<+«— s« «—— X7
T
po (Xo.r) = p(x7) 1_[299 (xe—1lxe)
t=1
Po(xi_qlxs) = N (xi—q1; ug(xe, t), 2(t)) Conditional Gaussian

Learning objective: argming||u, (£) — pg (x¢, £)||?

Vae 1—a,

known during inference

tq () =L<xt—%e), e~N(0,1)

Unknown during ~ Recall: this is the “ground truth”
inference noise that brought x;_; to x;

Predict the
noise!!!



Variational Simplify to Reverse Process Bayes + Remove (variance-
Inference KL => Normal Reparameterization dependent) constant

Learning the Denoising Process

The learned denoising process Xy «—— Xq<+«— s« «—— X7
T
po (Xo.r) = p(x7) 1_[299 (xe—1lxe)
t=1
Po(xi_qlxs) = N (xi—q1; ug(xe, t), 2(t)) Conditional Gaussian

Learning objective: argming||u, (£) — pg (x¢, £)||?

V at 1 - C_(t
o during inference Unknown during ~ Recall: this is the “ground truth”
g inference noise that brought x;_; to x;

tq () =L<xt—%e), e~N(0,1)

Idea: just learn € with e (x;, t)!

Predict the
noise!!!



Variational Simplify to Reverse Process Bayes + Remove (variance-
Inference KL => Normal Reparameterization dependent) constant

Learning the Denoising Process

The learned denoising process Xy «—— Xq<+«— s« «—— X7
T
po (Xo.r) = p(x7) 1_[299 (xe—1lxe)
t=1
Po(xi_qlxs) = N (xi—q1; ug(xe, t), 2(t)) Conditional Gaussian

Simplified learning objective: argming||e — €9 (x¢, t)|]?

Predict the
noise!!!



Variational Simplify to Reverse Process Bayes + Remove (variance-
Inference KL => Normal Reparameterization dependent) constant

Learning the Denoising Process

The learned denoising process Xy «—— Xq<+«— s« «—— X7
T
po (Xo.r) = p(x7) 1_[299 (xe—1lxe)
t=1
Po(xi_qlxs) = N (xi—q1; ug(xe, t), 2(t)) Conditional Gaussian

Simplified learning objective: argming||e — €9 (x¢, t)|]?

Recall: the simplified t-step forward sample:
XtZ,/C_(tXO-l— 1_6_(t6

Predict the
noise!!!



Variational Simplify to Reverse Process Bayes + Remove (variance-
Inference KL => Normal Reparameterization dependent) constant

Learning the Denoising Process

The learned denoising process Xy «—— Xq<+«— s« «—— X7
T
po (Xo.r) = p(x7) 1_[299 (xe—1lxe)
t=1
Po(xi_qlxs) = N (xi—q1; ug(xe, t), 2(t)) Conditional Gaussian

Simplified learning objective: argming||e — €g (w/c_(txo + /1 — a;e, t)||2

Recall: the simplified t-step forward sample:
th,/C_(tXO-I- 1_6_(t6

Predict the
noise!!!



Variational Simplify to Reverse Process Bayes + Remove (variance- Predict the
Inference KL => Normal Reparameterization dependent) constant noise!!!

Learning the Denoising Process

The learned denoising process Xy «—— Xq<+«— s« «—— X7
T

po (xo.7) = p(xT) 1_[299 (xe—1lxt)
t=1

Pe (xt—llxt) = N (X¢—1; Ug (xt, t), Z(t)) Conditional Gaussian

Simplified learning objective: argming||e — €g (,/(,tho + 1 — a;e, t)||2



Math for Classifier Guidance



Conditional diffusion models

Include condition as input to reverse process

T
Reverse process: Pp (x0.7|c) = p(x7) HPB(Xt—l [%¢,€),  po(Xe—1]%e, €) = N (Xe—1; pg(x¢, 2, €), B, t,€))
t=1
Variaticnal
upper bound: Ly(xo|c) = Eq | Lr(x0) + ZDKL(Q(Xr—ﬂXnX{J) Il lpe (xt-1]x¢, €)) — log p(x0|x1,€)| -

t>1

Incorporate conditions into U-Net

Scalar conditioning: encode scalar as a vector embedding, simple spatial addition or
adaptive group normalization layers.

Image conditioning: channel-wise concatenation of the conditional image.

Text conditioning: single vector embedding - spatial addition or adaptive group norm /
a seq of vector embeddings - cross-attention.

Slide by Soumyadip (Roni) Sengupta




Classifier guidance

Using the gradient of a trained classifier as guidance

Applying Bayes rule to obtain conditional score function th ZOQ’ {t (It/y)

_ p(y|z)-p(z)
p(y)

p(z|y)

— logp(z | y) = logp(y | =) + logp(z) — logp(y)
— V.logp(z | y) = V. logp(y | z) + V. logp(z),

Vilogpy(z | y) = Velogp(x) + vV logp(y | #). <= Classifier

Guidance scale: value >1 amplifies the
influence of classifier signal.

. )
py(z | y) x p(z) - p(y | z)".
Slide Credits of guidance: https://benanne.github.iof2022/05/26/guidance.html

Slide by Soumyadip (Roni) Sengupta




Classifier guidance

Problems of classifier guidance

Velogpy(z | y) = Vi logp(z) + vV, logp(y | ). <= Classifier

\

Guidance scale: value >1 amplifies the
influence of classifier signal.

* At each step of denoising the input to the classifier is a noisy image x; . Classifier is never trained on noisy image. So
one needs to re-train classifier on noisy images! Can’t use existing pre-trained classifiers.

* Most of the information in the input x is not relevant to predicting y, and as a result, taking the gradient of the
classifier w.r.t. its input can yield arbitrary (and even adversarial) directions in input space.

Solution 1 (DALL-E 2): Use CLIP Model



DALL-E 2

Model components

B cupobjective
a corgi
playing a
flame B R e S A e R R e
throwing -
trumpet OOO00
..................................... N— o _"
—_—lQsD=
2N @
J \
prior

Why conditional on CLIP image embeddings?

CLIP image embeddings capture high-level semantic meaning.
Slide by Soumyadip (Roni) Sengupta



Classifier-free guidance

Get guidance by Bayes’ rule on conditional diffusion models

_ Pz |y)-p(y)

p(y| z) ()

= logp(y | z) = logp(z | y) + logp(y) — log p(x)

—>| V,logp(y | £) = Vi logp(z | y) — V, logp(i)

We proved this in V::: long(m ‘ y) = V..L. lugp(a:) + TVI logp{y ‘ .’B)

classifier guidance.

Velogp,(z | y) = Vlogp(z) + v (Velogp(z | y) — V. logp(z)),

Velogp,(z | y) = (1 —v)V.logp(z) + V. logp(z | y).

! |

Score function Score function
for unconditional for conditional
diffusion model diffusion model

Slide by Soumyadip (Roni) Sengupta



Classifier-free guidance

Get guidance by Bayes’ rule on conditional diffusion models

e=(1+w)eg(xs,y) —weg(ay) Vi logp,(z | y) = (1 — )V logp(z) + vV, logp(z | y)-

In practice: Score function for Score function for
unconditional conditional diffusio

« Train a conditional diffusion model p(xly), with conditioning dropout: sSome diffusion model model

percentage of the time, the conditioning information y is removed (10-
20% tends to work well).

« The conditioning is often replaced with a special input value representing
the absence of conditioning information.

» The resulting model is now able to function both as a conditional
model p(xly), and as an unconditional model p(x), depending on whether
the conditioning signal is provided.

« During inference / sampling simply mix the score function of conditional
and unconditional diffusion model based on guidance scale.

Slide by Soumyadip (Roni) Sengupta
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